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Ïðåäèñëîâèå

Óðàâíåíèÿ, ìîäåëèðóþùèå ôèçè÷åñêèå ïðîöåññû, îáû÷íî âû-
âîäÿòñÿ èç îñíîâíûõ çàêîíîâ ñîõðàíåíèÿ è ìàòåðèàëüíûõ óðàâíå-
íèé. Ïðè ýòîì âîçíèêàåò íåîáõîäèìîñòü â îïðåäåëåíèè ïàðàìåòðîâ
ýòèõ ìîäåëåé. Ýòîé ôóíäàìåíòàëüíîé ïðîáëåìå � ïðîáëåìå èäåíòè-
ôèêàöèè � ïîñâÿùåíî ìíîãî ðàáîò â ðàçëè÷íûõ îáëàñòÿõ êëàññè÷å-
ñêîé è ñîâðåìåííîé íàóêè.

Àêòóàëüíîñòü èññëåäîâàíèé â ýòîì íàïðàâëåíèè îáóñëîâëåíà
íåîáõîäèìîñòüþ ðåøåíèÿ ìíîãèõ çàäà÷ ôèçèêè è òåõíèêè: âîññòà-
íîâëåíèå îïòè÷åñêèõ è ðàäèîëîêàöèîííûõ èçîáðàæåíèé; îïðåäåëå-
íèå ïåðåäàòî÷íûõ õàðàêòåðèñòèê èçìåðèòåëüíûõ ïðèáîðîâ; ïðîåê-
òèðîâàíèå îáúåêòîâ, ãäå öåíòðàëüíóþ ïðîáëåìó ñîñòàâëÿåò îïðåäå-
ëåíèå âèáðàöèé èëè äèíàìèêè ïîâåäåíèÿ; ïðîåêòèðîâàíèå â îñíîâ-
íûõ îòðàñëÿõ ïðîìûøëåííîñòè, ãäå òåïëî- è ìàññîïåðåíîñ è õèìè÷å-
ñêèå ðåàêöèè ëåæàò â îñíîâå òåõíîëîãè÷åñêèõ ïðîöåññîâ; ãåîôèçè÷å-
ñêèå èññëåäîâàíèÿ, âêëþ÷àÿ ðàçâåäêó ïîäçåìíûõ âîä è ìåñòîðîæäå-
íèé íåôòè; èçó÷åíèå çåìëåòðÿñåíèé; ìåòåîðîëîãè÷åñêèå èññëåäîâà-
íèÿ; îöåíêà ïàðàìåòðîâ â ìàòåìàòè÷åñêèõ ìîäåëÿõ ýêîíîìèêè, ýêî-
ëîãèè, áèîëîãèè, èììóíîëîãèè; îöåíêà ïðîäóêòèâíîñòè ñåëüñêîõî-
çÿéñòâåííîãî ïðîèçâîäñòâà; äåìîãðàôè÷åñêèé àíàëèç.

Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ çàêëþ÷àåòñÿ â îïðåäåëåíèè
íåèçâåñòíûõ ïàðàìåòðîâ â ìàòåìàòè÷åñêèõ ìîäåëÿõ äèíàìè÷åñêèõ
ñèñòåì.

Èäåíòèôèêàöèÿ â íàñòîÿùåå âðåìÿ � îáÿçàòåëüíûé ýëåìåíò è
íàèáîëåå ñëîæíàÿ ñòàäèÿ ïðîöåññà ðåøåíèÿ àêòóàëüíûõ ïðèêëàä-
íûõ çàäà÷. Â ïðîöåññå èäåíòèôèêàöèè ñîçäàþòñÿ àäåêâàòíûå ìîäå-
ëè, íåîáõîäèìûå äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ìàòåìàòè÷åñêèõ
ìåòîäîâ è ñëîæíûõ íàóêîåìêèõ òåõíîëîãèé. Ââèäó ýòîãî ðàçðàáîò-
êà ìåòîäîâ è àëãîðèòìîâ èäåíòèôèêàöèè ïðèîáðåòàåò â íàñòîÿùåå
âðåìÿ èñêëþ÷èòåëüíî âàæíîå çíà÷åíèå äëÿ ôóíäàìåíòàëüíîé íàó-
êè [62].

Ìåòîäàì èäåíòèôèêàöèè ñòàòè÷åñêèõ è äèíàìè÷åñêèõ îáú-
åêòîâ ïîñâÿùåíî áîëüøîå ÷èñëî êíèã [2, 14, 44, 51, 69, 70, 111, 117,
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121, 125, 130, 141, 142, 148, 150, 160, 161, 198, 207, 209, 225] è ñòàòåé
[36,37,64,67,75,77,84�87,134,140,143,152,154,186,188,190�195,197,201,
204�206,208,210,213�217], â êîòîðûõ ðàññìàòðèâàëèñü ðàçëè÷íûå àñ-
ïåêòû èäåíòèôèêàöèè, àâòîìàòè÷åñêîãî è îïòèìàëüíîãî óïðàâëå-
íèÿ ñ ïðèìåíåíèåì ðàçëè÷íîãî ìàòåìàòè÷åñêîãî àïïàðàòà.

Â ïîñòàíîâêå çàäà÷è èäåíòèôèêàöèè âûäåëÿåòñÿ äâà ïîäõîäà:
äåòåðìèíèñòñêèé è ñòîõàñòè÷åñêèé. Â ðàáîòå [11] ýòè ïîäõîäû îïðå-
äåëÿþòñÿ ñëåäóþùèì îáðàçîì: ¾Âîçìîæíîñòü îäíîçíà÷íîãî îïðåäå-
ëåíèÿ ïàðàìåòðîâ ìîäåëè ïðè îòñóòñòâèè øóìà íàáëþäåíèé ïðåä-
ñòàâëÿåò ñîáîé äåòåðìèíèñòñêóþ ïîñòàíîâêó ïðîáëåìû, òîãäà êàê
ïðè ñòîõàñòè÷åñêîé ïîñòàíîâêå íàáëþäåíèÿ ïðåäïîëàãàþòñÿ èñêà-
æåííûìè ñëó÷àéíûì øóìîì¿.

Îòìåòèì, ÷òî óêàçàííàÿ äåòåðìèíèñòñêàÿ ïîñòàíîâêà ïðîáëå-
ìû íóæäàåòñÿ â óñèëåíèè: íåîáõîäèìî íå òîëüêî îäíîçíà÷íîå, íî è
óñòîé÷èâîå îïðåäåëåíèå ïàðàìåòðîâ â ðàçëè÷íûõ ìåòðè÷åñêèõ ïðî-
ñòðàíñòâàõ.

Ïðåäñòàâëÿåò èíòåðåñ ïîñòðîåíèå îáëàñòåé óñòîé÷èâîñòè â ðàç-
ëè÷íûõ ïðîñòðàíñòâàõ. Ýòî ïîçâîëèò îïðåäåëèòü îáëàñòè çíà÷åíèé
ïàðàìåòðîâ ïðè íàëè÷èè øóìîâ ðàçëè÷íîé ïðèðîäû.

Îñòàíîâèìñÿ íà ñîäåðæàíèè êíèãè.
Êíèãà ñîñòîèò èç ïðåäèñëîâèÿ è ïÿòè ãëàâ.
Â ïåðâîé ãëàâå äàí êðàòêèé îáçîð ìåòîäîâ èäåíòèôèêàöèè

ñèñòåì; ïðèâåäåí ðÿä óòâåðæäåíèé èç ôóíêöèîíàëüíîãî àíàëèçà,
òåîðèè ôóíêöèé, òåîðèè èíòåãðàëüíûõ ïðåîáðàçîâàíèé, òåîðèè àï-
ïðîêñèìàöèè, èñïîëüçóåìûõ â êíèãå. Äàíû íåîáõîäèìûå ñâåäåíèÿ èç
òåîðèè êðàåâîé çàäà÷è Ðèìàíà è ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâ-
íåíèé.

Âòîðàÿ ãëàâà ïîñâÿùåíà ìåòîäàì èäåíòèôèêàöèè ëèíåéíûõ
äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ èíòåãðàëüíûìè óðàâíåíèÿìè.

Â ðàçäåëå 2.1 ïðèâåäåí îáçîð ìåòîäîâ èäåíòèôèêàöèè.
Ðàçäåë 2.2 ïîñâÿùåí òî÷íîìó îïðåäåëåíèþ èìïóëüñíîé ïåðå-

õîäíîé ôóíêöèè ïî äâóì òåñòîâûì ñèãíàëàì.
Â ðàçäåëå 2.3 èçëîæåíû ïðèáëèæåííûå ìåòîäû îïðåäåëåíèÿ

èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ïî îäíîìó δ-îáðàçíîìó ñèãíàëó.
Â ðàçäåëå 2.4 èññëåäîâàíû ìåòîäû ïðèìåíåíèÿ êðàåâîé çàäà÷è

Ðèìàíà ê èäåíòèôèêàöèè äèíàìè÷åñêèõ ñèñòåì.
Â ðàçäåëå 2.5 èññëåäîâàíû ìåòîäû èäåíòèôèêàöèè äèíàìè÷å-

ñêèõ ñèñòåì ñ ïîìîùüþ èíòåãðàëüíûõ ïðåîáðàçîâàíèé è Z-ïðåîá-
ðàçîâàíèÿ. Ìåòîäû îñíîâàíû íà ïðèìåíåíèè îáîáùåííîé òåîðåìû
Áîðåëÿ è åå äèñêðåòíîãî àíàëîãà. Â êà÷åñòâå èíòåãðàëüíûõ ïðåîá-
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ðàçîâàíèé ðàññìàòðèâàþòñÿ ïðåîáðàçîâàíèÿ Ëàïëàñà, Ôóðüå, Ìåë-
ëèíà, Õàðòëè. Ðàññìîòðåíû íåïðåðûâíûå è äèñêðåòíûå ñèñòåìû, îä-
íîìåðíûå è ìíîãîìåðíûå ñèñòåìû.

Â ðàçäåëå 2.6 èññëåäóþòñÿ ïðèáëèæåííûå ìåòîäû èäåíòèôè-
êàöèè äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, ïðåä-
ñòàâèìûõ â âèäå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà è Âîëüòåððà.
Ïðåäëîæåíû ïðèáëèæåííûå ôîðìóëû è îöåíåíû èõ òî÷íîñòè.

Òðåòüÿ ãëàâà ïîñâÿùåíà ìåòîäàì èäåíòèôèêàöèè íåëèíåéíûõ
äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ èíòåãðàëüíûìè óðàâíåíèÿìè.

Ðàçäåë 3.1 ïîñâÿùåí èäåíòèôèêàöèè ïàðàìåòðîâ íåëèíåéíûõ
èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé ñ ïîìîøüþ ñïåöèàëüíî ïîäîáðàí-
íûõ ñèãíàëîâ.

Ðàçäåë 3.2 ïîñâÿùåí èäåíòèôèêàöèè ïàðàìåòðîâ íåëèíåéíûõ
èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé ñ ïîìîøüþ ãàðìîíè÷åñêèõ ñèãíà-
ëîâ.

Â ðàçäåëå 3.3 ðàññìîòðåíû ìåòîäû èäåíòèôèêàöèè ñèñòåì â
ïðîöåññå ýêñïëóàòàöèè.

Ðàçäåë 3.4 ïîñâÿùåí àíàëèòè÷åñêèì è ïðèáëèæåííûì ìåòî-
äàì èäåíòèôèêàöèè íåëèíåéíûõ ìíîãîìåðíûõ ñèñòåì. Àïïàðàòîì,
èñïîëüçóåìûì ïðè èõ èññëåäîâàíèè, ÿâëÿþòñÿ èíòåãðàëüíûå ïðåîá-
ðàçîâàíèÿ è ïîäðîáíî èçëîæåííûé â êíèãå íîâûé êëàññ èòåðàöèîí-
íûõ ìåòîäîâ.

Â ðàçäåëå 3.5 ïðåäëîæåíû âû÷èñëèòåëüíûå ñõåìû îïðåäåëå-
íèÿ èìïóëüñíûõ ïåðåõîäíûõ ôóíêöèé íåëèíåéíûõ èçìåðèòåëüíûõ
ïðåîáðàçîâàòåëåé, îïèñûâàåìûõ óðàâíåíèÿìè âèäà

n∑
k=1

ak

 t∫
0

g(t− τ)x(τ)dτ

k

= f(t), 0 ≤ t ≤ T,

n∑
k=1

ak

 t∫
0

g(t, τ)x(τ)dτ

k

= f(t), 0 ≤ t ≤ T,

n∑
k=1

ak

t∫
0

g(t, τ)xk(τ)dτ = f(t), 0 ≤ t ≤ T.

Ãëàâà 4 ïîñâÿùåíà ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè äèíàìè-
÷åñêèõ ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè è ðàçíîñòíûìè
óðàâíåíèÿìè.
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Ðàçäåë 4.1 ïîñâÿùåí îïðåäåëåíèþ êîýôôèöèåíòîâ îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ñèñòåì.

Ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííû-
ìè è ïåðåìåííûìè êîýôôèöèåíòàìè, äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ çàïàçäûâàíèåì. Äëÿ èäåíòèôèêàöèè èõ ïàðàìåòðîâ ïðåäëîæåíû
àíàëèòè÷åñêèå è ÷èñëåííûå ìåòîäû, îñíîâàííûå íà ðàçëè÷íûõ ïîä-
õîäàõ. Äàíî îáîñíîâàíèå ìåòîäîâ. Ïðèâåäåíû ìîäåëüíûå ïðèìåðû.

Â ðàçäåëå 4.2 ïðåäëîæåíû ìåòîäû îïðåäåëåíèÿ êîýôôèöèåí-
òîâ ðàçíîñòíûõ óðàâíåíèé.

Â ðàçäåëå 4.3 èçëîæåíû ìåòîäû ïàðàìåòðè÷åñêîé èäåíòèôè-
êàöèè äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè.

Â ðàçäåëå 4.4 ïðåäëîæåíû ìåòîäû îïðåäåëåíèÿ ïàðàìåòðîâ
ôèçè÷åñêèõ ïðîöåññîâ.

Ðàçäåë 4.5 ïîñâÿùåí ìåòîäàì ïàðàìåòðè÷åñêîé èäåíòèôèêà-
öèè ìíîãîìåðíûõ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåí-
íûìè ïàðàìåòðàìè.

Â ðàçäåëå 4.6 èçëàãàþòñÿ âàðèàöèîííûå ìåòîäû ïàðàìåòðè÷å-
ñêîé èäåíòèôèêàöèè ýðåäèòàðíûõ ñèñòåì.

Â ïàðàãðàôå 4.6.1 ïðåäëîæåí ìåòîä îïðåäåëåíèÿ ïàðàìåòðîâ
ñèñòåì, îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè ñ äðîáíûìè ïðîèçâîäíûìè, à â ïàðàãðàôå 4.6.2 ðàññìîòðåí
ìåòîä äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ ñ ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà.

Ïÿòàÿ ãëàâà ïîñâÿùåíà ìåòîäàì âîññòàíîâëåíèÿ âõîäíûõ ñèã-
íàëîâ.

Â ðàçäåëå 5.1 ïðåäñòàâëåí îáçîð èçâåñòíûõ ìåòîäîâ.
Ðàçäåë 5.2 ïîñâÿùåí èçëîæåíèþ èòåðàöèîííûõ ìåòîäîâ ðåøå-

íèÿ îäíîìåðíûõ è ìíîãîìåðíûõ èíòåãðàëüíûõ óðàâíåíèé â ñâåðò-
êàõ â ðåôëåêñèâíûõ ïðîñòðàíñòâàõ. Â ýòîì ðàçäåëå èçëîæåíû äî-
ñòàòî÷íî îáùèå èòåðàöèîííûå ìåòîäû, ïðèìåíèìûå ê óðàâíåíèÿì â
ñâåðòêàõ ñ øèðîêèì íàáîðîì ÿäåð.

Â ðàçäåëå 5.3 àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åíû äëÿ ñèñòåì,
ìîäåëèðóåìûõ äèñêðåòíûìè ëèíåéíûìè óðàâíåíèÿìè.

Â ðàçäåëå 5.4 ïðåäëîæåíû ìåòîäû ðåãóëÿðèçàöèè äëÿ íàõîæ-
äåíèÿ âõîäíûõ ñèãíàëîâ äèíàìè÷åñêèõ ñèñòåì, îïèñûâàåìûõ ðàç-
ëè÷íûìè âèäàìè èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà.

Ðàçäåë 5.5 ïîñâÿùåí ïðîáëåìå îäíîâðåìåííîãî âîññòàíîâëåíèÿ
àïïàðàòíîé ôóíêöèè è âõîäíîãî ñèãíàëà â äèñêðåòíûõ è íåïðåðûâ-
íûõ ñèñòåìàõ. Ìåòîä îñíîâàí íà ïðèìåíåíèè êðàåâîé çàäà÷è Ðèìàíà
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è ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Ðàññìîòðåíû îäíîìåðíûå
è ìíîãîìåðíûå ñèñòåìû.

Â ðàçäåëå 5.6 ðàññìîòðåíî âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ â
ñèñòåìàõ ñ ïåðåìåííîé ñòðóêòóðîé.

Îòäåëüíûé ðàçäåë (5.7) ïîñâÿùåí âîññòàíîâëåíèþ ôèíèòíûõ
âõîäíûõ ñèãíàëîâ. Â êà÷åñòâå àïïàðàòà ïðèáëèæåíèÿ çäåñü èñïîëü-
çóþòñÿ ïîëèíîìû Áåðíøòåéíà.

Â ðàçäåëå 5.8 ïðåäëîæåíû ÷èñëåííûå ìåòîäû âîññòàíîâëåíèÿ
âõîäíûõ ñèãíàëîâ â ñèñòåìàõ ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè. Ñè-
ñòåìû ïðåäñòàâëåíû îäíîìåðíûìè è ìíîãîìåðíûìè èíòåãðàëüíûìè
óðàâíåíèÿìè.

Äëÿ âîññòàíîâëåíèÿ ïðîñòðàíñòâåííûõ èçîáðàæåíèé, èñêàæåí-
íûõ àáåððàöèÿìè, â ðàçäåëå 5.9 ïðåäëàãàþòñÿ èòåðàöèîííûå ìåòî-
äû. Èõ îáîñíîâàíèå ïðîâîäèòñÿ â äâóìåðíîé ñïåêòðàëüíîé îáëàñòè,
ïîëó÷åííîé â ðåçóëüòàòå ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ ïðåîáðàçî-
âàíèé Ôóðüå è Ìåëëèíà ê èñõîäíîìó äâóìåðíîìó èíòåãðàëüíîìó
óðàâíåíèþ ïåðâîãî ðîäà.

Èç ïðèâåäåííîãî îáçîðà ñëåäóåò, ÷òî êíèãà îõâàòûâàåò ïðàêòè-
÷åñêè âñå àñïåêòû ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ñèñòåì ñ ñîñðå-
äîòî÷åííûìè è ðàñïðåäåëåííûìè ïàðàìåòðàìè, ìîäåëèðóåìûõ èí-
òåãðàëüíûìè è äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (îáûêíîâåííûìè
è â ÷àñòíûõ ïðîèçâîäíûõ).

Êíèãà â îñíîâíîì íàïèñàíà ïî ðàáîòàì àâòîðîâ, ïðè÷åì ìíî-
ãèå ðåçóëüòàòû ïóáëèêóþòñÿ âïåðâûå.

Êíèãà â ïåðâóþ î÷åðåäü àäðåñîâàíà ñïåöèàëèñòàì â îáëà-
ñòè ïðèêëàäíîé ìàòåìàòèêè, àâòîìàòèêè è èíôîðìàöèîííî-èçìåðè-
òåëüíîé òåõíèêè. Îòäåëüíûå ãëàâû êíèãè ìîãóò áûòü èñïîëüçîâà-
íû â êà÷åñòâå ïîñîáèÿ ïî äèñöèïëèíàì �Òåîðèÿ óïðàâëåíèÿ�, �Ãðà-
íè÷íûå èíòåãðàëüíûå óðàâíåíèÿ�, �Äèôôåðåíöèàëüíûå óðàâíåíèÿ�,
�Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè�, �Òåîðèÿ ñèãíàëîâ è ñèñòåì�,
�Èçìåðèòåëüíûå ïðåîáðàçîâàòåëè�.
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Ãëàâà 1

Îáùèå ñâåäåíèÿ. Îáçîðû

1.1. Êðàòêèé îáçîð ìåòîäîâ èäåíòèôèêàöèè

Â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé êàê ïðè ñòîõàñòè÷åñêîé,
òàê è ïðè äåòåðìèíèñòñêîé èäåíòèôèêàöèè â îñíîâíîì èñïîëüçóþò-
ñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ (îáûêíîâåííûå è â ÷àñòíûõ ïðîèç-
âîäíûõ), ðàçíîñòíûå óðàâíåíèÿ è èíòåãðàëüíûå óðàâíåíèÿ â ñâåðò-
êàõ. Òàì ãäå äëÿ îïèñàíèÿ ïðîöåññîâ èñïîëüçóþòñÿ ñèñòåìû îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èëè èíòåãðàëüíûå óðàâíå-
íèÿ â ñâåðòêàõ, â íåÿâíîì âèäå ïðåäïîëàãàåòñÿ, ÷òî ïðîöåññ ìîæíî
àïïðîêñèìèðîâàòü ìîäåëüþ ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè. Îò-
âåò íà âîïðîñ �Õîðîøî ëè ïðåäñòàâëÿåò ìîäåëü ñ ñîñðåäîòî÷åííûìè
ïàðàìåòðàìè ðåàëüíûé ïðîöåññ� äàëåêî íåïðîñò.

Èäåíòèôèêàöèè ïàðàìåòðîâ â ñòîõàñòè÷åñêîì ñëó÷àå ïîñâÿ-
ùåíû ðàáîòû [187,199,212,221,223,224].

Èäåíòèôèêàöèè ïàðàìåòðîâ â äåòåðìèíèñòñêîì ñëó÷àå ïîñâÿ-
ùåíû ðàáîòû [56,189,196,200,204,220,226�228].

Â ñëó÷àå äåòåðìèíèñòñêîãî ïîäõîäà â ëèòåðàòóðå äî ïîñëåä-
íåãî âðåìåíè îñíîâíîå âíèìàíèå óäåëÿëîñü ìåòîäàì èäåíòèôèêàöèè
ëèíåéíûõ ñèñòåì ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè, ôóíêöèîíèðî-
âàíèå êîòîðûõ îïèñûâàåòñÿ óðàâíåíèÿìè â ñâåðòêàõ

t∫
0

g(t− τ)x(τ)dτ = f(t).

Àíàëèòè÷åñêèå ìåòîäû èññëåäîâàíèÿ ðàçðåøèìîñòè óðàâíå-
íèé â ñâåðòêàõ è ÷èñëåííûå àëãîðèòìû èõ ðåøåíèÿ ïîäðîáíî èññëå-
äîâàíû â [58, 65, 136, 170]. Ñïåöèôèêà ïðèìåíåíèÿ ýòèõ àëãîðèòìîâ
ê çàäà÷àì èäåíòèôèêàöèè îïèñàíà â [1,71].
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Ïðèìåíåíèå δ-îáðàçíûõ ôóíêöèé ê îïðåäåëåíèþ ÈÏÔ îñíîâà-
íî íà òîì èçâåñòíîì ôàêòå, ÷òî ÈÏÔ ÿâëÿåòñÿ âûõîäíîé ôóíêöèåé
óñòðîéñòâà ïðè ïîäà÷å íà åãî âõîä δ-ôóíêöèè. Òàê êàê ôèçè÷åñêè
ðåàëèçîâàòü δ-ôóíêöèþ íåâîçìîæíî, òî âìåñòî δ-ôóíêöèè èñïîëü-
çóþò δ-îáðàçíûå ôóíêöèè.

Â ìîíîãðàôèè [1, ñ. 269�271] ïðåäëîæåí ìåòîä âîññòàíîâëåíèÿ
ÈÏÔ ïî ðåàêöèè óñòðîéñòâà íà âõîäíîé ñèãíàë â âèäå δ-îáðàçíîé
ôóíêöèè èëè äàæå ïðîèçâîëüíîé ôóíêöèè, ðàçëîæåíèå êîòîðîé â
ðÿä Ôóðüå ñîäåðæèò âñå ãàðìîíèêè. Òåîðåòè÷åñêè ïî ýòîìó ìåòîäó
ÈÏÔ âîçìîæíî ïðåäñòàâëåíèå â âèäå áåñêîíå÷íîãî ðÿäà.

Õîðîøî èçó÷åííîé ÿâëÿåòñÿ ïðîáëåìà èäåíòèôèêàöèè ïàðà-
ìåòðîâ íåïðåðûâíûõ è äèñêðåòíûõ ìîäåëåé â ñòîõàñòè÷åñêîé ïîñòà-
íîâêå, êîãäà ïðåäïîëàãàåòñÿ, ÷òî íàáëþäåíèÿ èñêàæåíû ñëó÷àéíûì
øóìîì. Çíà÷èòåëüíî ìåíåå èññëåäîâàííîé ÿâëÿåòñÿ ïðîáëåìà èäåí-
òèôèêàöèè â äåòåðìèíèñòñêîé ïîñòàíîâêå. Ïðè÷åì â áîëüøèíñòâå
ðàáîò ïðåäïîëàãàåòñÿ âîçìîæíîñòü íàáëþäåíèÿ âûõîäíîãî ñèãíàëà
íà íåêîòîðîì êîíå÷íîì îòðåçêå âðåìåíè. Ïðàêòè÷åñêè íåèññëåäî-
âàííîé ÿâëÿåòñÿ ïðîáëåìà èäåíòèôèêàöèè ïî ðåçóëüòàòàì äèñêðåò-
íûõ èçìåðåíèé. Â êíèãå [11] ðàññìàòðèâàåòñÿ çàäà÷à èäåíòèôèêàöèè
ïàðàìåòðîâ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïî äèñêðåòíûì
íàáëþäåíèÿì.

Â êíèãå [11] èç îáùåé ïðîáëåìû èäåíòèôèêàöèè âûäåëÿåòñÿ
ëîêàëüíàÿ èäåíòèôèêàöèÿ: �Çàäà÷à ïàðàìåòðè÷åñêîé èäåíòèôèöè-
ðóåìîñòè íå âî âñåì ïðîñòðàíñòâå ïàðàìåòðîâ, à â îêðåñòíîñòè íåêî-
òîðîãî çíà÷åíèÿ ïàðàìåòðà� íîñèò íàçâàíèå ëîêàëüíîé èäåíòèôèöè-
ðóåìîñòè.

Â îñíîâó ñâîéñòâà ëîêàëüíîé èäåíòèôèöèðóåìîñòè ïîëîæåí
ïðèíöèï íåðàçëè÷èìîñòè, êîòîðûé çàêëþ÷àåòñÿ â ñëåäóþùåì [11]:
�Ïàðà çíà÷åíèé ïàðàìåòðîâ p1, p2 íàçûâàåòñÿ íåðàçëè÷èìîé, åñëè
y(t, p1) ≡ y(t, p2), t ∈ [t0, T ], ãäå y[t, p] � èçìåðÿåìûé íà îòðåçêå
âðåìåíè [t0, T ] âûõîä ðàññìàòðèâàåìîé ñèñòåìû. Â ïðîòèâíîì ñëó-
÷àå ïàðà p1, p2 íàçûâàåòñÿ ðàçëè÷èìîé�. Ïîäðîáíîìó èññëåäîâàíèþ
ïðîáëåìû ëîêàëüíîé èäåíòèôèêàöèè ïîñâÿùåíà ìîíîãðàôèÿ [191].

Â ïîñëåäíèå äåñÿòèëåòèÿ àêòèâíî ðàçðàáàòûâàþòñÿ ìåòîäû
èäåíòèôèêàöèè ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, êîòîðûå
ðàçðàáîòàíû çíà÷èòåëüíî ìåíüøå, ÷åì ìåòîäû èäåíòèôèêàöèè ñè-
ñòåì ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè. Ñèñòåìû ñ ðàñïðåäåëåííû-
ìè ïàðàìåòðàìè ìîäåëèðóþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè
â ÷àñòíûõ ïðîèçâîäíûõ, èíòåãðàëüíûìè è èíòåãðîäèôôåðåíöèàëü-
íûìè óðàâíåíèÿìè îáùåãî âèäà.
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Ïðè äåòàëüíîì èçó÷åíèè ïðîöåññîâ õèìè÷åñêîé òåõíîëîãèè,
õîëîäíîé è ãîðÿ÷åé îáðàáîòêè ìåòàëëîâ, äîáû÷è ïîëåçíûõ èñêîïàå-
ìûõ, íåôòè è ãàçîâ, ïðîöåññîâ òåïëîâîé è ÿäåðíîé ýíåðãåòèêè, ïðî-
èçâîäñòâà ïîëóïðîâîäíèêîâûõ, èíòåãðàëüíûõ ñõåì, òîíêèõ ïëåíîê,
ïðîöåññîâ ðàäèîôèçèêè, àêóñòèêè, äèíàìèêè ïîëåòà è âî ìíîãèõ
äðóãèõ îáëàñòÿõ òåõíèêè ìû ñòàëêèâàåìñÿ ñ íåîáõîäèìîñòüþ ïî-
ñòðîåíèÿ è èñïîëüçîâàíèÿ âñå áîëåå òî÷íûõ ìàòåìàòè÷åñêèõ ìîäå-
ëåé. Ñëåäóåò çàìåòèòü, ÷òî ýòè ïðîöåññû ïðîòåêàþò íå òîëüêî âî
âðåìåíè, íî è â ïðîñòðàíñòâå. Ïîýòîìó èõ åñòåñòâåííûì ìàòåìà-
òè÷åñêèì îïèñàíèåì ÿâëÿþòñÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ.
Îíè âîçíèêàþò â ðåçóëüòàòå ïðèìåíåíèÿ çàêîíîâ ñîõðàíåíèÿ ìàñ-
ñû, ýíåðãèè è êîëè÷åñòâà äâèæåíèÿ ê ñïëîøíîé ñðåäå. Ïðèâåäåì
íåñêîëüêî ïðèìåðîâ òàêèõ óðàâíåíèé [54].

Óðàâíåíèå ðàñïðîñòðàíåíèÿ çâóêà â îäíîðîäíîé ñðåäå è ýëåê-
òðîìàãíèòíûõ êîëåáàíèÿõ â îäíîðîäíîé ñðåäå èìååò âèä:

∂2y

∂t2
= a2

(
∂2y

∂x21
+
∂2y

∂x22
+
∂2y

∂x23

)
+ f,

ãäå y = y(x1, x2, x3, t) � âûõîäíàÿ êîîðäèíàòà (âûõîäíîé ñèãíàë),
êîòîðàÿ ìîæåò áûòü ïëîòíîñòüþ ãàçà, åãî äàâëåíèåì èëè ïîòåíöèà-
ëîì ñêîðîñòåé, à òàêæå íàïðÿæåííîñòüþ ýëåêòðè÷åñêîãî è ìàãíèò-
íîãî ïîëÿ èëè ñîîòâåòñòâóþùèìè ïîòåíöèàëàìè; f � îòíîñèòåëüíàÿ
ïëîòíîñòü âíåøíèõ ñèë; (x1, x2, x3) � ïðîñòðàíñòâåííûå êîîðäèíàòû;
t � âðåìÿ; a2 � õàðàêòåðèñòèêà ñðåäû, ïîäëåæàùàÿ îïðåäåëåíèþ.

Àíàëîãè÷íûé âèä èìåþò óðàâíåíèÿ ðàñïðîñòðàíåíèÿ òåïëà
èëè äèôôóçèè ÷àñòèö â îäíîðîäíîé ñðåäå.

Äâèæåíèå èäåàëüíîé æèäêîñòè (ãàçà), â êîòîðîé îòñóòñòâóþò
ñèëû âÿçêîñòè, îïðåäåëÿåòñÿ ñëåäóþùåé íåëèíåéíîé ñèñòåìîé óðàâ-
íåíèé ãèäðîäèíàìèêè:

∂ρ
∂t

+ div(ρV ) = f,

Φ(P, ρ) = 0,
∂V
∂t

+ V gradV + 1
ρgradP = F,

ãäå P = P (x, t) � äàâëåíèå; V = V (x, t) � âåêòîð ñêîðîñòè äâèæåíèÿ
æèäêîñòè, P , V ìîãóò áûòü âûõîäíûìè êîîðäèíàòàìè (âûõîäíîé
ñèãíàë); ρ = ρ(x, t) � ïëîòíîñòü æèäêîñòè; f = f(x, t) � èíòåíñèâ-
íîñòü èñòî÷íèêîâ ïîòîêîâ; F = F (x, t) � âåêòîð âîçäåéñòâèÿ âíåø-
íèõ ñèë, F , f � ìîãóò áûòü âõîäíûìè êîîðäèíàòàìè (óïðàâëÿþùè-
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ìè âîçäåéñòâèÿìè � âõîäíûìè ñèãíàëàìè); x = (x1, x2, x3) � âåêòîð
ïðîñòðàíñòâåííûõ êîîðäèíàò.

Â êà÷åñòâå äðóãîãî ïðèìåðà ìîæíî óêàçàòü íà çàäà÷è âîññòà-
íîâëåíèÿ ôîðìû òÿãîòåþùåãî òåëà, åãî ïëîòíîñòè è ãëóáèíû çà-
ëåãàíèÿ â ãðàâèðàçâåäêå. Ýòè çàäà÷è îïèñûâàþòñÿ ìíîãîìåðíûìè
íåëèíåéíûìè óðàâíåíèÿìè â ñâåðòêàõ, èíòåãðàëüíûìè óðàâíåíèÿ-
ìè ñ ìíîãîìåðíûìè èíòåãðàëàìè òèïà Êîøè. Àíàëîãè÷íûå çàäà÷è
âîçíèêàþò â ìàãíèòîðàçâåäêå.

Â êà÷åñòâå òðåòüåãî ïðèìåðà ìîæíî óêàçàòü íà ìíîãî÷èñëåí-
íûå îáðàòíûå çàäà÷è ðàññåÿíèÿ êàê â ìàêðîñêîïè÷åñêèõ, òàê è â
êâàíòîâûõ ñèñòåìàõ.

Ìîæíî è äàëüøå ïðèâîäèòü ïåðå÷åíü çàäà÷ [229], â êîòîðûõ
âîçíèêàåò íåîáõîäèìîñòü â ðàçðàáîòêå ìåòîäîâ èäåíòèôèêàöèè ïà-
ðàìåòðîâ äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè,
îäíàêî äàæå ýòîãî êîðîòêîãî ïåðå÷íÿ äîñòàòî÷íî, ÷òîáû óáåäèòü-
ñÿ â åå àêòóàëüíîñòè. Â ïðåäëàãàåìîé ÷èòàòåëþ êíèãå èçëîæåí ðÿä
îáùèõ ìåòîäîâ âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ñèñòåì ñ ðàñïðåäå-
ëåííûìè ïàðàìåòðàìè.

Â ïîñëåäíåå âðåìÿ àêòèâíî èññëåäóþòñÿ ýðåäèòàðíûå ñèñòåìû,
îïèñûâàåìûå èíòåãðàëüíûìè óðàâíåíèÿìè, îáûêíîâåííûìè äèôôå-
ðåíöèàëüíûìè óðàâíåíèÿìè è óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ.
Èíòåðåñ ê ýòîé ïðîáëåìàòèêå âîçíèê â ñâÿçè ñ åå ìíîãî÷èñëåííûìè
ïðèëîæåíèÿìè â íàíîòåõíîëîãèÿõ, áèîëîãèè, ýêîëîãèè. Íåñìîòðÿ íà
âàæíîñòü ïðîáëåìû, ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ ýðåäèòàðíûõ
ñèñòåì íåäîñòàòî÷íà èññëåäîâàíà. Â äàííîé êíèãå ïðåäëîæåíû ìå-
òîäû ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè òàêèõ ñèñòåì.

1.2. Ýëåìåíòû ôóíêöèîíàëüíîãî àíàëèçà

Â ýòîì ðàçäåëå èçëàãàåòñÿ â ñîîòâåòñòâèè ñ ìîíîãðàôèåé [118]
ðÿä óòâåðæäåíèé ôóíêöèîíàëüíîãî àíàëèçà.

1.2.1. Íîðìèðîâàííûå ïðîñòðàíñòâà

Ðàññìîòðèì íåêîòîðîå ìíîæåñòâî E, â êîòîðîì ââåäåíû äâå
îïåðàöèè: ñëîæåíèå ýëåìåíòîâ è óìíîæåíèå íà ÷èñëî, óäîâëåòâîðÿ-
þùèå ñëåäóþùèì óñëîâèÿì:

1) x+ y = y + x (êîììóòàòèâíîñòü ñëîæåíèÿ);
2) (x+ y) + z = x+ (y + z) (àññîöèàòèâíîñòü ñëîæåíèÿ);
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3) λ(x + y) = λy + λx (äèñòðèáóòèâíîñòü îòíîñèòåëüíî óìíî-
æåíèÿ);

4) (λ+µ)x = λx+µx (äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæå-
íèÿ);

5) λ(µx) = (λµ)x (àññîöèàòèâíîñòü óìíîæåíèÿ);
6) â E ñóùåñòâóåò íóëåâîé ýëåìåíò Θ òàêîé, ÷òî 0x = Θ äëÿ

∀x ∈ E;
7) 1 · x = x äëÿ x ∈ E.
Ìíîæåñòâî E, óäîâëåòâîðÿþùåå ïåðå÷èñëåííûì óñëîâèÿì, íà-

çûâàåòñÿ ëèíåéíûì ïðîñòðàíñòâîì (âåùåñòâåííûì, åñëè ÷èñëà λ, µ
âåùåñòâåííûå, èëè êîìïëåêñíûì, åñëè λ, µ êîìïëåêñíûå).

Ïðåäïîëîæèì, ÷òî êàæäîìó x ∈ E ïîñòàâëåíî â ñîîòâåòñòâèå
íåîòðèöàòåëüíîå ÷èñëî ∥x∥ (íîðìà x), óäîâëåòâîðÿþùåå óñëîâèÿì:

à) ∥x∥ = 0 òîãäà è òîëüêî òîãäà, êîãäà x = Θ;
á) ∥λx∥ = |λ|∥x∥ (îäíîðîäíîñòü íîðìû);
â) ∥x+ y∥ ≤ ∥x∥+ ∥y∥ (íåðàâåíñòâî òðåóãîëüíèêà).
Ëèíåéíîå ïðîñòðàíñòâî, â êîòîðîì ââåäåíî ïîíÿòèå íîðìû, íà-

çûâàåòñÿ ëèíåéíûì íîðìèðîâàííûì ïðîñòðàíñòâîì.
Ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî E íàçûâàåòñÿ ïîëíûì,

èëè áàíàõîâûì, ïðîñòðàíñòâîì, åñëè èç ∥xn−xm∥→0 ïðè n,m→∞
ñëåäóåò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {xk} ê íåêîòîðîìó ýëåìåíòó
x ∈ E ïî íîðìå ïðîñòðàíñòâà E, ò.å. lim

k→∞
∥x− xk∥E = 0.

Áàíàõîâû ïðîñòðàíñòâà áóäåì îáîçíà÷àòü áóêâîé B. Ïîëíîå
ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî íàçûâàåòñÿ ãèëüáåðòîâûì
ïðîñòðàíñòâîì (H-ïðîñòðàíñòâîì), åñëè â íåì ââåäåíî ñêàëÿðíîå
ïðîèçâåäåíèå (x, y), îáëàäàþùåå ñâîéñòâàìè:

à) (x, y) = (y, x) (â ÷àñòíîñòè, (x, x)− âåùåñòâåííîå ÷èñëî);
á) (x1 + x2, y) = (x1, y) + (x2, y);
â) (λx, y) = λ(x, y) äëÿ ëþáîãî êîìïëåêñíîãî ÷èñëà λ;
ã) (x, x) ≥ 0, ïðè÷åì (x, x) = 0 òîãäà è òîëüêî òîãäà, êîãäà

x = Θ.
Ïðè ýòîì ñêàëÿðíîå ïðîèçâåäåíèå ñâÿçàíî ñ íîðìîé ðàâåí-

ñòâîì (x, x) = ∥x∥2.
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1.3. Ëèíåéíûå îïåðàòîðû è ëèíåéíûå óðàâíåíèÿ

1.3.1. Ëèíåéíûå îïåðàòîðû

Ïóñòü B1 è B2 � áàíàõîâû ïðîñòðàíñòâà. Îòîáðàæåíèå A èç B1

â B2 íàçûâàåòñÿ ëèíåéíûì îïåðàòîðîì, åñëè äëÿ ëþáûõ ÷èñåë α, β
è ëþáûõ ýëåìåíòîâ x, y ∈ B1, ñïðàâåäëèâî A(αx+βy) = αAx+βAy.

Ëèíåéíûé îïåðàòîð A, îïðåäåëåííûé íà ëèíåéíîì íîðìèðî-
âàííîì ïðîñòðàíñòâå E, ñ îáëàñòüþ çíà÷åíèé, ðàñïîëîæåííîé â ëè-
íåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå E1, íàçûâàåòñÿ âïîëíå íåïðå-
ðûâíûì, åñëè îí îòîáðàæàåò âñÿêîå îãðàíè÷åííîå ìíîæåñòâî ïðî-
ñòðàíñòâà E â êîìïàêòíîå ìíîæåñòâî ïðîñòðàíñòâà E1.

Îïåðàòîð A íàçûâàåòñÿ îãðàíè÷åííûì, åñëè ìîæíî óêàçàòü
òàêîå ïîëîæèòåëüíîå ÷èñëî K, ÷òî äëÿ âñåõ x ∈ B ∥ Ax ∥≤ K ∥ x ∥.
Íàèìåíüøåå èç çíà÷åíèé K, ïðè êîòîðûõ âûïîëíÿåòñÿ ïðåäûäóùåå
íåðàâåíñòâî, íàçûâàåòñÿ íîðìîé îïåðàòîðà A è îáîçíà÷àåòñÿ ∥ A ∥.
Îòìåòèì, ÷òî ∥ A ∥= sup

∥x∥=1

∥ Ax ∥ .

Ìíîæåñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ
èç B ïðîñòðàíñòâà X â B ïðîñòðàíñòâà Y , îáîçíà÷àåòñÿ ÷åðåç
B[X,Y ] èëè [X,Y ].

Òåîðåìà 1.3.1 (Áàíàõà [118]). Ïóñòü X−B � ïðîñòðàíñòâî, îïå-
ðàòîð U∈B[X,X]. Òîãäà, åñëè

∥ U ∥≤ q < 1, (1.3.1)

îïåðàòîð I − U èìååò íåïðåðûâíûé îáðàòíûé îïåðàòîð, ïðè÷åì

∥ (I − U)−1 ∥≤ 1

1− q
. (1.3.2)

Çàìå÷àíèå 1.3.1. Îòìåòèì, ÷òî ãèëüáåðòîâû ïðîñòðàíñòâà, â
êîòîðûõ áóäåì íà ïðîòÿæåíèè âñåé ðàáîòû ïðîâîäèòü îáîñíîâà-
íèå èòåðàöèîííûõ ìåòîäîâ, ÿâëÿþòñÿ ðåôëåêñèâíûìè. Îïðåäåëå-
íèå ðåôëåêñèâíûõ ïðîñòðàíñòâ äàíî â [83].

Ïðè îáîñíîâàíèè âû÷èñëèòåëüíûõ ñõåì èñïîëüçóåòñÿ ñëåäóþ-
ùåå óòâåðæäåíèå, ïðèíàäëåæàùåå Ë. ß. Îáëîìñêîé [128].

Òåîðåìà 1.3.2. [128] Ïóñòü U � ëèíåéíûé îïåðàòîð, äåéñòâó-
þùèé â ðåôëåêñèâíîì áàíàõîâîì ïðîñòðàíñòâå è îáëàäàþùèé
ñâîéñòâîì: ñóùåñòâóåò òàêàÿ êîíñòàíòà C, ÷òî ∥Un∥ ≤ C,
n=0, 1, 2, ...
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Òîãäà èòåðàöèîííûé ìåòîä

xn+1 = αnxn + (1− αn)Uxn, 0 < ε0 ≤ αn ≤ ε1 < 1,

ñõîäèòñÿ ê íåïîäâèæíîé òî÷êå x∗ îïåðàòîðà U : Ux∗ = x∗.

Òåîðåìà 1.3.3. [128] Ïóñòü X � ðåôëåêñèâíîå áàíàõîâî ïðîñòðàí-
ñòâî; A− ëèíåéíûé îïåðàòîð ñ íîðìîé ∥ A ∥= 1. Òîãäà èòåðàöè-
îííûé ïðîöåññ

xn+1 = λnxn + (1− λn)(Axn + f),

n = 0, 1, . . . , ãäå 0 < α < λn < β < 1, ñõîäèòñÿ ê ðåøåíèþ x∗

óðàâíåíèÿ x = Ax+ f, åñëè ïîñëåäíåå èìååò ðåøåíèå.

Òåîðåìà 1.3.4 (Àäàìàðà [57]). Åñëè äëÿ êâàäðàòíîé ìàòðèöû A ñ
ýëåìåíòàìè A = {akl}, k, l = 1, . . . , n, âûïîëíÿþòñÿ n íåðàâåíñòâ

|aii| >
n∑

j=1,j ̸=i

|aij|, i = 1, . . . , n,

òî ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé.

1.3.2. Ëèíåéíûå óðàâíåíèÿ

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ óðàâíåíèé

Ku = f. (1.3.3)

Èññëåäóåì óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû (1.3.3) â ïðîñòðàí-
ñòâå Rn ñ íîðìîé

∥u∥ =

(
n∑
i=1

|ui|2
)1/2

.

Â ëèíåéíîé àëãåáðå óñòîé÷èâîñòü ðåøåíèÿ ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé (1.2.3) ñâÿçûâàþò ñ ÷èñëîì îáóñëîâëåí-
íîñòè ìàòðèöû K. Íàïîìíèì îïðåäåëåíèå ÷èñëà îáóñëîâëåííîñòè.

Îïðåäåëåíèå 1.3.1. ×èñëîì îáóñëîâëåííîñòè ìàòðèöû K íàçû-
âàåòñÿ ÷èñëî [175], îïðåäåëÿåìîå ñëåäóþùèì âûðàæåíèåì:

cond(K) = ∥K∥∥K−1∥.
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Äëÿ âû÷èñëåíèÿ íîðìû îáðàòíîé ìàòðèöû ìîæíî âîñïîëüçî-
âàòüñÿ ÷èñëåííûìè ìåòîäàìè, ïðèâåäåííûìè â [8].

Ïðèâåäåííàÿ îöåíêà ÷èñëà îáóñëîâëåííîñòè ÿâëÿåòñÿ îöåíêîé
ñâåðõó è çíà÷èòåëüíî çàâûøåíà. ×èñëåííûå ýêñïåðèìåíòû, â ÷àñò-
íîñòè ïðîâåäåííûå ïðè âûïîëíåíèè äèññåðòàöèè [90], ïîêàçûâàþò
íàìíîãî áîëüøóþ óñòîé÷èâîñòü ìåòîäîâ èñïîëüçóåìûõ, íåæåëè ýòî
ñëåäóåò èç ïðèâåäåííîé îöåíêè.

Ýòî ãîâîðèò î òîì, ÷òî â îáùåì ñëó÷àå ÷èñëà îáóñëîâëåííîñòè
íå ÿâëÿþòñÿ äîñòàòî÷íî èíôîðìàòèâíûì ìåòîäîì îöåíêè óñòîé÷è-
âîñòè ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé. Ïðèâåäåì åùå îäíó îöåíêó,
êîòîðàÿ áîëåå òî÷íî õàðàêòåðèçóåò óñòîé÷èâîñòü, íåæåëè ÷èñëî îáó-
ñëîâëåííîñòè, è ìîæåò áûòü ïîëåçíîé ïðè ïðàêòè÷åñêèõ ðàñ÷åòàõ.
Ðàññìîòðèì ñèñòåìó óðàâíåíèé Ku = f. Ïóñòü u∗ � òî÷íîå ðåøåíèå
óðàâíåíèÿ Ku = f .

Íà ïðàêòèêå âìåñòî óðàâíåíèÿ Ku = f ðàññìàòðèâàåòñÿ óðàâ-
íåíèå (K +∆K)u = f, èìåþùåå òî÷íîå ðåøåíèå ũ∗.

Íåòðóäíî âèäåòü, ÷òî

u∗ − ũ∗ = K−1((K +∆K)−K)(K +∆K)−1f.

Ïîýòîìó

∥u∗ − ũ∗∥ ≤ ∥K−1∥∥∆K∥∥(K +∆K)−1∥∥f∥.

Åñëè ïðàâàÿ ÷àñòü äàíà ñ âîçìóùåíèÿìè, ò. å. ðàññìàòðèâàåòñÿ
óðàâíåíèå

(K +∆K)u = f +∆f

ñ òî÷íûì ðåøåíèåì u∗, òî ðàçíîñòü ∥u∗ − u∗∥ îöåíèâàåòñÿ íåðàâåí-
ñòâîì

∥u∗−u∗∥≤
≤ ∥K−1∥∥∆K∥∥(K+∆K)−1∥∥f∥+∥(K+∆K)−1∥∥∆f∥, (1.3.4)

ãäå u∗ � ðåøåíèå óðàâíåíèÿ (K + ∆K)u = f + ∆f. Îòìåòèì, ÷òî
ïðè ïîëó÷åíèè íåðàâåíñòâà (1.3.4) áûëà èñïîëüçîâàíà îáîáùåííàÿ
òåîðåìà Áàíàõà [118].

Äëÿ òîãî ÷òîáû îòôèëüòðîâàòü ïîãðåøíîñòü è ñäåëàòü ïðî-
öåññ âû÷èñëåíèé áîëåå óñòîé÷èâûì, äëÿ ðåøåíèÿ óðàâíåíèÿKu = f
ïðåäëàãàåòñÿ ìåòîä èòåðàöèè [128]:

ui+1 = ui − γ(αui +K∗Kui −K∗f), i = 1, 2, ..., (1.3.5)

ãäå γ = min

(
1
2 ,

1
2∥A∗A∥

)
, α � ïàðàìåòð ðåãóëÿðèçàöèè.
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Ñõîäèìîñòü èòåðàöèé èññëåäîâàíà â [19]. Ïðè èñïîëüçîâàíèè
ýòèõ èòåðàöèé ïîãðåøíîñòü èìååò òîò æå ïîðÿäîê, ÷òî è âåëè÷èíà
âîçìóùåíèÿ ïðàâûõ ÷àñòåé è ýëåìåíòîâ ìàòðèöû.

Ïðè ðåøåíèè óðàâíåíèÿ (1.3.3) ïî èòåðàöèîííîé ñõåìå (1.3.5)
íåîáõîäèìî îïðåäåëèòü ïðàâèëà îñòàíîâêè èòåðàöèîííîãî ïðîöåññà.
Âîïðîñàì îñòàíîâêè èòåðàöèîííûõ ìåòîäîâ ïðè ðåøåíèè íåêîððåêò-
íûõ çàäà÷ ïîñâÿùåíà, â ÷àñòíîñòè, ðàáîòà [89]. Ïîìèìî îïèñàííûõ
â [89] ìåòîäîâ, ìîæíî îñòàíîâèòü èòåðàöèîííûé ïðîöåññ ïî íåâÿç-
êå. Äëÿ ýòîãî ïðè êàæäîé èòåðàöèè âû÷èñëÿåòñÿ îäíà èç íåâÿçîê
(ðåøåíèÿ óðàâíåíèÿ ∥Ku−f∥ èëè ìåòîäà ∥αu+K∗Ku−K∗f∥, èëè
îáå íåâÿçêè) è çàïîìèíàåòñÿ íîìåð èòåðàöèè è ðåøåíèå, èìåþùåå
íàèìåíüøóþ íåâÿçêó. Ïðîâåäÿ äîñòàòî÷íî áîëüøîå ÷èñëî èòåðàöèé
è ïðîäåëàâ âñå ýòè îïåðàöèè, â êà÷åñòâå ðåøåíèÿ âûáèðàåòñÿ òî,
êîòîðîå èìåëî íàèìåíüøóþ íåâÿçêó ïðè âûïîëíåíèè âñåõ ïîñëåäî-
âàòåëüíûõ èòåðàöèé.

1.4. Ýëåìåíòû òåîðèè ôóíêöèé

1.4.1. Êëàññû ôóíêöèé

Îïðåäåëåíèå 1.4.1. Ïóñòü L � ãëàäêàÿ êðèâàÿ è φ(t) � ôóíêöèÿ
òî÷åê ýòîé êðèâîé. Ôóíêöèÿ φ(t) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäå-
ðà Hα(A) è äëÿ ëþáûõ äâóõ òî÷åê t1 è t2 ýòîé êðèâîé âûïîëíÿåòñÿ
íåðàâååñòâî |φ(t2) − φ(t1)| ≤ A|t1 − t2|α, ãäå A,α− ïîëîæèòåëü-
íûå ÷èñëà. Êîíñòàíòà A íàçûâàåòñÿ ïîñòîÿííîé Ãåëüäåðà, à α−
ïîêàçàòåëåì Ãåëüäåðà.

Îïðåäåëåíèå 1.4.2. [59] Åñëè ôóíêöèÿ F (x) çàäàíà íà äåéñòâè-
òåëüíîé îñè, òî óñëîâèå Ãåëüäåðà çàêëþ÷àåòñÿ â ñóùåñòâîâàíèè
ïîñòîÿííûõ A è λ, 0 < λ ≤ 1, òàêèõ, ÷òî äëÿ ëþáûõ äåéñòâè-
òåëüíûõ x1 è x2 |F (x1) − F (x2)| ≤ A|x1 − x2|λ è äëÿ ëþáûõ ïî

ìîäóëþ áîëüøèõ åäèíèöû x1 è x2 |F (x1)− F (x2)| ≤ A

∣∣∣∣ 1x1 − 1

x2

∣∣∣∣λ.
Îïðåäåëåíèå 1.4.3. [59] Ïóñòü F (x) � èçîáðàæåíèå, ïîëó÷åí-
íîå ïðèìåíåíèåì ïðåîáðàçîâàíèÿ Ôóðüå ê ôóíêöèè f(x). Ñèìâî-
ëîì {{0}} îáîçíà÷åí êëàññ ôóíêöèé-èçîáðàæåíèé, ïðèíàäëåæàùèõ
L2(−∞,∞) è óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà. ×åðåç {0} îáî-
çíà÷åí êëàññ ôóíêöèé-îðèãèíàëîâ f(t), èíòåãðàëû Ôóðüå êîòîðûõ
ïðèíàäëåæàò êëàññó {{0}}.
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Îïðåäåëåíèå 1.4.4. [59] Ôóíêöèÿ f(x) ïðèíàäëåæèò êëàññó {α},
åñëè

f(x)e−αx ∈ {0}.

Ââåäåì îáîçíà÷åíèÿ:

f+(x) =

{
f(t), t ≥ 0,
0, t < 0,

f−(x) =

{
0, t ≥ 0,

−f(t), t < 0.

Îïðåäåëåíèå 1.4.5. [59] Ôóíêöèÿ f(x) = f+(x)− f−(x) ïðèíàäëå-
æèò êëàññó {a, b}, åñëè f+(x) ∈ {a}, f−(x) ∈ {b}.

Îïðåäåëåíèå 1.4.6. [59] Ôóíêöèè F+(x), (F−(x)) ïðèíàäëåæàò
êëàññàì {{0,∞}} ({{−∞, 0}}), åñëè îíè àíàëèòè÷åñêèå â âåðõíåé

(íèæíåé) ïîëóïëîñêîñòè è âûïîëíåíî óñëîâèå
∞∫

−∞
|F+(x+ iy)|2dx ≤M,

â êîòîðîì êîíñòàíòà M íå çàâèñèò îò y.

Îïðåäåëåíèå 1.4.7. Ïóñòü L � ãëàäêàÿ êðèâàÿ è φ(t)− ôóíêöèÿ
òî÷åê ýòîé êðèâîé. Êëàññ W r(1) ñîñòîèò èç ôóíêöèé, èìåþùèõ
íåïðåðûâíûå ïðîèçâîäíûå äî (r−1)-ãî ïîðÿäêà è êóñî÷íî-íåïðåðûâ-
íóþ ïðîèçâîäíóþ r-ãî ïîðÿäêà, ïðè÷åì max |φ(r)(t)| ≤ 1.

Îïðåäåëåíèå 1.4.8. Êëàññ ôóíêöèé W rHα(A) ñîñòîèò èç ôóíê-
öèé, âõîäÿùèõ â êëàññ W r, è òàêèõ, ÷òî

|φ(r)(t1)− φ(r)(t2)| ≤ A|t1 − t2|α.

Îïðåäåëåíèå 1.4.9. [123] Ïóñòü f(t)∈C[a, b], hn(t)=
n∑
k=0

αkt
k � ïî-

ëèíîì ñòåïåíè n; Hn � ìíîæåñòâî ïîëèíîìîâ ñòåïåíè íå âûøå

n. Ïîëèíîì h∗n(t, f) =
n∑
k=0

α∗
kt
k íàçûâàåòñÿ ïîëèíîìîì íàèëó÷øåãî

ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè n ôóíêöèè f(t) íà ñåãìåíòå
[a, b], åñëè

∥f(t)− h∗n(t, f)∥C = inf
hn∈Hn

∥f(t)− hn(t)∥.

Îïðåäåëåíèå 1.4.10. [123] Ïóñòü f ∈ C[a, b] è h∗n(t, f)− ïîëèíîì
íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòåïåíè n ôóíêöèè f(t)
íà ñåãìåíòå [a, b], òîãäà âåëè÷èíà En(f) = ∥f(t) − h∗n(f, t)∥C[a,b]
íàçûâàåòñÿ íàèëó÷øèì ðàâíîìåðíûì ïðèáëèæåíèåì ôóíêöèè f(t)
íà ñåãìåíòå [a, b] ïîëèíîìàìè n-ãî ïîðÿäêà.
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1.4.2. Ïðîñòðàíñòâà ôóíêöèé

Çäåñü îïèñûâàåòñÿ ðÿä ïðîñòðàíñòâ ôóíêöèé, êîòîðûå èñïîëü-
çóþòñÿ íà ïðîòÿæåíèè ðàáîòû.

Îïðåäåëåíèå 1.4.11. ×åðåç C[a, b] îáîçíà÷åíî áàíàõîâî ïðîñòðàí-
ñòâî íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà ñåãìåíòå [a, b] ñ íîð-
ìîé ∥f(x)∥ = max

a≤x≤b
|f(x)|.

Îïðåäåëåíèå 1.4.12. ×åðåç Hβ(L) îáîçíà÷àåòñÿ áàíàõîâî ïðîñò-
ðàíñòâî ôóíêöèé, îïðåäåëåííûõ íà êðèâîé L, ñ íîðìîé

∥x(t)∥ =M(x) +H(x; β) = max
t∈L

|x(t)|+ sup
t1 ̸=t2

|x(t1)− x(t2)|
|t1 − t2|β

.

Îïðåäåëåíèå 1.4.13. ×åðåç Hβ(−∞,∞) îáîçíà÷åíî ïðîñòðàíñòâî
ôóíêöèé, îïðåäåëåííûõ íà ÷èñëîâîé îñè, ñ íîðìîé

∥x∥ =M(x) +H(x; β) = max
∞<t<∞

|x(t)|+ sup
t1 ̸=t2

|x(t1)− x(t2)|
|t1 − t2|β

.

Îïðåäåëåíèå 1.4.14. Ïóñòü γ � åäèíè÷íàÿ îêðóæíîñòü ñ öåí-
òðîì â íà÷àëå êîîðäèíàò, ðàñïîëîæåííàÿ â ïëîñêîñòè êîìïëåêñ-
íîé ïåðåìåííîé z. ×åðåç L2(γ) îáîçíà÷åíî áàíàõîâî ïðîñòðàíñòâî
ôóíêöèé, îïðåäåëåííûõ íà γ, ñ íîðìîé

∥x(t)∥ =

 1

2π

2π∫
0

|(x(t))|2ds


1
2

, t = eis.

Îïðåäåëåíèå 1.4.15. ×åðåç L2(−∞,∞) îáîçíà÷åíî áàíàõîâî ïðî-
ñòðàíñòâî ôóíêöèé φ(t), ñóììèðóåìûõ ñ êâàäðàòîì, â êîòîðîì
íîðìà îïðåäåëåíà ðàâåíñòâîì

∥φ(t)∥ =

1
π

∞∫
−∞

|φ(τ)|2dτ

 1
2

.

1.5. Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ

1.5.1. Èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå

Ïðåîáðàçîâàíèå Ôóðüå ÿâëÿåòñÿ ìîùíûì ñðåäñòâîì ðåøåíèÿ
è èññëåäîâàíèÿ ìíîãî÷èñëåííûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, ìå-
õàíèêè è òåõíèêè.
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Â ýòîì ðàçäåëå ïðèâîäÿòñÿ áåç äîêàçàòåëüñòâà îñíîâíûå ñâîé-
ñòâà ïðåîáðàçîâàíèÿ Ôóðüå. ×èòàòåëü, çàèíòåðåñîâàâøèéñÿ äîêàçà-
òåëüñòâîì ýòèõ ñâîéñòâ, ìîæåò íàéòè èõ â êíèãàõ [59,169] èëè, âîñ-
ïîëüçîâàâøèñü ïðèâåäåííûìè íèæå îïðåäåëåíèÿìè ïðÿìîãî è îá-
ðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, ïðîâåñòè èõ ñàìîñòîÿòåëüíî.

Èíòåãðàëîì Ôóðüå îò ôóíêöèè f(t) íàçûâàåòñÿ ôóíêöèÿ

F (x) =
1√
2π

∞∫
−∞

f(t)eixtdt, −∞ < x <∞. (1.5.1)

Â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà äîêàçûâàåòñÿ, ÷òî èíòåãðà-
ëó (1.5.1) ñîîòâåòñâóåò âçàèìíàÿ ôîðìóëà

f(t) =
1√
2π

∞∫
−∞

F (x)e−ixtdx,−∞ < t <∞. (1.5.2)

Èñõîäíóþ ôóíêöèþ f(t) íàçûâàþò îðèãèíàëîì, à F (x) � èçîá-
ðàæåíèåì. Îðèãèíàëû è èçîáðàæåíèÿ áóäåì ñîîòâåòñòâåííî îáîçíà-
÷àòü ñòðî÷íûìè è ïðîïèñíûìè áóêâàìè.

Òàê êàê è îðèãèíàëû, è èçîáðàæåíèÿ ÿâëÿþòñÿ ôóíêöèÿìè,
òî åñòåñòâåííî ñ÷èòàòü èõ ýëåìåíòàìè íåêîòîðûõ íîðìèðîâàííûõ
ïðîñòðàíñòâ. Íàèáîëåå ÷àñòî ïðåäïîëàãàþò èõ ïðèíàäëåæàùèìè
ïðîñòðàíñòâó L2(−∞,∞). Ïðåäïî÷òåíèå, êîòîðîå îêàçûâàåòñÿ ïðî-
ñòðàíñòâó L2(−∞,∞) ïî îòíîøåíèþ ê äðóãèì ïðîñòðàíñòâàì ôóíê-
öèé, îñíîâàíî íà ñëåäóþùèõ äâóõ òåîðåìàõ.

Òåîðåìà 1.5.1. Åñëè îðèãèíàë f(t) ïðèíàäëåæèò L2(−∞,∞), òî
èçîáðàæåíèå F (x) òàêæå ïðèíàäëåæèò L2(−∞,∞) è íàîáîðîò.

Òåîðåìà 1.5.2 (ôîðìóëà Ïàðñåâàëÿ). Åñëè îðèãèíàë f(t) ïðèíàä-
ëåæèò L2(−∞,∞), òî ñïðàâåäëèâî ðàâåíñòâî

∥F (x)∥L2(−∞,∞) = ∥f(t)∥L2(−∞,∞).

Âïðåäü, ãîâîðÿ îá îðèãèíàëàõ f(t) è èçîáðàæåíèÿõ F (x), áó-
äåì ïðåäïîëàãàòü, ÷òî îíè ïðèíàäëåæàò íåêîòîðûì îïðåäåëåííûì
ïðîñòðàíñòâàì ôóíêöèé.

Îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå ôóíêöèè f(t) åå èíòåãðàë
F (x) (ïî ôîðìóëå (1.5.1)), íàçûâàåòñÿ ïðåîáðàçîâàíèåì Ôóðüå. Ýòîò
îïåðàòîð, ñëåäóÿ [59], áóäåì îáîçíà÷àòü áóêâîé V : F = V f. Îïå-
ðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå ôóíêöèè F (x) ôóíêöèþ f(t) (ïî
ôîðìóëå (1.5.2)), íàçûâàåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå è
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îáîçíà÷àåòñÿ ÷åðåç V −1 : V −1F (x) = f(t). Ðàâåíñòâî (1.5.2) íàçûâà-
åòñÿ ôîðìóëîé îáðàùåíèÿ.

Èíòåãðàë

h(t) =
1√
2π

∞∫
−∞

f(t− s)g(s)ds (1.5.3)

íàçûâàåòñÿ ñâåðòêîé äâóõ ôóíêöèé f(t) è g(t). Ñäåëàâ â èíòåãðàëå
çàìåíó ïåðåìåííûõ t− s = u, ëåãêî ïîëó÷àåì

h(t) =
1√
2π

∞∫
−∞

f(u)g(t− u)du, (1.5.4)

ò.å. ñâåðòêà ñèììåòðè÷íà îòíîñèòåëüíî ñâåðòûâàåìûõ ôóíêöèé.
Ñâåðòêà äâóõ ôóíêöèé îáîçíà÷àåòñÿ ñèìâîëîì ∗. Ôîðìóëû

(1.5.3) è (1.5.4) îçíà÷àþò, ÷òî h(t) = f ∗ g = g ∗ f.
Èñêëþ÷èòåëüíî âàæíîå çíà÷åíèå â òåîðèè ïðåîáðàçîâàíèÿ Ôó-

ðüå èìåþò ñëåäóþùèå òåîðåìû î ñâåðòêå.

Òåîðåìà 1.5.3. Ïðåîáðàçîâàíèå Ôóðüå ñâåðòêè

h(t) =
1√
2π

∞∫
−∞

f(t− s)g(s)ds

ðàâíî ïðîèçâåäåíèþ ïðåîáðàçîâàíèé Ôóðüå ñâåðòûâàåìûõ ôóíêöèé,
ò.å.

V (f ∗ g) = V (f)V (g).

Òåîðåìà 1.5.4. Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïðîèçâåäåíèÿ èçîá-
ðàæåíèé F (x), G(x) ðàâíî ñâåðòêå îðèãèíàëîâ, ò.å.

V −1(V (f)V (g)) = f ∗ g.

Ïðèâåäåì åùå ðÿä ïîëåçíûõ ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå:
1. Ôîðìóëà ñâåðòêè èçîáðàæåíèé:

V (fg) =
1√
2π

∞∫
−∞

F (x− s)G(s)ds = F ∗G.

2. Èíòåãðàë Ôóðüå êîìïëåêñíî ñîïðÿæåííîé ôóíêöèè:

(V f(t))(x) = F (−x), V −1F (x) = f(−t).
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3. Îáîáùåííûå ðàâåíñòâà Ïàðñåâàëÿ:
∞∫

−∞

f(−s)g(s)ds =
∞∫

−∞

F (x)G(x)dx,

∞∫
−∞

f(s)g(s)ds =

∞∫
−∞

F (−x)G(x)dx,

∞∫
−∞

f(s)g(s)ds =

∞∫
−∞

F (−x)G(x)dx.

4. Ñäâèã â îðèãèíàëå. Åñëè η � âåùåñòâåííîå ÷èñëî, òî

V f(t− η) = eiηxF (x), V −1(eiηxF (x)) = f(t− η).

5. Ñäâèã â èçîáðàæåíèè. Åñëè η � âåùåñòâåííîå ÷èñëî, òî

V (e−iηtf(t)) = F (x− η), V −1F (x− η) = e−iηtf(t).

6. Ôîðìóëà ïîäîáèÿ. Äëÿ îòëè÷íîãî îò íóëÿ âåùåñòâåííîãî λ

V f(λt) =
1

|λ|
F
(x
λ

)
.

7. Èíòåãðàë Ôóðüå îò èçîáðàæåíèÿ:

V F (t) = f(−x), èëè (V 2f(t))(x) = f(−x).

8. Ïðåîáðàçîâàíèå ïðîèçâîäíîé îðèãèíàëà. Åñëè îðèãèíàë n
ðàç äèôôåðåíöèðóåì è âñå ïðîèçâîäíûå f (k)(t), 1 ≤ k ≤ n, ïðèíàä-
ëåæàò êëàññó {0}, òî

V (f (k)(t)) = (−ix)kF (k)(x), k = 1, 2, . . . , n.

9. Óìíîæåíèå íà tk. Åñëè ôóíêöèÿ tnf(t) ∈ {0}, òî

V (tkf(t)) = (−i)kF (k)(x), k = 1, 2, . . . , n.

Íàðÿäó ñ ïðåîáðàçîâàíèåì Ôóðüå íà ïðàêòèêå ÷àñòî èñïîëü-
çóþòñÿ äâå ïàðû ñèììåòðè÷íûõ ôîðìóë:

Fc(z) =

√
2

π

∞∫
0

f(u) cos zudu,

f(x) =

√
2

π

∞∫
0

Fc(z) cos xzdz;
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Fs(z) =

√
2

π

∞∫
0

f(u) sin zudu,

f(x) =

√
2

π

∞∫
0

Fs(z) sin xzdz,

êîòîðûå íàçûâàþòñÿ ñîîòâåòñòâåííî êîñèíóñ-ïðåîáðàçîâàíèåì è
ñèíóñ-ïðåîáðàçîâàíèåì Ôóðüå. Ýòèì ïðåîáðàçîâàíèÿì ïðèñóùè
ñâîéñòâà, àíàëîãè÷íûå îïèñàííûì âûøå äëÿ ïðåîáðàçîâàíèÿ Ôóðüå.

1.5.2. Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå

Äèñêðåòíûì àíàëîãîì èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ôóðüå
(1.5.1) ÿâëÿåòñÿ ðàçëîæåíèå ïåðèîäè÷åñêîé ôóíêöèè f(t) â ðÿä Ôó-
ðüå. Ïóñòü f(t) � ïåðèîäè÷åñêàÿ ôóíêöèÿ ñ ïåðèîäîì, ðàâíûì 1,
äîïóñêàþùàÿ ðàçëîæåíèå â ðÿä Ôóðüå:

f(t) =
∞∑

k=−∞

ake
2πikt, (1.5.5)

ãäå
∞∑

k=−∞
|ak| <∞.

Êîýôôèöèåíòû Ôóðüå ak îïðåäåëÿþòñÿ ïî ôîðìóëå

ak =

1∫
0

f(t)e−2πiktdt. (1.5.6)

Ïóñòü ôóíêöèÿ f(t) çàäàíà íà ñåòêå óçëîâ tk=
k

N
, k=0, 1, ..., N .

Òîãäà, âû÷èñëÿÿ èíòåãðàë (1.5.6), ïî ôîðìóëå ïðÿìîóãîëüíèêîâ èìå-

åì ak ≈ Ak =
1

N

N−1∑
l=0

fle
−2πiktl, ãäå fl = f(tl).

Ââåäåì îáîçíà÷åíèå ωN = e−2πi/N , òîãäà

Ak =
1

N

N−1∑
l=0

flω
kl
N , k = 0, 1, . . . , N − 1. (1.5.7)

Ôîðìóëà (1.5.7) îïðåäåëÿåò äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå
(ÄÏÔ). Îáðàòíîå ïðåîáðàçîâàíèå ÄÏÔ îïðåäåëÿåòñÿ ðàâåíñòâîì

fl =
1

N

N−1∑
k=0

Akω
−kl
N , l = 0, 1, . . . , N − 1. (1.5.8)
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Íåïîñðåäñòâåííûìè ïîäñ÷åòàìè ìîæíî óáåëèòüñÿ â òîì, ÷òî
ôîðìóëû (1.5.7) è (1.5.8) âçàèìíû.

1.5.3. Ïðåîáðàçîâàíèå Ëàïëàñà

Îïðåäåëåíèå 1.5.1. Ôóíêöèÿ f(t) äåéñòâèòåëüíîé ïåðåìåííîé t
íàçûâàåòñÿ ôóíêöèåé-îðèãèíàëîì, åñëè îíà óäîâëåòâîðÿåò ñëåäó-
þùèì óñëîâèÿì:

1. f(t) =

{
0, −∞ < t < 0
f(t), t ≥ 0.

2. Ôóíêöèÿ f(t) êóñî÷íî-íåïðåðûâíàÿ (èìååò êîíå÷íîå ÷èñëî òî-
÷åê ðàçðûâà ïåðâîãî ðîäà).

3. Äëÿ ëþáîãî çíà÷åíèÿ ïàðàìåòðà t > 0 ñóùåñòâóþò M > 0 è
s0 ≥ 0 òàêèå, ÷òî |f(t)| ≤Mes0t .

Ïðè ýòîì ÷èñëî s0 íàçûâàåòñÿ ïîêàçàòåëåì ðîñòà ôóíêöèè f(t)
(ïðè s0 = 0 ïîëó÷àåì îãðàíè÷åííóþ ôóíêöèþ).

Åñëè ïîä ïåðåìåííîé t ïîíèìàòü ïåðåìåííóþ âðåìåíè, òî ïðè
âûïîëíåíèè äàííûõ óñëîâèé ôóíêöèþ f(t) ìîæíî ðàññìàòðèâàòü
êàê îïèñàíèå íåêîòîðîãî ôèçè÷åñêîãî ïðîöåññà, êîòîðûé íà÷àëñÿ â
ìîìåíò âðåìåíè t = 0.

Îïðåäåëåíèå 1.5.2. Èçîáðàæåíèåì ôóíêöèè-îðèãèíàëà f(t) íàçû-
âàåòñÿ ôóíêöèÿ F (p) êîìïëåêñíîãî ïåðåìåííîãî p = s+ iσ, îïðåäå-
ëÿåìàÿ èíòåãðàëîì Ëàïëàñà:

F (p) =

∞∫
0

e−ptf(t)dt. (1.5.9)

Ïåðåõîä îò ôóíêöèè-îðèãèíàëà f(t) ê ôóíêöèè-èçîáðàæåíèþ
F (p) çàïèñûâàåòñÿ â âèäå

f(t) ⇒ F (p).

Òåîðåìà 1.5.5 (óñëîâèå ñóùåñòâîâàíèÿ èçîáðàæåíèÿ). Åñëè f(t)
ôóíêöèÿ-îðèãèíàë ñ ïîêàçàòåëåì ðîñòà s0, òî èíòåãðàë Ëàïëàñà
ðàâíîìåðíî ñõîäèòñÿ â ïîëóïëîñêîñòè Rep > s0 è ôóíêöèÿ F (p)
ÿâëÿåòñÿ â íåé àíàëèòè÷åñêîé.
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Ñâîéñòâà:
1. Ñâîéñòâî ëèíåéíîñòè.

Åñëè f(t) =
n∑
i=1

Cifi(t) è fi(t) ⇒ Fi(p), f(t) ⇒ F (p), òî

F (p) =
n∑
i=1

CiFi(p).

2. Ñâîéñòâî ïîäîáèÿ.
Åñëè f(t) ⇒ F (p) è λ-÷èñëî, òî f(λt) ⇒ 1

λF
(
p
λ

)
.

3. Ñâîéñòâî ñìåùåíèÿ (çàòóõàíèÿ).
Åñëè f(t) ⇒ F (p) è α ≡ const, òî eαtf(t) ⇒ F (p− α) .
4. Ñâîéñòâî çàïàçäûâàíèÿ.
Åñëè f(t) ⇒ F (p) è τ > 0, òî f(t− τ) ⇒ e−τtF (p).
5. Äèôôåðåíöèðîâàíèå îðèãèíàëà.
Åñëè f(t) ⇒ F (p) è ôóíêöèè f ′(t), f ′′(t), ..., f (n)(t) ÿâëÿþòñÿ

ôóíêöèÿìè-îðèãèíàëàìè, òî

f ′(t) ⇒ pF (p)− f(0),

f ′′(t) ⇒ p2F (p)− pf(0)− f ′(0),

. . . . . . . . . .

f (n)(t) ⇒ pnF (p)− pn−1f(0)− pn−2f ′(0)− ...− f (n−1)(0).

6. Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ.
Åñëè f(t) ⇒ F (p) , òî
F ′(t) ⇐ −tf(t), F ′′(t) ⇐ (−1)2t2f(t)..., F (n)(t) ⇐ (−1)ntnf(t).
7. Èíòåãðèðîâàíèå îðèãèíàëà.

Åñëè f(t) ⇒ F (p), òî
t∫
0

f(t)dt⇒ F (p)
p .

8. Èíòåãðèðîâàíèå èçîáðàæåíèÿ.

Åñëè f(t) ⇒ F (p) è èíòåãðàë
∞∫
p

F (ρ)dρ ñõîäèòñÿ, òî

∞∫
p

F (ρ)dρ⇐ f(t)

t
.

9. Óìíîæåíèå èçîáðàæåíèé.
Åñëè f1(t) ⇒ F1(p) è f2(t) ⇒ F2(p), òî

F1(p) · F2(p) ⇐
t∫

0

f1(τ)f2(t− τ)dτ.
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Èíòåãðàë â ïðàâîé ÷àñòè äàííîãî ðàâåíñòâà íàçûâàåòñÿ ñâåðò-
êîé ôóíêöèé f1(t), f2(t) è îáîçíà÷àåòñÿ

f1(t) ∗ f2(t) = f1 ∗ f2 =
t∫

0

f1(τ)f2(t− τ)dτ.

Ñâåðòêà ôóíêöèè ïîä÷èíÿåòñÿ ïåðåìåñòèòåëüíîìó çàêîíó

f1(t) ∗ f2(t) = f2(t) ∗ f1(t).

10. Òåîðåìà Áîðåëÿ.

Òåîðåìà 1.5.6 (Áîðåëÿ). Ïóñòü ôóíêöèÿ f(t) � ôóíêöèÿ-îðèãèíàë,
f(t) ⇒ F (p), à Φ(p) è q(p) � àíàëèòè÷åñêèå ôóíêöèè â îáëàñòè
èçîáðàæåíèé òàêèå, ÷òî Φ(p)e−τq(p) ⇐ φ(t, τ), òîãäà

∞∫
0

f(τ)φ(t, τ)dτ ⇒ F (q(p))Φ(p).

11. Èíòåãðàë Äþàìåëÿ. Â ïðàêòè÷åñêèõ âû÷èñëåíèÿõ âàæíóþ
ðîëü èãðàåò ñëåäñòâèå èç òåîðåìû î ñâåðòêå, íàçûâàåìîå èíòåãðàëîì
Äþàìåëÿ.

Òåîðåìà 1.5.7. Åñëè
t∫
0

f(τ)φ(t−τ)dτ ⇒ F (p)·Φ(p), ãäå f(t) ⇒ F (p)

è φ(t) ⇒ Φ(p), òîãäà

t∫
0

f(τ)φ
′

t(t− τ)dτ + f(t)φ(0) ⇒ pF (p)Φ(p).

12. Óìíîæåíèå îðèãèíàëîâ.
Åñëè f1(t) ⇒ F1(p) è f2(t) ⇒ F2(p), òî

f1(t) · f2(t) ⇒
1

2πi

γ+i∞∫
γ−i∞

F1(z)F2(p− z)dz.

Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà

Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïîçâîëÿåò ïî èçîáðàæåíèþ
F (p) íàõîäèòü ôóíêöèþ-îðèãèíàë f(t). Âî ìíîãèõ ñëó÷àÿõ äëÿ ýòèõ
öåëåé ïîëüçóþòñÿ òåîðåìàìè ðàçëîæåíèÿ, êîòîðûå îñíîâàíû íà ñâîé-
ñòâàõ ïðåîáðàçîâàíèÿ Ëàïëàñà è òåîðèè àíàëèòè÷åñêèõ ôóíêöèé.
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Òåîðåìà 1.5.8 (ïåðâàÿ òåîðåìà ðàçëîæåíèÿ). Åñëè ôóíêöèÿ F (p)
ÿâëÿåòñÿ èçîáðàæåíèåì íåêîòîðîé ôóíêöèè f(t), ìîæåò áûòü

ïðåäñòàâëåíà â âèäå ðÿäà Ëîðàíà F (p) =
∞∑
n=0

an
pn+1

â îêðåñòíîñòè

òî÷êè p = ∞, òî ôóíêöèÿ

f(t) =
∞∑
n=0

an
n!
tn

ÿâëÿåòñÿ îðèãèíàëîì äëÿ F(p).

Òåîðåìà 1.5.9 (âòîðàÿ òåîðåìà ðàçëîæåíèÿ). Ïóñòü èçîáðàæåíèå
ôóíêöèè f(t) ÿâëÿåòñÿ ïðàâèëüíîé äðîáíî-ðàöèîíàëüíîé ôóíêöèåé

F (p) =
ψs(p)

φn(p)
, çíàìåíàòåëü êîòîðîé èìååò êîðíè a1, a2, . . . , an ñî-

îòâåòñòâóþùåé êðàòíîñòè k1, k2, . . . , kn, ò.å. k1+k2+· · ·+kn = n.
Òîãäà îðèãèíàë ôóíêöèè îïðåäåëÿåòñÿ ïî ôîðìóëå

f(t) = 1
(k1−1)! limp→α1

dk1−1

dpk1−1

[
(p− α1)

k1 ψs(p)
φn(p)

ept
]
+ ...

...+ 1
(kn−1)! limp→αn

dkn−1

dpkn−1

[
(p− αn)

kn ψs(p)
φn(p)

ept
]
=

=
m∑
i=1

1
(ki−1)! limp→αi

dki−1

dpki−1

[
(p− αi)

ki ψs(p)
φn(p)

ept
]
,

ò.å.

f(t) =
n∑
i=1

Res(F(αk)e
−αkt),

ãäå Res(φ(t)) � âû÷åò ôóíêöèè φ(t).

Ôîðìóëà Ðèìàíà � Ìåëëèíà

Ïðÿìîå ïðåîáðàçîâàíèå Ëàïëàñà, êàê èçâåñòíî, îïðåäåëÿåòñÿ
êàê

F (p) =

∞∫
0

e−ptf(t)dt.

Îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà äàåò âîçìîæíîñòü ïîëó-
÷èòü ôóíêöèþ-îðèãèíàë ÷åðåç èçâåñòíóþ ôóíêöèþ-èçîáðàæåíèå:

f(t) =
1

2πi

s+i∞∫
s−i∞

F (p)eptdp =
1

2πi
lim
w→∞

s+iw∫
s−iw

F (p)eptdp,

ãäå s � íåêîòîðàÿ êîíñòàíòà.
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Äàííàÿ ôîðìóëà ÿâëÿåòñÿ îáùèì ñïîñîáîì íàõîæäåíèÿ îðè-
ãèíàëà ôóíêöèè. Îäíàêî åå íåïîñðåäñòâåííîå èñïîëüçîâàíèå âîç-
ìîæíî ëèøü â èñêëþ÷èòåëüíûõ ñëó÷àÿõ, òàê êàê èíòåãðàë â ïðàâîé
÷àñòè áåðåòñÿ â àíàëèòè÷åñêîì âèäå äëÿ î÷åíü óçêîãî êëàññà ôóíê-
öèé. Îáû÷íî ýòîé ôîðìóëîé ïîëüçóþòñÿ ïðè âû÷èñëåíèè îðèãèíàë-
ôóíêöèè ÷èñëåííûì ìåòîäîì.

1.5.4. Z-ïðåîáðàçîâàíèå

Îïðåäåëåíèå 1.5.3. Z-ïðåîáðàçîâàíèåì ÷èñëîâîé ïîñëåäîâàòåëü-
íîñòè fk, k = 0, 1, 2, ..., íàçûâàåòñÿ ôóíêöèÿ F (z) êîìïëåêñíîé ïå-
ðåìåííîé z, êîòîðàÿ îïðåäåëÿåòñÿ ðÿäîì

F (z) = Z[fk] = f0 + f1z
−1 + f2z

−2 + ... =
∞∑
k=0

fkz
−k; (1.5.10)

åñëè |fk| ≤ Mes0k ïðè k = 0, 1, ..., òî ðÿä (1.5.10) ñõîäèòñÿ âíå
êðóãà |z| > es0.

Ñîîòâåòñòâóþùàÿ ôîðìóëà îáðàùåíèÿ èìååò âèä

fk =
1

2πi

∮
C

F (z)zk−1dz, k = 0, 1, 2, ..., (1.5.11)

ãäå C � êîíòóð èíòåãðèðîâàíèÿ, ñîäåðæàùèé âñå îñîáûå òî÷êè ôóíê-
öèè F (z).

Ñâîéñòâà:
1. Ëèíåéíîñòü.
Åñëè F (z) = Z[fk] è G(z) = Z[gk], òî

Z[αfk + βgk] = αZ[fk] + βZ[gk] = αF (z) + βG(z).

2. Îïåðåæåíèå.
Åñëè F (z) = Z[fk], òî

Z[fk+1] = zF (z)− f0z,

...

Z[fk+r] = zrF (z)−
r−1∑
i=0

fiz
r−i.

3. Çàïàçäûâàíèå.
Åñëè F (z) = Z[fk], òî Z[fk−r] = z−rF (z), r = 1, 2, ...
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4. Êîíå÷íûå ðàçíîñòè.
Ïóñòü F (z) = Z[fk], △fk = fk+1 − fk � íèñõîäÿùèå êîíå÷íûå

ðàçíîñòè, ∇fk = fk − fk−1 � âîñõîäÿùèå êîíå÷íûå ðàçíîñòè, òîãäà

Z[△fk] = (z − 1)F (z)− f0z, Z[∇fk] =
z − 1

z
F (z).

5. Ñóììèðîâàíèå ïîñëåäîâàòåëüíîñòè.
Ïóñòü F (z) = Z[fk], òîãäà

Z

[ ∞∑
k=0

fk

]
=

z

z − 1
F (z).

6. Ñâåðòêà ïîñëåäîâàòåëüíîñòåé.
Ïóñòü F (z) = Z[fk] è G(z) = Z[gk], òîãäà

Z

[ ∞∑
i=0

figk−i

]
= F (z)G(z).

1.5.5. Ïðåîáðàçîâàíèå Ìåëëèíà

Ïóñòü σ, σ1, σ2 � âåùåñòâåííûå ÷èñëà, s = σ+iω è σ1 < σ < σ2.
Ïóñòü ôóíêöèÿ f(t) îïðåäåëåíà ïðè t > 0 è óäîâëåòâîðÿåò óñëîâèÿì

1∫
0

|f(t)| tσ1−1dt <∞;

∞∫
0

|f(t)| tσ2−1dt <∞.

Òîãäà ïðåîáðàçîâàíèå Ìåëëèíà îïðåäåëÿåòñÿ ôîðìóëîé

f̂(s) = M {f(t)} =

∞∫
0

f(t)ts−1dt. (1.5.12)

Îáðàòíîå ïðåîáðàçîâàíèå Ìåëëèíà îïðåäåëÿåòñÿ ôîðìóëîé

f(t) = M−1(f̂(s)) =
1

2πi

σ+i∞∫
σ−i∞

f̂(s)t−sdt.

Ñâîéñòâà ïðåîáðàçîâàíèÿ Ìåëëèíà:
1. Ëèíåéíîñòü.
Ïóñòü f̂1(s) = M{f1(t)} è f̂2(s) = M{f2(t)}, òîãäà

M{αf1(t) + βf2(t)} = αf̂1(s) + βf̂1(s).
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2. Ïîäîáèå.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M{f(αt)} = α−sf̂(s), ãäå α > 0.

3. Ñäâèã àðãóìåíòà.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M{tαf(t)} = f̂(s+ α).

4. Êâàäðàòè÷íûé àðãóìåíò.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M{f(t2)} =
1

2
f̂

(
1

2
s

)
.

5. Èçìåíåíèå çíàêà ó èçîáðàæåíèÿ.
Ïóñòü f̂(s) = M {f(t)}, òîãäà

M{f
(
1

t

)
} = f̂ (−s) .

6. Ïðåîáðàçîâàíèå îðèãèíàëà, ñîäåðæàùåå ñòåïåíè.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M
{
tλf
(
αtβ
)}

=
1

β
α− s+λ

β f̂

(
s+ λ

β

)
,

ãäå α > 0, β ̸= 0.
7. Äèôôåðåíöèðîâàíèå.
Ïóñòü f̂(s) = M{f(t)}, òîãäà M{f ′

t(t)} = −(s− 1)f̂ (s− 1) .
8. Äèôôåðåíöèðîâàíèå.
Ïóñòü f̂(s) = M{f(t)}, òîãäà M

{
tf

′

t(t)
}
= −sf̂ (s) .

9. Ìíîãîêðàòíîå äèôôåðåíöèðîâàíèå.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M
{
f
(n)
t (t)

}
= (−1)n

Γ(s)

Γ(s− n)
f̂ (s− n) ,

ãäå Γ(s)− ãàììà-ôóíêöèÿ.
10. Ìíîãîêðàòíîå äèôôåðåíöèðîâàíèå.
Ïóñòü f̂(s) = M{f(t)}, òîãäà

M

{(
t
d

dt

)n
f(t)

}
= (−1)nsnf̂ (s) .
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11. Ñëîæíîå èíòåãðèðîâàíèå.
Ïóñòü f̂1(s) = M{f1(t)} è f̂2(s) = M{f2(t)}, òîãäà

M

xα
∞∫
0

tβf1(xt)f2(t)dt

 = f̂1(s+ α)f̂2(1− s− α+ β).

12. Ñëîæíîå èíòåãðèðîâàíèå.
Ïóñòü f̂1(s) = M{f1(t)} è f̂2(s) = M{f2(t)}, òîãäà

M

xα
∞∫
0

tβf1

(x
t

)
f2(t)dt

 = f̂1(s+ α)f̂2(s+ α + β + 1).

1.6. Ïðåîáðàçîâàíèå Ëîðàíà

Ïóñòü çàäàíà áåñêîíå÷íàÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü

a = . . . , a−n, . . . , a−2, a−1, a0, a1, . . . , an, . . . (1.6.1)

Ïðåäïîëîæèì, ÷òî ýëåìåíòû ïîñëåäîâàòåëüíîñòè óäîâëåòâî-
ðÿþò íåðàâåíñòâó

|an| ≤
c

n1+λ
, 0 < λ ≤ 1, n = . . . ,−1, 0, 1, . . . , (1.6.2)

ãäå n = |n| ïðè n ̸= 0 è n = 1 ïðè n = 0.

Çàìå÷àíèå 1.6.1. Çäåñü è âñþäó íèæå ÷åðåç c îáîçíà÷àåòñÿ êîí-
ñòàíòà, íåçàâèñÿùàÿ îò n.

Îïðåäåëåíèå 1.6.1. [59] ×èñëîâàÿ ïîñëåäîâàòåëüíîñòü a, îïðå-
äåëÿåìàÿ âûðàæåíèåì (1.6.1), ïðèíàäëåæèò êëàññó {1}, åñëè âû-
ïîëíåíû íåðàâåíñòâà (1.6.2).

Ïîñòàâèì âåêòîðó a â ñîîòâåòñòâèå ôóíêöèþ êîìïëåêñíîé ïå-
ðåìåííîé

A(z) =
∞∑

k=−∞

akz
k. (1.6.3)

Èç óñëîâèÿ (1.6.2) ñëåäóåò, ÷òî ðÿä
∞∑

k=−∞
|ak| ñõîäèòñÿ.

Ñëåäîâàòåëüíî, ïðè |z| = 1 ðÿä (1.6.3) àáñîëþòíî ñõîäèòñÿ.
Óìíîæàÿ ðàâåíñòâî (1.6.3) ïî÷ëåííî íà z−k−1 è èíòåãðèðóÿ ïî

åäèíè÷íîé îêðóæíîñòè ñ öåíòðîì â íà÷àëå êîîðäèíàò, èìååì
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ak =
1

2πi

∫
|t|=1

A(t)

tk+1
dt. (1.6.4)

Ñïðàâåäëèâîñòü ýòîé ôîðìóëû ñëåäóåò èç âîçìîæíîñòè ïî÷ëåí-
íîãî èíòåãðèðîâàíèÿ ðàâíîìåðíî ñõîäÿùåãî ðÿäà.

Îáîçíà÷èì ÷åðåç A+(z) è A−(z) ðÿäû

A+(z) =
∞∑
k=0

akz
k, A−(z) = −

−1∑
k=−∞

akz
k.

Ïóñòü ðÿä A+(z) ñõîäèòñÿ â îáëàñòè |z| < R, à ðÿä A−(z) � â
îáëàñòè |z| > r, ïðè÷åì

R > r, (1.6.5)

è ïóñòü ρ � ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó

r < ρ < R. (1.6.6)

Òàêèì îáðàçîì, ôóíêöèÿ A+(z) ÿâëÿåòñÿ àíàëèòè÷åñêîé â îá-
ëàñòè |z| < R, A−(z) � àíàëèòè÷åñêîé â îáëàñòè |z| > ρ, à ôóíêöèÿ
A(z) = A+(z)− A−(z) � àíàëèòè÷åñêîé â îáëàñòè r < |z| < R.

Îïðåäåëåíèå 1.6.2. [59] Ñîîòíîøåíèÿ

A(z) =
∞∑

k=−∞

akz
k, (1.6.7)

an =
1

2πi

∫
|z|=ρ

A(z)

zn+1
dz, n = ...,−1, 0, 1, ... (1.6.8)

îïðåäåëÿþò ñîîòâåòñòâåííî ïðÿìîå (1.6.7) è îáðàòíîå (1.6.8) ïðå-
îáðàçîâàíèÿ Ëîðàíà.

Ñèìâîëè÷åñêè èõ îáîçíà÷èì A(z)=La=Lρa, a=L−1A=L−1
ρ A.

Ââåäåì îáîçíà÷åíèÿ

a+n =

{
an, n ≥ 0,
0, n < 0,

a−n =

{
0, n ≥ 0,
−an, n < 0.

Âåêòîðó a=(..., a−2, a−1, a0, a1, a2, ...) ïîñòàâèì â ñîîòâåòñòâèå
âåêòîðà a+=(..., 0, 0, a+0 , a

+
1 , a

+
2 , ...) è a

− = (. . . , a−−2, a
−
−1, 0, 0, 0, . . . ),

êîòîðûå íàçûâàþòñÿ ñîîòâåòñòâåííî ïðàâûì è ëåâûì îäíîñòîðîí-
íèìè âåêòîðàìè. Î÷åâèäíî, a = a+ − a−.
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Îïðåäåëåíèå 1.6.3. [59] Ïóñòü a,x � äâà âåêòîðà, ïðèíàäëåæà-
ùèõ êëàññó {1}. Âåêòîð h, îïðåäåëåííûé ñîñòàâëÿþùèìè âåêòî-

ðîâ a,x êàê hn=
∞∑

k=−∞
an−kxk, n = 0,±1, . . . , íàçûâàåòñÿ ñâåðòêîé

âåêòîðîâ a è x.

Îáîçíà÷èì ÷åðåç A(t)=La=
∞∑

k=−∞
akt

k è X(t)=Lx=
∞∑

k=−∞
xkt

k,

|t|=1, äèñêðåòíûå ïðåîáðàçîâàíèÿ âåêòîðîâ a è x.
Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëîðàíà ê âåêòîðó h, ÿâëÿþùåìóñÿ

ñâåðòêîé âåêòîðîâ a è x, èìååì [59]

Lh =
∞∑

n=−∞

∞∑
k=−∞

an−kxkt
n =

∞∑
m=−∞

amt
m

∞∑
k=−∞

xkt
k = A(t)X(t).

Òàêèì îáðàçîì, äèñêðåòíîå ïðåîáðàçîâàíèå Ëîðàíà ñâåðòêè
äâóõ âåêòîðîâ ðàâíî ïðîèçâåäåíèþ ýòèõ ïðåîáðàçîâàíèé îò ñîñòàâ-
ëÿþùèõ âåêòîðîâ ñâåðòêè.

Íàðÿäó ñ âåêòîðàìè èç êëàññà {1} ïðè èññëåäîâàíèè äèñêðåò-
íûõ óðàâíåíèé â ñâåðòêàõ èñïîëüçóþòñÿ âåêòîðû èç êëàññîâ {r} è
{r, R}.

Îïðåäåëåíèå 1.6.4. [59] Âåêòîð a = (. . . , a−2, a−1, a0, a1, a2, . . . )
ïðèíàäëåæèò êëàññó {r}, åñëè âåêòîð ar = (. . . , a−2r

−2, a1r
−1, a0,

a1r, a2r
2, . . . ) ïðèíàäëåæèò êëàññó {1}. Äðóãèìè ñëîâàìè, âåêòîð

a ïðèíàäëåæèò êëàññó {r}, åñëè

an ≤ C/
(
n1+λ|r|n

)
, λ > 0, n = 0,±1, . . . ,

ãäå

n̄ =

{
|n|, n ̸= 0,
1, n = 0.

Çàìå÷àíèå 1.6.2. Çäåñü è íèæå ÷åðåç C îáîçíà÷þòñÿ êîíñòàíòû
íå çàâèñÿùèå îò n.

Îïðåäåëåíèå 1.6.5. [59] Âåêòîð a = a+−a− ïðèíàäëåæèò êëàññó
{r, R}, åñëè a+ ∈ {R}, a− ∈ {r}.

Åñëè âåêòîð a+ ∈ {R}, òî |anRn| ≤ kC/
(
n1+λ

)
è, ñëåäîâàòåëü-

íî, ðÿä
∞∑
n=0

anR
n ðàâíîìåðíî ñõîäèòñÿ.

Ïî òåîðåìå Àáåëÿ ðÿä A+(z) =
∞∑
n=0

anz
n ðàâíîìåðíî ñõîäèòñÿ

â îáëàñòè |z| < R è ôóíêöèÿ A+(z) â óêàçàííîé îáëàñòè ÿâëÿåòñÿ
àíàëèòè÷åñêîé. Î÷åâèäíî, åñëè a+ ∈ {R}, òî a+ ∈ {0, R}.
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Àíàëîãè÷íî, ðÿä A−(z) = −
−1∑

n=−∞
anz

n ðàâíîìåðíî ñõîäèòñÿ â

îáëàñòè |z| > r è ôóíêöèÿ A−(z) â ýòîé îáëàñòè ÿâëÿåòñÿ àíàëèòè-
÷åñêîé. Î÷åâèäíî, åñëè a− ∈ {r}, òî a− ∈ {r,∞}.

Òàê êàê A(z) = A+(z) − A−(z), òî ôóíêöèÿ A(z) ÿâëÿåòñÿ
àíàëèòè÷åñêîé â îáëàñòè r < |z| < R.

Îòìåòèì, åñëè âåêòîð a ïðèíàäëåæèò êëàññó {r}, òî a∈{r, r}.

Òåîðåìà 1.6.1. [59] Åñëè âåêòîðà a ∈ {r, R}, x ∈ {ρ, σ} è îòðåç-
êè [r, R],[ρ, σ] èìåþò îáùóþ ÷àñòü, ò.å. max(r, ρ) ≤ min(R, σ), òî
ñâåðòêà ñóùåñòâóåò è h ∈ {max(r, ρ),min(R, σ)}. Ïðåîáðàçîâàíèå
Ëîðàíà ñâåðòêè H(z) = Lh = A(z)X(z) åñòü ôóíêöèÿ, àíàëèòè-
÷åñêàÿ â êîëüöå max(r, ρ) < |z| < min(R, σ).

Òåîðåìà 1.6.2. [59] Åñëè âåêòîð a ∈ {r,R}, x ∈ {ρ, σ} è âûïîë-
íÿþòñÿ óñëîâèÿ ρ ≤ R, σ ≥ r, òî ñâåðòêà ñóùåñòâóåò, ïðè÷åì
h ∈ {max(r, ρ),min(R, σ)}.

1.7. Ñèíãóëÿðíûå èíòåãðàëû1

Ïóñòü ôóíêöèÿ f(x) çàäàíà íà ñåãìåíòå [a, b] è c � âíóòðåííÿÿ

òî÷êà ýòîãî ñåãìåíòà. Ðàññìîòðèì èíòåãðàë

b∫
a

φ(x)

x− c
dx, ãäå φ(x) �

íåêîòîðàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ â èíòåðâàëå (a, b) óñëîâèþ
ÃåëüäåðàHα. Ýòîò èíòåãðàë ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ
ïî Êîøè, êîòîðîå îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

b∫
a

φ(x)

x− c
dx = lim

ε→0

 c−ε∫
a

φ(x)

x− c
dx+

b∫
c+ε

φ(x)

x− c
dx

 . (1.7.1)

Ïðåäñòàâèì ðàññìàòðèâàåìûé èíòåãðàë â âèäå ñóììû èíòå-
ãðàëîâ:

b∫
a

φ(x)

x− c
dx =

b∫
a

φ(x)− φ(c)

x− c
dx+ φ(c)

b∫
a

dx

x− c
. (1.7.2)

Òàê êàê φ(x) ∈ Hα, òî |φ(x) − φ(c)|/|x − c| ≤ A|x − c|α−1 è,
ñëåäîâàòåëüíî, ïåðâûé èíòåãðàë èç ïðàâîé ÷àñòè âûðàæåíèÿ (1.7.2)

1Äàííûé ïóíêò íàïèñàí â ñîîòâåòñòâèè ñ êíèãàìè [58,122].
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ñõîäèòñÿ êàê íåñîáñòâåííûé. Êî âòîðîìó èíòåãðàëó ìîæíî ïðèìå-
íèòü ôîðìóëó (1.7.1). Â ðåçóëüòàòå ïîëó÷àåì óòâåðæäåíèå: îñîáûé

èíòåãðàë

b∫
a

φ(x)

x− c
dx, ãäå φ(x) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, ñó-

ùåñòâóåò â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè è ðàâåí

b∫
a

φ(x)

x− c
dx =

b∫
a

φ(x)− φ(c)

x− c
dx+ φ(c) ln

∣∣∣∣ b− c

a− c

∣∣∣∣ .
Ðàññìîòðèì èíòåãðàë òèïà Êîøè:

Φ(z) =
1

2πi

∫
L

φ(τ)

τ − z
dτ, (1.7.3)

ãäå φ(τ) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà.
Áóäåì ñ÷èòàòü, ÷òî êîíòóð L çàìêíóòûé è ãëàäêèé. Åñëè êîí-

òóð L îêàæåòñÿ íåçàìêíóòûì, òî åãî ìîæíî äîïîëíèòü ïðîèçâîëü-
íîé êðèâîé äî çàìêíóòîãî êîíòóðà, ïîëîæèâ íà äîïîëíèòåëüíîé
êðèâîé φ(τ) = 0.

Èçâåñòíî, ÷òî ôóíêöèÿ Φ(z) ÿâëÿåòñÿ àíàëèòè÷åñêîé âíóòðè
è âíå êîíòóðà L. Îáîçíà÷èì ÷åðåç Φ+(z) çíà÷åíèå ôóíêöèè Φ(z)
â ñëó÷àå, êîãäà òî÷êà z íàõîäèòñÿ âíóòðè êîíòóðà L. Àíàëîãè÷íî
îáîçíà÷èì ÷åðåç Φ−(z) çíà÷åíèå ôóíêöèè Φ(z) â ñëó÷àå, êîãäà òî÷êà
z íàõîäèòñÿ âíå êîíòóðà L.

Îáîçíà÷èì ÷åðåç Φ+(t) ïðåäåëüíîå çíà÷åíèå àíàëèòè÷åñêîé
ôóíêöèè Φ(z) ïðè ñòðåìëåíèè òî÷êè z èçíóòðè L ê òî÷êå t êîíòóðà.
Àíàëîãè÷íî ÷åðåç Φ−(t) îáîçíà÷èì ïðåäåëüíîå çíà÷åíèå ôóíêöèè
Φ(z) ïðè ñòðåìëåíèè òî÷êè z ê òî÷êå t èçâíå êîíòóðà L.

Â 1873 ã. Þ. Â. Ñîõîöêèì [159] áûëè ïîëó÷åíû ôîðìóëû

Φ+(t) =
1

2
φ(t) +

1

2πi

∫
L

φ(τ)

τ − t
dτ, t ∈ L,

Φ−(t) = −1

2
φ(t) +

1

2πi

∫
L

φ(τ)

τ − t
dτ, t ∈ L, (1.7.4)

êîòîðûå áûëè ñòðîãî îáîñíîâàíû â ðàáîòàõ È. Ïëåìåëÿ [218,219].

39



1.8. Êðàåâàÿ çàäà÷à Ðèìàíà2

Äàíû: ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð L, äåëÿùèé ïëîñ-
êîñòü êîìïëåêñíîé ïåðåìåííîé íà âíóòðåííþþ D+ è âíåøíþþ D−

îáëàñòè è äâå ôóíêöèè òî÷åê êîíòóðà G(t) è g(t), óäîâëåòâîðÿþùèå
óñëîâèþ Ãåëüäåðà, ïðè÷åì G(t) íå îáðàùàåòñÿ â íóëü.

Çàäà÷à Ðèìàíà [58]. Íàéòè äâå ôóíêöèè: Φ+(z) � àíàëè-
òè÷åñêóþ â îáëàñòè D+, è Φ−(z) � àíàëèòè÷åñêóþ â îáëàñòè D−,

âêëþ÷àÿ z = ∞, óäîâëåòâîðÿþùèå íà êîíòóðå L ëèíåéíîìó ñîîòíî-
øåíèþ

Φ+(t) = G(t)Φ−(t) (îäíîðîäíàÿ çàäà÷à) (1.8.1)

èëè

Φ+(t) = G(t)Φ−(t) + g(t) (íåîäíîðîäíàÿ çàäà÷à). (1.8.2)

Îïðåäåëåíèå 1.8.1. Èíäåêñîì χ ôóíêöèè G(t) ïî êîíòóðó L íà-
çûâàåòñÿ ðàçäåëåííîå íà 2π ïðèðàùåíèå åå àðãóìåíòà ïðè îáõîäå
êðèâîé L â ïîëîæèòåëüíîì íàïðàâëåíèè:

χ = IndG(t) =
1

2π
[argG(t)]L .

Îïðåäåëåíèå 1.8.2. Èíäåêñ χ êîýôôèöèåíòà G(t) çàäà÷è Ðèìàíà
íàçûâàåòñÿ èíäåêñîì çàäà÷è.

Òåîðåìà 1.8.1. [58, 122] Åñëè èíäåêñ χ êðàåâîé çàäà÷è Ðèìàíà
íåîòðèöàòåëåí, òî îäíîðîäíàÿ çàäà÷à (1.8.1) èìååò χ+1 ëèíåéíî
íåçàâèñèìûõ ðåøåíèé:

Φ+
k (z) = zkeΓ

+(z),

Φ−(z) = zk−χeΓ
−(z), k = 0, 1, . . . , χ,

ãäå

Γ(z) =
1

2πi

∫
L

ln[τ−χG(τ)]

τ − z
dτ.

Îáùåå ðåøåíèå ñîäåðæèò χ+ 1 ëèíåéíî íåçàâèñèìûõ ôóíê-
öèé è îïðåäåëÿåòñÿ ôîðìóëîé

Φ+(z) = Pχ(z)e
Γ+(z),Φ−(z) = z−χPχ(z)e

Γ−(z),

ãäå Pχ(z) � ïîëèíîì ñòåïåíè χ.
Ïðè îòðèöàòåëüíîì èíäåêñå χ çàäà÷à (1.8.1) íåðàçðåøèìà.

2Äàííûé ïóíêò íàïèñàí ïî ìàòåðèàëàì [58,59].
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Òåîðåìà 1.8.2. [58, 122] Ïðè χ ≥ 0 íåîäíîðîäíàÿ çàäà÷à Ðèìàíà
ðàçðåøèìà ïðè ëþáîì ñâîáîäíîì ÷ëåíå è åå îáùåå ðåøåíèå äàåòñÿ
ôîðìóëîé

Φ(z) =
X(z)

2π

∫
L

g(τ)dτ

X+(τ)(τ − z)
+X(z)Pχ(z), (1.8.3)

ãäå êàíîíè÷åñêàÿ ôóíêöèÿ X(z) îïðåäåëÿåòñÿ ôîðìóëàìè

X+(z) = eΓ
+(z), X−(z) = z−χeΓ

−(z),

Pχ(z) � ïîëèíîì ñòåïåíè χ ñ ïðîèçâîëüíûìè êîìïëåêñíûìè êîýô-
ôèöèåíòàìè. Ïðè χ = −1 íåîäíîðîäíàÿ çàäà÷à òàêæå ðàçðåøèìà
è èìååò åäèíñòâåííîå ðåøåíèå.

Ïðè χ < −1 íåîäíîðîäíàÿ çàäà÷à, âîîáùå ãîâîðÿ, íåðàçðåøè-
ìà. Äëÿ òîãî ÷òîáû îíà áûëà ðàçðåøèìà, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû ñâîáîäíûé ÷ëåí çàäà÷è óäîâëåòâîðÿë −χ− 1 óñëîâèÿì∫

L

g(τ)

X+(τ)
τ k−1dτ = 0, k = 1, 2, . . . ,−χ− 1.

Ïðè âûïîëíåíèè ýòèõ óñëîâèé åäèíñòâåííîå ðåøåíèå çàäà÷è
äàåòñÿ ôîðìóëîé (1.8.3), ãäå íóæíî ïîëîæèòü Pχ(z) ≡ 0.

Çàäà÷à Ðèìàíà íà äåéñòâèòåëüíîé îñè. Íà äåéñòâèòåëü-
íîé îñè çàäàíû äâå ôóíêöèè: D(x) � êîýôôèöèåíò è H(x) � ñâî-
áîäíûé ÷ëåí çàäà÷è, H(x) è D(x) ïðèíàäëåæàò êëàññó {0}, ïðè÷åì
D(x) ̸= 0. Òðåáóåòñÿ íàéòè äâå ôóíêöèè F+(z) è F−(z) àíàëèòè-
÷åñêèå ñîîòâåòñòâåííî â âåðõíåé è íèæíåé ïîëóïëîñêîñòÿõ (îäíó
êóñî÷íî-àíàëèòè÷åñêóþ ôóíêöèþ), ïðåäåëüíûå çíà÷åíèÿ êîòîðûõ
íà äåéñòâèòåëüíîé îñè ïðèíàäëåæàò êëàññàì {{0,∞}}, {{−∞, 0}}
è óäîâëåòâîðÿþò êðàåâîìó óñëîâèþ

F+(x) = D(x)F−(x) +H(x). (1.8.4)

Îïðåäåëåíèå 1.8.3. Èíäåêñîì íåïðåðûâíîé, íå îáðàùàþùåéñÿ â
íóëü, êîìïëåêñíîé ôóíêöèè M(t) = m1(t) + im2(t), −∞ < t < ∞,
M(−∞) = M(∞), íàçûâàåòñÿ èçìåíåíèå àðãóìåíòà M(t) íà äåé-
ñòâèòåëüíîé îñè, âûðàæåííîå â ïîëíûõ îáîðîòàõ:

IndM(t) =
1

2π
[argM(t)]∞−∞ =

1

2π
lnM(t)

∣∣∣∣∞
−∞

1

2π

∞∫
−∞

d lnM(t).
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Îïðåäåëåíèå 1.8.4. Èíäåêñîì χ êðàåâîé çàäà÷è (1.8.4) íàçûâàåò-
ñÿ èíäåêñ êîýôôèöèåíòà D(x).

Òåîðåìà 1.8.3. [58,59,122] Îäíîðîäíàÿ êðàåâàÿ çàäà÷à Ðèìàíà ïðè
χ > 0 èìååò òî÷íî χ ëèíåéíî íåçàâèñèìûõ ðåøåíèé âèäà zk−1(z+
i)−χX(z) (k = 1, 2, . . . , χ); ïðè χ ≤ 0 íåíóëåâûõ ðåøåíèé íåò. Çäåñü

X+(z) = eΓ
+(z), X−(z) =

(
z − i

z + i

)−χ
eΓ

−(z),

F+(z) =
1√
2π

∞∫
0

γ(t)eiztdt, F−(z) = − 1√
2π

0∫
−∞

γ(t)eiztdt,

γ(x) =
1

2π

∞∫
−∞

(lnD(t)) e−ixtdt.

Òåîðåìà 1.8.4. [58, 59, 122] Åñëè èíäåêñ çàäà÷è χ ≥ 0, òî íåîä-
íîðîäíàÿ çàäà÷à Ðèìàíà (1.8.4) áåçóñëîâíî ðàçðåøèìà è åå ðåøå-
íèå, çàâèñÿùåå îò χ ïðîèçâîëüíûõ êîìïëåêñíûõ ïîñòîÿííûõ, èìå-
åò âèä

F (z) = X(z)
[
Ψ(z) + (z + i)−χPχ−1(z)

]
, (1.8.5)

ãäå

X+(z) = eΓ
+(z), X−(z) =

(
z − i

z + i

)χ
eΓ

−(z),

Γ+(z) = − 1√
2π

∞∫
0

γ(t)eiztdt,Γ−(t) = − 1√
2π

0∫
−∞

γ(t)eiztdt,

γ(x) =
1√
2π

∞∫
−∞

ln

[(
t− i

t+ i

)−χ
D(t)

]
e−ixtdt,

Ψ+(z) =
1√
2π

∞∫
0

ψ(t)eiztdt, ψ−(z) = − 1√
2π

0∫
−∞

Ψ(t)eiztdt,

ψ(x) =
1√
2π

∞∫
−∞

H(z)

X+(z)
e−ixtdt.
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Åñëè χ < 0, òî îäíîðîäíàÿ çàäà÷à èìååò ëèøü òðèâèàëüíîå
ðåøåíèå, à íåîäíîðîäíàÿ çàäà÷à ïðè ñîáëþäåíèè óñëîâèé

∞∫
−∞

H(t)

X+(t)

dt

(t+ i)k
= 0, k = 1, 2, . . . , |χ|,

èìååò åäèíñòâåííîå ðåøåíèå (1.8.5), ãäå Pχ−1(z) ≡ 0.

Ñôîðìóëèðóåì çàäà÷ó Ðèìàíà äëÿ êîíòóðà L, ñîñòîÿùåãî èç
äâóõ ïðÿìûõ L1 è L2, îïèñûâàåìûõ óðàâíåíèÿìè Imz = β, Imz = α
(α < β). Íà îáåèõ ïðÿìûõ ïîëîæèòåëüíûì íàïðàâëåíèåì îáõîäà
áóäåì ñ÷èòàòü îáõîä ñëåâà íàïðàâî. Âåðõíèé èíäåêñ+(−) ó ôóíêöèè
îçíà÷àåò, ÷òî ýòà ôóíêöèÿ ÿâëÿåòñÿ àíàëèòè÷åñêîé ñëåâà (ñïðàâà)
îò ïðÿìîé ïðè åå ïîëîæèòåëüíîì îáõîäå.

Çàäà÷à Ðèìàíà íà ïàðå ïðÿìûõ çàêëþ÷àåòñÿ â ñëåäóþ-
ùåì.

Òðåáóåòñÿ íàéòè ôóíêöèè F+(z), F−(z),Ω(z) àíàëèòè÷åñêèå
ñîîòâåòñòâåííî â ïîëóïëîñêîñòÿõ Imz > β, Imz < α, α < Imz < β è
óäîâëåòâîðÿþùèå óðàâíåíèÿì

(1 +K1(x+ iβ))F+(x+ iβ) = Ω(x+ iβ) +H1(x+ iβ),

(1 +K2(x+ iα))F−(x+ iα) = Ω(x+ iα) +H2(x+ iα), (1.8.6)

ãäå ôóíêöèè K1, K2, H1, H2 ïðèíàäëåæàò êëàññó {{0}}.
Èíäåêñ íà êàæäîé ïðÿìîé îïðåäåëÿåòñÿ ôîðìóëàìè

χ1 = IndD1(x) = −Ind(1 +K1(x+ iβ)),
χ2 = IndD2(x) = Ind(1 +K2(x+ iα)),

ãäå D1(x) =
1

1 +K1(x+ iβ)
, D2(x) = 1 +K2(x+ iα).

Èíäåêñ ïî âñåìó êîíòóðó îïðåäåëÿåòñÿ êàê ñóììà èíäåêñîâ

χ = χ1 + χ2.

Â ïðåäïîëîæåíèè, ÷òî (1+K1(x+iβ)) ̸= 0 è (1+K2(x+iα)) ̸= 0
ïðè ∞ ≤ x ≤ ∞ ðàçðåøèìîñòü ïðèâåäåííîé âûøå êðàåâîé çàäà÷è
Ðèìàíà îïðåäåëÿåòñÿ ñëåäóþùåé òåîðåìîé.

Òåîðåìà 1.8.5. [59] Åñëè χ ≥ 0, òî îäíîðîäíàÿ çàäà÷à Ðèìàíà
(1.8.6) èìååò χ ëèíåéíî íåçàâèñèìûõ ðåøåíèé (ïðè χ = 0− ëèøü
òðèâèàëüíîå íóëåâîå), à íåîäíîðîäíàÿ çàäà÷à, áåçóñëîâíî ðàçðåøè-
ìà è ðåøåíèå ñîäåðæèò χ ëèíåéíî íåçàâèñèìûõ ðåøåíèé. Åñëè
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χ < 0, òî îäíîðîäíàÿ çàäà÷à íå èìååò ðåøåíèé, îòëè÷íûõ îò òðè-
âèàëüíîãî, à íåîäíîðîäíàÿ çàäà÷à ðàçðåøèìà ëèøü ïðè âûïîëíåíèè
|χ| óñëîâèé ðàçðåøèìîñòè.

Ðåøåíèå ïðè χ > 0 âûðàæàåòñÿ ôîðìóëàìè

F+(z) = X+
1 (z)X

+
2 (z)

[
Ψ+

1 (z)−Ψ+
2 (z) +

Pχ−1(z)

(z + i)χ

]
,

F−(z) = X−
1 (z)X

−
2 (z)

[
Ψ−

1 (z)−Ψ−
2 (z) +

Pχ−1(z)

(z + i)χ

]
,

Ω(z) = X−
1 (z)X

−
2 (z)

[
Ψ−

1 (z)−Ψ−
2 (z) +

Pχ−1(z)

(z − i)χ

]
,

X+
1 (z) = eΓ

+
1 (z), X−

1 (z) =

(
z − z0
z − z1

)χ1

eΓ
−
1 (z),

X+
2 (z) =

(
z − z0
z − z1

)χ2

eΓ
+
2 (z), X−

2 (z) = eΓ
−
1 (z),

ãäå

Γ+
1 (z) =

1√
2π

iβ+∞∫
iβ

γ1(t)e
iztdt,

Γ−
1 (z) = − 1√

2π

iβ∫
−∞+iβ

γ1(t)e
iztdt,

γ1(x) =
1√
2π

∞+iβ∫
−∞+iβ

ln

[(
t− z0
t− z1

)−χ1

D1(t)

]
e−ixtdt.

Ïðè χ ≤ 0 íóæíî ïîëîæèòü Pχ−1(z) = 0; à ïðè χ < 0 äîïîë-
íèòåëüíî ïîòðåáîâàòü âûïîëíåíèå |χ| óñëîâèé ðàçðåøèìîñòè:∫

L1

H1(t)dt

X−
1 (t)X

+
2 (t)(t− z0)k

+

∫
L2

H2(t)dt

X−
1 (t)X

+
2 (t)(t− z0)k

= 0.

Çäåñü z0 � òî÷êà â ïîëîñå α < Imz < β; z1 è z2 � òî÷êè ñîîò-
âåòñòâåííî â ïîëóïëîñêîñòÿõ Imz > β, Imz < α;

Àíàëîãè÷íûì îáðàçîì âûïèñûâàþòñÿ âûðàæåíèÿ äëÿ Γ±
2 (z).
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1.9. Óòâåðæäåíèÿ èç òåîðèè àïïðîêñèìàöèè

Â äàííîì ðàçäåëå ïðèâîäèòñÿ ðÿä èçâåñòíûõ ôàêòîâ èç òåîðèè
ïðèáëèæåíèé, êîòîðûìè áóäåì ïîëüçîâàòüñÿ äàëåå.

Ïðåæäå âñåãî íàïîìíèì íåêîòîðûå êëàññè÷åñêèå ðåçóëüòàòû
êîíñòðóêòèâíîé òåîðèè ôóíêöèé. Ïðè èçëîæåíèè ýòèõ ðåçóëüòàòîâ
áóäåì ñëåäîâàòü ìîíîãðàôèÿì [63,88,123,149].

1.9.1. Ïîëèíîìû íàèëó÷øåãî ïðèáëèæåíèÿ

Ïóñòü f(x) � ôóíêöèÿ, îïðåäåëåííàÿ íà ñåãìåíòå [a, b].Îáîçíà-
÷èì ÷åðåç Hn ìíîæåñòâî ïîëèíîìîâ ñòåïåíè íå âûøå n, ò.å. ïîëèíî-
ìîâ âèäà Pn(x) = a0+a1x+ +a2x

2+ · · ·+anxn, à ÷åðåç HT
n − ìíîæå-

ñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ âèäà a0+
n∑
k=1

ak cos kx+bk sin kx.

Ðàññìîòðèì ïðîèçâîëüíûé ïîëèíîì Pn(x) è ïîëîæèì

∆(Pn) = max
x∈[a,b]

| Pn(x)− f(x) | .

Âåëè÷èíà ∆(Pn) íàçûâàåòñÿ îòêëîíåíèåì ïîëèíîìà Pn(x) îò
ôóíêöèè f(x). Åñëè áóäåì èçìåíÿòü ïîëèíîì Pn(x), çàñòàâëÿÿ åãî
ïðîáåãàòü âñå ìíîæåñòâî Hn, òî âåëè÷èíà ∆(Pn) òàêæå áóäåò èçìå-
íÿòüñÿ, íî òàê êàê îíà îñòàåòñÿ íåîòðèöàòåëüíîé, òî ìíîæåñòâî åå
çíà÷åíèé îãðàíè÷åíî ñíèçó è èìååò òî÷íóþ íèæíþþ ãðàíèöó

En = En(f) = inf
Pn∈Hn

{∆(Pn)}.

Âåëè÷èíàEn(f) íàçûâàåòñÿ íàèìåíüøèì îòêëîíåíèåì ïîëèíî-
ìîâ èçHn îò f(x) èëè íàèëó÷øèì ïðèáëèæåíèåì ê f(x) ïîëèíîìàìè
èç Hn.

Òåîðåìà 1.9.1 (òåîðåìà Áîðåëÿ). Äëÿ âñÿêîé ôóíêöèè f(x)∈C[a, b]
â ìíîæåñòâå Hn ñóùåñòâóåò ïîëèíîì P (x), ÷òî ∆(P )=En(f).

Ñëåäóåò îòìåòèòü, ÷òî äëÿ âñÿêîé ôóíêöèè f(x) ∈ C[a, b] â
ìíîæåñòâå Hn ñóùåñòâóåò åäèíñòâåííûé ïîëèíîì íàèëó÷øåãî ïðè-
áëèæåíèÿ. Ýòî óòâåðæäåíèå ñëåäóåò èç òåîðåìû Áîðåëÿ è ÷åáûøåâ-
ñêîãî àëüòåðíàíñà.

Ïðèâåäåì îöåíêè íàèëó÷øèõ ïðèáëèæåíèé ê f(x) ïîëèíîìàìè
èç Hn. Âíà÷àëå ðàññìîòðèì ôîðìóëèðîâêè òåîðåì Äæåêñîíà.

Òåîðåìà 1.9.2. Äëÿ ëþáîé ôóíêöèè f(x)∈C̃[0,2π] áóäåò ñïðàâåäëèâà
îöåíêà En(f) ≤ 12ω

(
1
n

)
.
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Òåîðåìà 1.9.3. Ïóñòü f(x) � íåïðåðûâíàÿ 2π-ïåðèîäè÷åñêàÿ ôóíê-
öèÿ, èìåþùàÿ íåïðåðûâíûå ïðîèçâîäíûå f ′(x), f ′′(x), . . ., f (r)(x).
Åñëè ωr(δ) � ìîäóëü íåïðåðûâíîñòè r-é ïðîèçâîäíîé f (r)(x), òî

En(f) ≤
12r+1ωr

(
1
n

)
nr

,

ãäå ω(f, δ) � ìîäóëü íåïðåðûâíîñòè ôóíêöèè f.

Åñëè ôóíêöèÿ f(x) ïðèáëèæàåòñÿ àëãåáðàè÷åñêèìè ïîëèíî-
ìàìè, òî òåîðåìû Äæåêñîíà ôîðìóëèðóþòñÿ ñëåäóþùèì îáðàçîì.

Òåîðåìà 1.9.4. Åñëè f(x) ∈ C[a, b], òî En(f) ≤ 12ω
(
b−a
2n

)
.

Òåîðåìà 1.9.5. Åñëè f(x) ∈ C[a, b] èìååò p íåïðåðûâíûõ ïðîèç-
âîäíûõ, ïðè÷åì ìîäóëü íåïðåðûâíîñòè p-é ïðîèçâîäíîé f (p) åñòü
ωp(δ), òî äëÿ n > p ñïðàâåäëèâà îöåíêà

En(f) ≤
Cp(b− a)p

np
ωp

(
b− a

2(n− p)

)
,

ãäå Cp çàâèñèò òîëüêî îò p.

Òåîðåìà 1.9.6. [88] Äëÿ ëþáîé ôóíêöèè f ∈ C̃[0,2π], f ̸≡ const ñïðà-
âåäëèâû íåðàâåíñòâà En(f) < ω(f, πn), n = 1, 2, . . . , ïðè÷åì íå çàâè-
ñÿùàÿ îò f(x) è îò n êîíñòàíòà 1 ïåðåä ω(f, πn) íå ìîæåò áûòü
óìåíüøåíà.

1.9.2. Èíòåðïîëÿöèîííûå ïîëèíîìû

Ïóñòü ôóíêöèÿ f(x) ∈ C[a, b] çàäàíà íà ñåãìåíòå [a, b] ñâîèìè
çíà÷åíèÿìè â òî÷êàõ xi, i = 1, 2, . . . , n. Èíòåðïîëÿöèîííûé ïîëèíîì
Ëàãðàíæà èìååò âèä

Pn(f, [a, b]) =
n∑
k=1

f(xk)lk(x),

ãäå lk(x)− ôóíäàìåíòàëüíûå ïîëèíîìû:

lk(x) =
(x− x1) . . . (x− xk−1)(x− xk+1) . . . (x− xn)

(xk − x1) . . . (xk − xk−1)(xk − xk+1) . . . (xk − xn)
.

Íèæå, â ðàçëè÷íûõ êîíêðåòíûõ ñëó÷àÿõ, èñïîëüçóþòñÿ ðàç-
ëè÷íûå ñåòêè óçëîâ. Ýòî îáñòîÿòåëüñòâî áóäåò êàæäûé ðàç ñïåöè-
àëüíî îãîâàðèâàòüñÿ.

Îáùèì ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1.9.7. Ïóñòü f(x)∈C[a, b] çàäàíà íà ñåãìåíòå [a, b] ñâîè-
ìè çíà÷åíèÿìè â òî÷êàõ xi, i = 1, 2, . . . , n. Ñïðàâåäëèâà îöåíêà

∥f(x)− Pn(f, [a, b]∥ ≤ En−1(f)(1 + λn),

ãäå λn − êîíñòàíòà Ëåáåãà [123].

Ïóñòü x1, . . ., xn � ñèñòåìà óçëîâ íà ñåãìåíòå [a, b]. Îáîçíà÷èì
÷åðåç Pn(x) ïîëèíîì ñòåïåíè (n−1), èíòåðïîëèðóþùèé ôóíêöèþ
f(x) ïî óçëàì xk, k=1, 2, . . ., n. Ïóñòü ω(x)=(x−x1). . .(x−xn).
Òåîðåìà 1.9.8. [112, ñòð. 47] Åñëè f(x) èìååò íà [a, b] íåïðåðûâ-
íóþ ïðîèçâîäíóþ ïîðÿäêà n+1, òî âíóòðè [a, b] ñóùåñòâóåò òàêàÿ

òî÷êà ζ, ÷òî èìååò ìåñòî ðàâåíñòâî f(ζ)−Pn(ζ) =
ω(ζ)
(n+1)!f

n+1(ζ).

Ïðè àïïðîêñèìàöèè ïåðèîäè÷åñêèõ (ñ ïåðèîäîì 2π) ôóíêöèé
áóäåì èñïîëüçîâàòü èíòåðïîëÿöèîííûé ïîëèíîì

Tn(f) =
2n∑
k=0

f

(
2kπ

2n+ 1

)
ψk(x), ãäå ψk(x) =

1

2n+ 1

sin 2n+1
2 (x− xk)

sin x−xk
2

.

Ïðèâåäåì ñëåäóþùèå èçâåñòíûå îöåíêè òî÷íîñòè àïïðîêñèìà-
öèè ôóíêöèé òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè, êîòîðûìè áóäåì
íèæå ïîëüçîâàòüñÿ.

Îáîçíà÷èì ÷åðåç Tr(x) ïîëèíîì ×åáûøåâà ñòåïåíè r, íàèìåíåå
óêëîíÿþùèéñÿ îò íóëÿ â ðàâíîìåðíîé ìåòðèêå íà ñåãìåíòå [−1, 1],
à ÷åðåç x1, . . . , xr � åãî êîðíè. ×åðåç Lr(x, [−1, 1]) îáîçíà÷èì ïîëè-
íîì, èíòåðïîëèðóþùèé ôóíêöèþ f(x) íà ñåãìåíòå [−1, 1] ïî óçëàì
x1, . . . , xr.

Òåîðåìà 1.9.9. [63] Ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè èíòåðïîëÿ-
öèîííîé ôîðìóëû Lr(x, [−1, 1])

∥f(x)− Lr(x, [−1, 1])∥ ≤ ∥f (r)∥/r!2r−1.

Àíàëîãè÷íûå óòâåðæäåíèÿ èìåþò ìåñòî è ïðè èíòåðïîëÿöèè
ôóíêöèé ïî óçëàì äðóãèõ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. Â ÷àñòíîñòè,
íàì ïîíàäîáèòñÿ îöåíêà òî÷íîñòè èíòåðïîëèðîâàíèÿ ôóíêöèé èç
êëàññà W r(M) ïî óçëàì ïîëèíîìîâ Ëåæàíäðà.

Îáîçíà÷èì ÷åðåç P̃n(x) ïîëèíîì Ëåæàíäðà

P̃n(x) =
n!

(2n)!

dn(x2 − 1)n

dxn

ñî ñòàðøèì êîýôôèöèåíòîì, ðàâíûì 1. Îáîçíà÷èì óçëû ïîëèíîìà
Ëåæàíäðà ÷åðåç xk, k = 1, 2, . . . , n, , à ÷åðåç Pn(x, [−1, 1]) � èíòåð-
ïîëÿöèîííûé ïîëèíîì Ëàãðàíæà, ïîñòðîåííûé ïî ýòèì óçëàì.

47



Òåîðåìà 1.9.10. Ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè èíòåðïîëÿöè-
îííîé ôîðìóëû Pn(x, [−1, 1]) ïî óçëàì ïîëèíîìà Ëåæàíäðà

∥f(x)− Pn(x, [−1, 1])∥ ≤ ∥f (n)(x)∥
(2n)!

.

1.9.3. Ôàêòû èç òåîðèè êâàäðàòóðíûõ ôîðìóë

Â êíèãå èñïîëüçóåòñÿ ðÿä èçâåñòíûõ óòâåðæäåíèé èç òåîðèè
êâàäðàòóðíûõ ôîðìóë. Äëÿ óäîáñòâà ÷èòàòåëÿ íåêîòîðûå èç íèõ
ïðèâîäÿòñÿ â ýòîì ðàçäåëå.

Ïóñòü x1, . . . , xn � ñèñòåìà óçëîâ, ðàñïîëîæåííûõ íà ñåãìåíòå
[a, b]. Îáîçíà÷èì ÷åðåç Ln(x) ïîëèíîì ñòåïåíè (n−1), èíòåðïîëèðó-
þùèé ôóíêöèþ f(x) ∈ W n(Mn) ïî óçëàì xk, k = 1, 2, . . . , n. Ïóñòü
ω(x) = (x−x1) . . . (x−xn). Êâàäðàòóðíàÿ ôîðìóëà èíòåðïîëÿöèîí-
íîãî òèïà ïî óçëàì xk ââîäèòñÿ ôîðìóëîé

b∫
a

f(x)dx =

b∫
a

Ln(x)dx+
1

n!

b∫
a

f (n)(ξ)ω(x)dx, (1.9.1)

ãäå
b∫
a

Ln(x)dx =
n∑
k=1

Akf(xk) � êâàäðàòóðíàÿ ôîðìóëà, a < ξ < b.

Ïîãðåøíîñòü ýòîé ôîðìóëû îöåíèâàåòñÿ íåðàâåíñòâîì

|Rn| ≤
Mn

n!

b∫
a

|ω(x)|dx,

ãäå Mn = max
a≤x≤b

|f (n)(x)|.
Ïðè n = 2 èìååì ôîðìóëó òðàïåöèé, ïðè n = 3 � ôîðìóëó

Ñèìïñîíà.
Â ñëó÷àå, åñëè ÷èñëî ïðîèçâîäíûõ ôóíêöèè f(x) ìåíüøå ÷èñëà

n èñïîëüçóåìûõ óçëîâ, ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû èíòåð-
ïîëÿöèîííîãî òèïà

b∫
a

f(x)dx =

b∫
a

Ln(f, x)dx+Rn
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îöåíèâàåòñÿ íåðàâåíñòâîì

|Rn| ≤
b∫
a

|f(x)− Ln(f, x)|dx ≤

≤
b∫
a

|f(x) + Tn−1(f)|dx+
b∫
a

|Ln ([Tn−1(f)− f(x)] , x) |dx ≤

≤ (b− a)(En−1(f) + max
a≤x≤b

|Ln ([Tn−1(f)− f(x)], x) |
)

≤

≤ (b− a)(En(f) + En−1(f)λn) ≤ (b− a)En−1(f)(λn + 1),

ãäå Tn−1(f) � ïîëèíîì íàèëó÷øåãî ðàâíîìåðíîãî ïðèáëèæåíèÿ ñòå-
ïåíè (n−1) ôóíêöèè f(x) íà ñåãìåíòå [a, b], En= max

a≤x≤b
|f(x)−Tn−1| �

íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f(x) ïîëèíîìàìè ñòåïåíè íå âû-
øå (n−1) íà ñåãìåíòå [a, b]; λn � êîíñòàíòà Ëåáåãà èíòåðïîëèðîâàíèÿ
ïî óçëàì xk, k = 1, 2, . . . , n.

Òåîðåìà 1.9.11. [126] Ñðåäè êâàäðàòóðíûõ ôîðìóë âèäà

1∫
0

f(x)dx =
m∑
k=1

pkf(xk) +R(f)

íàèëó÷øåé äëÿ êëàññà W̃ rLp(1) (1 ≤ p ≤ ∞) ÿâëÿåòñÿ ôîðìóëà
ïðÿìîóãîëüíèêîâ

1∫
0

f(x)dx =
1

m

m∑
k=1

f

(
k

m

)
+R(f);

ïðè ýòîì

Rm[W̃
rLp(1)] =

1

mr
inf
c
∥B∗

r (·)− c∥Lq
(1/p+ 1/q = 1).

Äëÿ 1 < p ≤ ∞ íàèëó÷øàÿ ôîðìóëà åäèíñòâåííàÿ ñ òî÷íîñòüþ äî
æåñòêîãî ñäâèãà.

Çäåñü B∗
r (t)(−1 ≤ t ≤ 1) � ïîëèíîìû Áåðíóëëè.

1.10. Óñòîé÷èâûå ìåòîäû âû÷èñëåíèÿ

ïðîèçâîäíûõ

1.10.1. Ïðèáëèæåííûå ìåòîäû âû÷èñëåíèÿ ïðîèçâîäíûõ
ïåðâîãî ïîðÿäêà

Â äàííîì ðàçäåëå ïðèâîäÿòñÿ àëãîðèòìû ðàçëîæåíèÿ ôóíê-
öèè f(t) ïî ñòåïåíÿì t è âû÷èñëåíèÿ ïðîèçâîäíûõ n-ãî ïîðÿäêà.
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Âû÷èñëåíèå ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà ðàçíîñòíûìè ìåòîäàìè
íåöåëåñîîáðàçíî èç-çà íåêîððåêòíîñòè îïåðàöèè äèôôåðåíöèðîâà-
íèÿ.

Áîëåå ïðåäïî÷òèòåëüíûìè ÿâëÿþòñÿ ñëåäóþùèå àëãîðèòìû.
Ïóñòü ôóíêöèÿ f(t) îïðåäåëåíà íà ñåãìåíòå [0, T ]. Íàéäåì ïî-

ëèíîì TM(t) ñòåïåíè M , êîòîðûé àïïðîêñèìèðóåò ôóíêöèþ f(t)
íà ñåãìåíòå [0, T ]. Äëÿ ýòîãî ïðèðàâíÿåì â M + 1 ðàâíîñòîÿùåé
òî÷êå tk = kT

M+1 , k = 0, . . .M , çíà÷åíèÿ ôóíêöèè f(t) è ïîëèíîìà
TM(t) = a0 + a1t+ . . . +aM t

M .
Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó èç M + 1 óðàâíåíèÿ:

M∑
k=0

akt
k
m = f(tm),m = 0, . . . ,M,

ñ îïðåäåëèòåëåì Âàíäåðìîíäà, èç êîòîðîé îäíîçíà÷íî îïðåäåëÿþò-
ñÿ êîýôôèöèåíòû ak(k = 0, 1, . . . ,M). Òîãäà çíà÷åíèÿ ïðîèçâîäíûõ
ïîëèíîìà TM(t) ÿâëÿþòñÿ ïðèáëèæåííûìè ê çíà÷åíèÿì ïðîèçâîä-
íûõ ôóíêöèè f(t).

Íèæå ïðåäëàãàåòñÿ íåñêîëüêî àëãîðèòìîâ, ýôôåêòèâíûõ ïðè
âû÷èñëåíèè ïðîèçâîäíûõ ôóíêöèé îäíîé è íåñêîëüêèõ ïåðåìåííûõ.

Îäíèì èç òàêèõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä äèôôåðåíöèðîâàíèÿ
ñ ïîìîùüþ èíòåãðèðîâàíèÿ, îïèñàííûé â êíèãå [116, ñ. 330]. Ýòîò
ìåòîä îñíîâàí íà ïðèìåíåíèè ôîðìóëû

f ′(x) ≈ 3

2h3

h∫
−h

tf(x+ t)dt, (1.10.1)

ãäå h � äîñòàòî÷íî ìàëàÿ âåëè÷èíà.
Åñëè ôóíêöèÿ f(t) èìååò ïðîèçâîäíûå äî òðåòüåãî ïîðÿäêà,

òî ðàçëàãàÿ ôóíêöèþ f(x + t) ïî ñòåïåíÿì t ïî ôîðìóëå Òåéëîðà,
èìååì

3

2h3

h∫
−h

tf(x+ t)dt = f ′(x) +
1

10
h2f ′′′(ξ), x < h < ξ < x+ h.

Ôîðìóëà (1.10.1) ïîçâîëÿåò âû÷èñëÿòü ïðîèçâîäíóþ è â ñëó-
÷àå, êîãäà ôóíêöèÿ f(t) çàäàíà ñ íåäèôôåðåíöèðóåìîé ïîãðåøíî-
ñòüþ. Íåòðóäíî îöåíèòü âåëè÷èíó ïîãðåøíîñòè è â ýòîì ñëó÷àå.
Ïóñòü f(t) = f ∗(t) + ε(t), ãäå f ∗(t) � òî÷íîå çàäàíèå ôóíêöèè, à
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ε(t) � íåäèôôåðåíöèðóåìàÿ ôóíêöèÿ, íå ïðåâîñõîäÿùàÿ ïî ìîäóëþ
êîíñòàíòû ε (max |ε(t)| < ε). Òîãäà

f ′(x) ≈ 3

2h3

h∫
−h

tf(x+ t)dt =
3

2h3

h∫
−h

tf ∗(x+ t)dt+

+
3

2h3

h∫
−h

tε(x+ t)dt = (f ∗)′(x) +
1

10
h2(f ∗)′′′(ξ) +

3

2h3

h∫
−h

tε(x+ t)dt.

Çàìåíà ïðîèçâîäíîé òî÷íî çàäàííîé ôóíêöèè f ∗(x) âûðàæå-

íèåì 3
2h3

h∫
−h
tf(x + t)dt, â êîòîðîì ôèãóðèðóåò íåòî÷íî çàäàííàÿ

ôóíêöèÿ f(t), äàåò ïîãðåøíîñòü h2

10(f
∗)′′′(ξ) + 3ε

2h . Âûáèðàÿ çíà÷åíèå
h, ìèíèìèçèðóþùåå ïîñëåäíþþ ñóììó â çàâèñèìîñòè îò çíà÷åíèé
(f ∗)′′′(ξ) è ε (åñëè îíè èçâåñòíû), ïîëó÷àåì äîñòàòî÷íî ýôôåêòèâ-
íûé àëãîðèòì âû÷èñëåíèÿ ïðîèçâîäíûõ.

Îòìåòèì, ÷òî äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ â ðÿäå ñëó÷àåâ
ìîæåò îêàçàòüñÿ ïîëåçíîé âû÷èñëèòåëüíàÿ ñõåìà, êîòîðàÿ èñïîëü-
çóåò âñå èçìåðåííûå çíà÷åíèÿ f(t). Ïðè åå ïîñòðîåíèè ïðèìåíèì
ôîðìóëû Ñîõîöêîãî (1.7.4) äëÿ ñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðîì
Êîøè. Ðàññìîòðèì ñåãìåíò [a, b] è ââåäåì óçëû tk = a + b−a

N k,
k = 0, 1, 2, · · · , N, tk = tk +

b−a
2N , k = 0, 1, 2, . . . , N − 1. Ðàññìîòðèì

êâàäðàòóðíóþ ôîðìóëó [22,24]:

f (r)(t) =
r!

2πi

N−1∑
k=0

f(tk)×

×

 tk+1∫
tk

dτ

(τ − (t+ ih))r+1
−

tk+1∫
tk

dτ

(τ − (t− ih))r+1

+RN(f). (1.10.2)

Âû÷èñëèòåëüíàÿ ñõåìà (1.10.2) ïîçâîëÿåò âû÷èñëÿòü ïðîèç-
âîäíûå ëþáîãî êîíå÷íîãî ïîðÿäêà è èìååò äîñòàòî÷íî âûñîêóþ òî÷-
íîñòü è óñòîé÷èâîñòü. Ïàðàìåòðîì ðåãóëÿðèçàöèè â ñõåìå (1.10.2)
ÿâëÿåòñÿ h. Çàâèñèìîñòü òî÷íîñòè è óñòîé÷èâîñòè îò ïàðàìåòðà h
èññëåäîâàíà â [24], ãäå ïðåäëîæåíû è äðóãèå ÷èñëåííûå ìåòîäû âû-
÷èñëåíèÿ ïðîèçâîäíûõ, ÷àñòü êîòîðûõ èìåþò áîëüøóþ òî÷íîñòü, íî
ìåíüøóþ óñòîé÷èâîñòü.
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1.10.2. Ïðèáëèæåííîå âû÷èñëåíèå ïðîèçâîäíûõ
âûñîêèõ ïîðÿäêîâ

Ðàññìîòðèì åùå îäèí óñòîé÷èâûé ìåòîä âû÷èñëåíèÿ ïðîèç-
âîäíûõ, îñíîâàííûé íà ïðèìåíåíèè êâàäðàòóðíûõ ôîðìóë âû÷èñ-
ëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ [12, 21, 22]. Ôóíêöèÿ x(n)(t) ìîæåò
áûòü ïðåäñòàâëåíà â âèäå

x(n)(t) =
n!

2πi
lim
η→0

 ∞∫
−∞

x(τ)dτ

(τ − t+ iη)n+1
−

∞∫
−∞

x(τ)dτ

(τ − t− iη)n+1

 .
Îáîçíà÷èì ÷åðåç H1(A,K) êëàññ ôóíêöèè φ(t), t ∈ (−∞,∞),

óäîâëåòâîðÿþùèõ óñëîâèÿì |φ(t1)− φ(t2)| ≤ A|t1 − t2|, |φ(0)| ≤ K.
×åðåçW r(A,K) îáîçíà÷èì êëàññ ôóíêöèé φ(t), t ∈ (−∞,∞),

èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî (r − 1)-ãî ïîðÿäêà, óäîâëå-
òâîðÿþùèå óñëîâèÿì

max(|φ(t)|, |φ′(t)|, . . . , |φ(r−1)(t)|) ≤ K,

è êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ r-ãî ïîðÿäêà, óäîâëåòâîðÿþ-
ùóþ íåðàâåíñòâó

max |φ(r)(t)| ≤ 1.

Ôóíêöèÿ φ(t) ∈ H1ρ(A,K), φ(t) ∈ W r
ρ (A,K), åñëè φ(t) = ρ(t)ψ(t),

ãäå ρ(t) � âåñîâàÿ ôóíêöèÿ, ψ(t) ∈ H1(A,K), ψ(t) ∈ W r(A,K).
Â êà÷åñòâå âåñîâûõ èñïîëüçîâàíû ôóíêöèè

ρ1(t) = a|t|, ρ2(t) = e−t
2

, ρ3(t) = 1/(1 + t2).

Ââåäåì îáîçíà÷åíèÿ:
N � öåëîå ÷èñëî, tik,l = k + l/N i

k, k = −Ai, . . . ,−1, 0, 1, . . . ,
Ai − 1; l = 0, 1, . . . , N i

k, i = 1, 2, 3,
A1 = [logaN ], A2 = [

√
lnN ], A3 = [(N/ lnN)1/(2α+1)];

N1
k = [N/ak], N 2

k = [N/ek
2

] ïðè k ≥ 0;
N1
k = [N/a|k|−1], N 2

k = [N/e(|k|−1)2] ïðè k < 0;
N3
k = [N/k2α−1] ïðè k ̸= 0, N 3

0 = N, t̄k,l = (tk,l + tk,l+1)/2.
Çäåñü [a]− àíòüå a.
Ïóñòü t ∈ [ti,j, ti,j+1]. Âû÷èñëåíèå ôóíêöèè x(n)(t) áóäåì ïðî-

âîäèòü ïî ôîðìóëå

x(n)(t) = −(n− 1)!

2πi

Av−1∑
k=−Av

Nk−1∑
l=0

x(tvk,l)

[
1

(tvk,l+1 − (t̄vi,j + ih))n
−
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− 1

(tvk,l+1 − (t̄vi,j − ih))n
− 1

(tvk,l − (t̄vi,j + ih))n
−

− 1

(tvk,l − (t̄vi,j − ih))n

]
+Rn(x), v = 1, 2, 3, n = 1, 2, . . . , r, (1.10.3)

â êîòîðîé ïàðàìåòð h âûáèðàåòñÿ èç óñëîâèé, îïðåäåëåííûõ íèæå.
Ìîæíî ïîêàçàòü, ÷òî åñëè ôóíêöèÿ x(t)∈W r

ρHα(A,K) è çàäàíà ñ ïî-
ãðåøíîñòüþ ε (|x(t)−x̄(t)|≤ε), òî ïîãðåøíîñòü êâàäðàòóðíîé ôîðìó-
ëû (1.10.3) ïðè h=N−α/(n+1) áóäåò |RN(x)|≤C(N−α/(n+1)+εN r/(n+1)).

Â ñëó÷àå, åñëè íåîáõîäèìî âû÷èñëÿòü çíà÷åíèÿ ôóíêöèè íà
ñåãìåíòå [a, b], òî íåò íåîáõîäèìîñòè â èíòåãðèðîâàíèè ïî áåñêîíå÷-
íîìó êîíòóðó. Ïðåäïîëîæèì, ÷òî âû÷èñëÿþòñÿ çíà÷åíèÿ x(n) ïðè
t∈[0, 1]. Ââåäåì îáîçíà÷åíèÿ: tl=l/N , l=0, 1, . . ., N , t̄l=(tl+tl+1)/2.
Ïóñòü t∈[tj, tj+1]. Âû÷èñëåíèÿ x(t) áóäåì ïðîâîäèòü ïî ôîðìóëå

x(n)(t) =
n!

2πi

N−1∑
l=0

x(t̄l)

 tl+1∫
tl

dτ

(τ−t̄j+ih)n+1
−

tl+1∫
tl

dτ

(τ−t̄j−ih)n+1

+

+RN(x), n = 1, 2, . . . , r. (1.10.4)

Åñëè ôóíêöèÿ x(t) ∈ W rHα, r = 1, 2, . . ., 0 < α ≤ 1, çàäàíà íà
ñåãìåíòå [0, 1] çíà÷åíèÿìè x̃(tl), îïðåäåëåííûìè ñ òî÷íîñòüþ äî ε,
|x̃(tl)−x(t̄l)| ≤ ε, òî ïðè h = N−1/(l−1) ïîãðåøíîñòü ôîðìóëû (1.10.4)
îöåíèâàåòñÿ íåðàâåíñòâîì |RN(x)| ≤ C(N−1/(n+1) + εN r/(n+1)).

Îáîçíà÷èì ÷åðåç Pn(x,∆) èíòåðïîëÿöèîííûé ïîëèíîì ñòåïå-
íè n, ïîñòðîåííûé ïî n+1 óçëàì ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà,
îòîáðàæåííûì ñ ñåãìåíòà [−1, 1] íà ñåãìåíò ∆. Îáîçíà÷èì ÷åðåç ∆k

ñåãìåíòû ∆k = [tk, tk+1], tk = k/N, k = 0, 1, . . . , N.
Ïóñòü t ∈ ∆j. Ôóíêöèþ x(n)(t) áóäåì âû÷èñëÿòü ïî ôîðìóëå

x(n)(t) =
n!

2πi

N−1∑
l=0

tk+1∫
tk

Pn(x̃,∆k)

[
1

(τ−t+ih)n+1
− 1

(τ−t−ih)n+1

]
dτ+

+RN(x), (1.10.5)

ãäå x̃(t) � ôóíêöèÿ, àïïðîêñèìèðóþùàÿ x(t) ∈ W rHα (r ≤ n) ñ òî÷-
íîñòüþ ε, h = N−r/(n+1). Ïîãðåøíîñòü ôîðìóëû (1.10.5) ðàâíà

C(h+ ε(hn + (1/Nn)hn)) = C(N−r/(n+1) + εN−nr/(n+1)).

Îáîñíîâàíèå ýòèõ è ïîäîáíûõ ìåòîäîâ ïðèâåäåíî â ðàáîòå [21].
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Â ñëó÷àå ôóíêöèé ìíîãèõ ïåðåìåííûõ äëÿ ïîñòðîåíèÿ àëãî-
ðèòìîâ âû÷èñëåíèÿ ÷àñòíûõ ïðîèçâîäíûõ ìîæíî èñïîëüçîâàòü ïî-
ëèãèïåðñèíãóëÿðíûå èíòåãðàëû. Îïðåäåëåíèå ãèïåðñèíãóëÿðíûõ è
ïîëèñèíãóëÿðíûõ èíòåãðàëîâ äàíî â ðàáîòå [22]. Íèæå îãðàíè÷èìñÿ
ðàññìîòðåíèåì áèãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Èçâåñòíî ñëåäóþ-
ùåå îáîáùåíèå ôîðìóëû Ñîõîöêîãî − Ïëåìåëÿ [58]:

∂n1+n2φ(t1, t2)

∂tn11 ∂t
n2
2

=

= Φ++(t1, t2)− Φ+−(t1, t2)− Φ−+(t1, t2) + Φ−−(t1, t2), (1.10.6)

ãäå

Φ++(t1, t2) = lim
η1→0,η2→0

∫
L

(∂n1+n2φ(τ1, τ2)/∂τ
n1
1 ∂τ

n2
2 ) dτ1 dτ2[

τ1 − (t1 − n̄1η1)
][
τ2 − (t2 − n̄2η2)

] ,
Φ+−(t1, t2) = lim

η1→0,η2→0

∫
L

(∂n1+n2φ(τ1, τ2)/∂τ
n1
1 ∂τ

n2
2 ) dτ1 dτ2[

τ1 − (t1 − n̄1η1)
][
τ2 − (t2 + n̄2η2)

] ,
Φ−+(t1, t2) = lim

η1→0,η2→0

∫
L

(∂n1+n2φ(τ1, τ2)/∂τ
n1
1 ∂τ

n2
2 ) dτ1 dτ2[

τ1 − (t1 + n̄1η1)
][
τ2 − (t2 − n̄2η2)

] ,
Φ−−(t1, t2) = lim

η1→0,η2→0

∫
L

(∂n1+n2φ(τ1, τ2)/∂τ
n1
1 ∂τ

n2
2 ) dτ1 dτ2[

τ1 − (t1 + n̄1η1)
][
τ2 − (t2 + n̄2η2)

] ,
L = L1 × L2, ãäå L1, L2 � çàìêíóòûå êîíòóðû.

Ïîëîæèì, ÷òî L1, L2 � äåéñòâèòåëüíûå îñè êîîðäèíàò â ïëîñ-
êîñòÿõ êîìïëåêñíûõ ïåðåìåííûõ z1, z2. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ
φ(t1, t2) è åå ÷àñòíûå ïðîèçâîäíûå

∂v1+v2φ(t1,t2)

∂t
v1
1 ∂t

v2
2

, vi=0, 1, . . . , ni, i=1, 2,
ñòðåìÿòñÿ ê íóëþ ïðè ti → ±∞.

Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàëû â ïîñëåäíèõ ÷åòûðåõ ôîð-
ìóëàõ, èìååì

Φ++(t1, t2) = (−1)n1+n2n1!n2!×

× lim
η1→0,η2→0

∫
L

φ(τ1, τ2) dτ1 dτ2[
τ1 − (t1 − n̄1η1)

]n1+1[
τ2 − (t2 − n̄2η2)

]n2+1 ,

Φ+(t1, t2) = (−1)n1+n2n1!n2!×

× lim
η1→0,η2→0

∫
L

φ(τ1, τ2) dτ1 dτ2[
τ1 − (t1 − n̄1η1)

]n1+1[
τ2 − (t2 + n̄2η2)

]n2+1 ,
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Φ−+(t1, t2) = (−1)n1+n2n1!n2!×

× lim
η1→0,η2→0

∫
L

φ(τ1, τ2) dτ1 dτ2[
τ1 − (t1 + n̄1η1)

]n1+1[
τ2 − (t2 − n̄2η2)

]n2+1 ,

Φ−−(t1, t2) = (−1)n1+n2n1!n2!×

× lim
η1→0,η2→0

∫
L

φ(τ1, τ2) dτ1 dτ2[
τ1 − (t1 + n̄1η1)

]n1+1[
τ2 − (t2 + n̄2η2)

]n2+1 .

Àïïðîêñèìèðóÿ èíòåãðàëû â ïðàâûõ ÷àñòÿõ ïîñëåäíèõ ÷åòû-
ðåõ ôîðìóë êóáàòóðíûìè ôîðìóëàìè âû÷èñëåíèÿ ãèïåðñèíãóëÿð-
íûõ èíòåãðàëîâ [24], ïîëó÷àåì óñòîé÷èâûé àëãîðèòì âû÷èñëåíèÿ
÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ.
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Ãëàâà 2

Ìåòîäû âîññòàíîâëåíèÿ

èìïóëüñíîé ïåðåõîäíîé

ôóíêöèè ëèíåéíûõ ñèñòåì

2.1. Îáçîp ìåòîäîâ

Ïðèâåäåì îáçîð ìåòîäîâ èäåíòèôèêàöèè ëèíåéíûõ ñèñòåì,
îïèñûâàåìûõ ópàâíåíèÿìè âèäà

Kx ≡
∞∫

−∞

g(t− τ)x(τ)dτ = f(t), (2.1.1)

ãäå x è f � âõîäíîé è âûõîäíîé ñèãíàëû; g(t) � èìïóëüñíàÿ ïåpåõîä-
íàÿ ôóíêöèÿ.

Òàê êàê g(t) = 0 ïpè t ≤ 0, à âõîäíîé ñèãíàë ïîäàåòñÿ â ìîìåíò
âpåìåíè t = 0, òî ópàâíåíèå (2.1.1) ìîæíî çàïèñàòü â âèäå

Kx ≡
t∫

0

g(t− τ)x(τ)dτ = f(t). (2.1.2)

Ïpèìåíåíèå òåîpåìû î ñâåpòêå äàåò âîçìîæíîñòü ïpåäñòàâèòü
ópàâíåíèå (2.1.2) â âèäå

Kx ≡
t∫

0

x(t− τ)g(τ)dτ = f(t). (2.1.3)

Èç ñîïîñòàâëåíèÿ ópàâíåíèé (2.1.2) è (2.1.3) ñëåäóåò, ÷òî ìåòî-
äû, pàçpàáîòàííûå äëÿ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ, íåïîñpåä-
ñòâåííî ïpèìåíèìû ê îïpåäåëåíèþ èìïóëüñíîé ïåðåõîäíîé ôóíê-
öèè g(t). Îáçîp ìåòîäîâ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ áóäåò
ïpèâåäåí â ðàçä. 5.1 íàñòîÿùåé pàáîòû.
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Êàê îòìå÷åíî â ìîíîãpàôèè [71], ìåòîäû îïpåäåëåíèÿ èì-
ïóëüñíîé ïåðåõîäíîé ôóíêöèè ìîæíî pàçäåëèòü íà äåòåðìèíèðî-
âàííûå è ñòîõàñòè÷åñêèå.

Äåòåpìèíèpîâàííûå ìåòîäû, â ñâîþ î÷åpåäü, ïîäpàçäåëÿþòñÿ
íà ñëåäóþùèå ãpóïïû:

à) ìåòîäû, îñíîâàííûå íà ïpèìåíåíèè δ-ôóíêöèè èëè δ-îápàç-
íûõ ôóíêöèé;

á) ìåòîäû, îñíîâàííûå íà àíàëèòè÷åñêîì èëè ÷èñëåííîì på-
øåíèè ópàâíåíèé (2.1.1) è (2.1.2).

Ñòîõàñòè÷åñêèå ìåòîäû (â ïåpâóþ î÷åpåäü êîppåëÿöèîííûå)
îñíîâàíû íà påøåíèè ópàâíåíèÿ Âèíåpà � Õîïôà

Ryx =

∞∫
−∞

g(τ)Rxx(t− τ)dτ, (2.1.4)

ãäå Rxx è Ryx � êîppåëÿöèîííàÿ è âçàèìíî êîppåëÿöèîííàÿ ôóíê-
öèè.

Ìåòîäû påøåíèÿ ópàâíåíèé Âèíåpà � Õîïôà ïîäpîáíî èçëî-
æåíû â êíèãàõ [59,65]. Êpîìå òîãî, îòìåòèì, ÷òî èçëîæåííûå â ãë.
5 íàñòîÿùåé pàáîòû èòåpàöèîííûå ìåòîäû âîññòàíîâëåíèÿ ñèãíàëîâ
íàïîñpåäñòâåííî ïpèìåíèìû ê påøåíèþ ópàâíåíèÿ (2.1.4).

Ïîñëå ýòèõ çàìå÷àíèé ïåpåéäåì ê êpàòêîìó îáçîpó äåòåpìè-
íèpîâàííûõ ìåòîäîâ.

Áîëüøîå ÷èñëî ìåòîäîâ îñíîâàíî íà òîì èçâåñòíîì ôàêòå, ÷òî
ÈÏÔ ÿâëÿåòñÿ âûõîäíîé ôóíêöèåé óñòpîéñòâà ïpè ïîäà÷å íà åå âõîä
δ-ôóíêöèè. Òàê êàê ôèçè÷åñêè påàëèçîâàòü δ-ôóíêöèþ íåâîçìîæíî,
òî âìåñòî íåå èñïîëüçóþòñÿ δ-îápàçíûå ôóíêöèè. Ïîäpîáíûé îáçîp
ðåçóëüòàòîâ ïî ïðèìåíåíèþ δ-ôóíêöèè ê èäåíòèôèêàöèè ïàðàìåò-
ðîâ äèíàìè÷åñêèõ ñèñòåì èìååòñÿ â [68,71,113,162,167,168].

Îòìåòèì, ÷òî ïpè çàìåíå δ-ôóíêöèè δ-îápàçíûìè ôóíêöèÿìè
âîçíèêàåò ïîãpåøíîñòü, âåëè÷èíà êîòîpîé çàâèñèò êàê îò âèäà ÈÏÔ,
òàê è îò âèäà δ-îápàçíîé ïîñëåäîâàòåëüíîñòè.

Â pàáîòå [116] ïpåäëîæåí ìåòîä, ïîçâîëÿþùèé âîññòàíîâèòü
ÈÏÔ ïî påàêöèè óñòpîéñòâà íà âõîäíîé ñèãíàë â âèäå δ-îápàçíîé
èëè âîîáùå ïpîèçâîëüíîé ôóíêöèè, pàçëîæåíèå êîòîpîé â pÿä Ôópüå
ñîäåpæèò âñå ãàpìîíèêè ñ íîìåpàìè äî N âêëþ÷èòåëüíî, ãäå N �
äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî. Òåîpåòè÷åñêè ïî ýòîìó
ìåòîäó ÈÏÔ ïpåäñòàâëÿåòñÿ â âèäå áåñêîíå÷íîãî ñõîäÿùåãî pÿäà.

Äpóãîé ìåòîä âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíê-
öèè, îñíîâàííûé íà çàìåíå δ-ôóíêöèè íà δ-îápàçíóþ ôóíêöèþ, èç-
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ëîæåí â ñòàòüå [113] â ôîpìóëèpîâêå çàäà÷è âîññòàíîâëåíèÿ âõîäíûõ
ñèãíàëîâ.

Áîëüøóþ ãpóïïó ìåòîäîâ îïpåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè ñîñòàâëÿþò ìåòîäû, îñíîâàííûå íà ïpèìåíåíèè èíòåãpàëü-
íûõ ïpåîápàçîâàíèé (â ÷àñòíîñòè, Ôópüå èëè Ëàïëàñà) ê ópàâíåíè-
ÿì â ñâåpòêàõ (2.1.1) è (2.1.2). Ïîäpîáíîå èçëîæåíèå ýòèõ ìåòîäîâ
ñîäåpæèòñÿ â ðàáîòàõ [59,71,73,170].

Êpîìå àíàëèòè÷åñêèõ ìåòîäîâ äëÿ îïpåäåëåíèÿ ÈÏÔ øèpîêî
èñïîëüçóþòñÿ ÷èñëåííûå ìåòîäû. Çäåñü íåîáõîäèìî âûäåëèòü pÿä
íàïpàâëåíèé. Âî-ïåpâûõ, íàïpàâëåíèå, îñíîâàííîå íà ïpèìåíåíèè
ìåòîäà påãóëÿpèçàöèè ê ïpèáëèæåííîìó påøåíèþ ópàâíåíèé Âè-
íåpà � Õîïôà [170]; âî-âòîpûõ, ïpîåêöèîííûå ìåòîäû påøåíèÿ ópàâ-
íåíèé Âèíåpà � Õîïôà [65,79]; â-òpåòüèõ, ñïåöèàëüíûé ìåòîä påøå-
íèé ópàâíåíèé â ñâåpòêàõ, èçëîæåííûé â ìîíîãpàôèè [59].

Êpîìå òîãî, îòìåòèì pàáîòû [13, 66], â êîòîpûõ ÈÏÔ îïpåäå-
ëÿåòñÿ ïî påàêöèè óñòpîéñòâà íà ïîäà÷ó íà âõîä äâóõ ñèãíàëîâ.

2.2. Îïpåäåëåíèå âpåìåííûõ õàpàêòåpèñòèê

ëèíåéíûõ ñèñòåì ïî äâóì òåñòîâûì ñèãíàëàì

2.2.1. Håïpåpûâíûå ñèñòåìû

Èçâåñòíî [71], ÷òî èíâàpèàíòíûå ê ñäâèãó ëèíåéíûå ñèñòåìû
îïèñûâàþòñÿ ópàâíåíèÿìè âèäà

Kx ≡
t∫

0

g(t− τ)x(τ)dτ = f(t), (2.2.1)

ãäå x(t) è f(t) � ñîîòâåòñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû; g(t) �
èìïóëüñíàÿ ïåpåõîäíàÿ ôóíêöèÿ.

Â pàáîòå [66] ïpåäëîæåí ìåòîä îïpåäåëåíèÿ èìïóëüñíîé õàpàê-
òåpèñòèêè g(t) ïî äâóì ôèíèòíûì ñèãíàëàì.

Ïóñòü íà ñåãìåíòå [0, 2T ] îïðåäåëåíû äâà âõîäíûõ ñèãíàëà:

x1(t) = sin[a(t− T )2 + b(t− T )], 0 ≤ t ≤ 2T,
x2(t) = cos[a(t− T )2 + b(t− T )], 0 ≤ t ≤ 2T.

×åpåç f1(t) è f2(t) îáîçíà÷àåòñÿ påàêöèÿ óñòpîéñòâà íà âõîä-
íûå ñèãíàëû x1(t) è x2(t) ñîîòâåòñòâåííî.
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Ââîäèòñÿ ôóíêöèÿ

H(t, T ) =
a

π

2T∫
0

x1(ξ − t)f1(ξ)dξ +
a

π

2T∫
0

x2(ξ − t)f2(ξ)dξ, 0 ≤ t ≤ A.

Ñèñòåìà Kx íàçûâàåòñÿ ïpàâèëüíîé, åñëè

|g(t)| ≤ c1e
−Mt, |g′

(t)| ≤ c2e
−vt, c1, c2,M, v = const.

Äîêàçàíî ñëåäóþùåå óòâåpæäåíèå.

Òåîðåìà 2.2.1. [66] Ïóñòü ëèíåéíàÿ àâòîíîìíàÿ ñèñòåìà ýêñïî-
íåíöèàëüíî óñòîé÷èâà è ïpàâèëüíà. Òîãäà äëÿ èìïóëüñíîé õàpàê-
òåpèñòèêè g(t) ñèñòåìû Kx ïpè êàæäîì ôèêñèpîâàííîì t ñïpà-
âåäëèâî pàâåíñòâî

lim
T→∞

max |g(t)−H(t, T )| = 0.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî îñíîâàíî íà ñëåäóþùåì ôàêòå:
åñëè ïpåîápàçîâàíèå Ôóðüå X(ω) âõîäíîãî ñèãíàëà x(t) èìååò âèä
X(ω) = ρeiη(ω), òî äëÿ ëþáîé ôèíèòíîé (èëè áûñòpî óáûâàþùåé íà
áåñêîíå÷íîñòè) ôóíêöèè g(t) ñïpàâåäëèâî pàâåíñòâî

g(t) =
1

ρ2

∞∫
−∞

f(ξ − t)

∞∫
−∞

g(ξ − s)f(s)dsdξ,

ãäå f(t) � êîìïëåêñíî ñîïpÿæåííàÿ ê f(t) ôóíêöèÿ.
Äëÿ ïpîâåpêè ïðèâåäåííîãî pàâåíñòâà äîñòàòî÷íî ïpèìåíèòü

ê íåìó ïpåîápàçîâàíèå Ôópüå è èñïîëüçîâàòü èçâåñòíóþ ôîpìóëó
V (f(t)) = F (−ω), ãäå V (f) � îïåðàòîð ïpåîápàçîâàíèÿ Ôópüå ôóíê-
öèè f(t), F (ω) � ïðåîáðàçîâàíèå ôóíêöèè f(t).

Ðàññìîòpèì, ñëåäóÿ pàáîòå [13], ñïîñîá îïpåäåëåíèÿ èìïóëüñ-
íîé ïåðåõîäíîé ôóíêöèè ïî äâóì ñèãíàëàì.

Ïpåäïîëîæèì, ÷òî âõîäíîé è âûõîäíîé ñèãíàëû ôèíèòíû ñ
íîñèòåëåì [0, T ] (ïpè påàëüíûõ èñïûòàíèÿõ ñèãíàëû óäîâëåòâîpÿþò
ýòîìó óñëîâèþ). Òîãäà ópàâíåíèå (2.2.1) ïpåäñòàâèìî â âèäå

T∫
0

g(t− τ)x(τ)dτ = f(t), t ≥ 0. (2.2.2)
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Òàê êàê â ñèëó ôèçè÷åñêîé påàëèçóåìîñòè g(t) = 0 ïpè t < 0,
òî ïpè ôèíèòíûõ âõîäíîì x(t) è âûõîäíîì f(t) ñèãíàëàõ ñ íîñèòå-
ëåì [0, T ] ïîâåäåíèå äèíàìè÷åñêîé ñèñòåìû õàpàêòåpèçóåòñÿ èíôîp-
ìàöèåé îá èìïóëüñíîé ïåpåõîäíîé ôóíêöèè g(t) ïpè 0 ≤ t ≤ T.

Ïîýòîìó äëÿ îïpåäåëåíèÿ çíà÷åíèé g(t) ïpè 0 ≤ t ≤ T âìåñòî
ópàâíåíèÿ (2.2.2) ìîæíî îãpàíè÷èòüñÿ pàññìîòpåíèåì ópàâíåíèÿ

T∫
0

g(t− τ)x(τ)dτ = f(t), 0 ≤ t ≤ T. (2.2.3)

Ópàâíåíèå (2.2.3) ìîæíî ïpåäñòàâèòü â ýêâèâàëåíòíîé ôîpìå

Kx ≡ d
dt

T∫
0

h(t− τ)x(τ)dτ = f(t), (2.2.4)

ãäå g(t) = d
dth(t), h(t) - ïåðåõîäíàÿ ôóíêöèÿ ñèñòåìû.

Ââåäåì, ñëåäóÿ [147], îïåpàòîpû

A0f =

t∫
0

f(τ)dτ è A∗
0f = −

T∫
t

f(τ)dτ,

ãäå f � ïpîèçâîëüíûé ýëåìåíò ïpîñòpàíñòâà L2[0, T ] ôóíêöèé, ñóì-
ìèpóåìûõ ñ êâàäpàòîì.

Â pàáîòå [147] ïîêàçàíî, ÷òî äëÿ ëþáîãî îãpàíè÷åííîãî îïå-

pàòîpà Lφ =
d

dt

T∫
0

s(t − τ)φ(τ)dτ ñ pàçíîñòíûì ÿäpîì èìååò ìåñòî

pàâåíñòâî

(iA0L− L(iA∗
0))φ = i

T∫
0

φ(τ)[M(t) +N(τ)]dτ, (2.2.5)

ãäå M(t) = s(t), N(t) = −s(−t), 0 ≤ t ≤ T, φ(t) � ïpîèçâîëüíàÿ
ôóíêöèÿ èç ïpîñòpàíñòâà L2[0, T ].

Ïpèìåíèì òîæäåñòâî (2.2.5) ê îïåpàòîpó Kx, îïpåäåëÿþùåìó
ñîãëàñíî ópàâíåíèþ (2.2.4) ëèíåéíîå ñpåäñòâî èçìåpåíèÿ.

Håòpóäíî âèäåòü, ÷òî

h(t)−
T∫

0

x(τ)dτ = A0Kx−KA∗
0x+

T∫
0

x(τ)h(−τ)dτ.
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Òàê êàê h(−τ) = 0 ïpè τ ≥ 0, òî
T∫
0

x(τ)h(−τ)dτ = 0. Ó÷èòû-

âàÿ, ÷òî Kx = f, è ïpåäïîëàãàÿ, ÷òî
T∫
0

x(τ)dτ ̸= 0, èìååì

h(t) =
1

T∫
0

x(τ)dτ

 t∫
0

f(τ)dτ + f1(t)

 . (2.2.6)

Çäåñü f1(t)− âûõîäíîé ñèãíàë ñpåäñòâà èçìåpåíèÿ ïpè ïîäà÷å
íà åãî âõîä ñèãíàëà

x1(t) =

T∫
t

x(τ)dτ.

Ïîñëå îïpåäåëåíèÿ ïåpåõîäíîé õàpàêòåpèñòèêè h(t) ëåãêî îïpå-
äåëÿåòñÿ èìïóëüñíàÿ ïåpåõîäíàÿ õàpàêòåpèñòèêà

g(t) = (f(t) +
d

dt
f1(t))/

T∫
0

x(τ)dτ. (2.2.7)

Òàêèì îápàçîì, pàñïîëàãàÿ påàêöèåé ñpåäñòâà èçìåpåíèÿ íà

âõîäíûå ñèãíàëû x(t) è x1(t) =
T∫
t

x(τ)dτ, ëåãêî âû÷èñëèòü äèíàìè-

÷åñêèå õàpàêòåpèñòèêè ýòîãî ñpåäñòâà èçìåpåíèÿ.
Ïpè ýòîì íåîáõîäèìî îòìåòèòü, ÷òî îïåpàöèÿ âû÷èñëåíèÿ ïpî-

èçâîäíîé ÿâëÿåòñÿ íåêîppåêòíîé è ïpè åå ïpàêòè÷åñêîé påàëèçàöèè
íåîáõîäèìî èñïîëüçîâàòü påãóëÿpèçóþùèå àëãîpèòìû [170].

Ðÿä påãóëÿpèçóþùèõ àëãîpèòìîâ, ýôôåêòèâíî ïpèìåíÿåìûõ
â çàäà÷àõ èäåíòèôèêàöèè, èçëîæåí â ðàçä. 1.10 è ðàáîòàõ [3,23,38].

Ïðèìåð 2.2.1. Ðàññìîòpèì ëèíåéíóþ ñèñòåìó, ôóíêöèîíèpîâàíèå
êîòîpîé îïèñûâàåòñÿ ópàâíåíèåì (2.2.1). Ïóñòü âõîäíûì x(t) è âû-
õîäíûì y(t) ñèãíàëàìè ÿâëÿþòñÿ ôóíêöèè

x(t) =

{
1 ïðè 0 ≤ t ≤ 1,
0 ïðè t ∈ (−∞, 0) ∪ (1,∞),

(2.2.8)

f(t) =


0 ïðè t ≤ 0,
t2 ïðè 0 ≤ t ≤ 1,

t2 − (t− 1)2 ïðè t ≥ 1.
(2.2.9)

Òðåáóåòñÿ îïðåäåëèòü ïåðåõîäíóþ õàðàêòåðèòèêó h(t) ñèñòåìû (2.2.1).
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Îòìåòèì, ÷òî ïðè âõîäíîì (2.2.8) è âûõîäíîì (2.2.9) ñèãíàëàõ
òî÷íîå çíà÷åíèå ïåpåõîäíîé õàpàêòåpèñòèêå h(t) èìååòò âèä

h(t) =

{
t2 ïðè t ≥ 0,
0 ïðè t < 0.

(2.2.10)

Ðåøåíèå. Ïî äàííûì çíà÷åíèÿì x(t) è f(t) îïpåäåëèì ïåpå-
õîäíóþ õàpàêòåpèñòèêó h(t). Ïpè 0 ≤ t ≤ 1, f(t) = t2, x1(t) = 1− t,

f1(t) =
d

dt

1∫
0

h(t− τ)(1− τ)dτ = t2 − t3

3
.

Ñëåäîâàòåëüíî, h(t) =
t∫
0

f(τ)dτ + f1(t) = t2, ÷òî ñîâïàäàåò ñ

òî÷íûì âûðàæåíèåì (2.2.10).
Ïðèâåäåì, ñëåäóÿ [42], äpóãîå äîêàçàòåëüñòâî ôîpìóë (2.2.6) è

(2.2.7).
Ïóñòü íà âõîä ëèíåéíîé ñèñòåìû, îïèñûâàåìîé ópàâíåíèåì

(2.2.1), ïîñòóïàþò äâà ñèãíàëà x1(t) è x2(t) =
∞∫
t

x1(τ)dτ. Èì ñî-

îòâåòñòâóþò âûõîäíûå ñèãíàëû:

f1(t) =

t∫
0

g(t− τ)x1(τ)dτ (2.2.11)

è

f2(t) =

t∫
0

g(t− τ)

 ∞∫
τ

x1(ν)dν

 dτ. (2.2.12)

Ïpèìåíÿÿ ê âûpàæåíèÿì (2.2.11) è (2.2.12) ïpåîápàçîâàíèå Ëà-
ïëàñà, ïîëó÷àåì

F1(p) = G(p)X1(p),

F2(p) = L


t∫

0

g(t− τ)

 ∞∫
0

x1(ν)dν −
τ∫

0

x1(ν)dν

 dτ
 =

= L


∞∫
0

x1(ν)dν

t∫
0

g(t− τ)dτ −
t∫

0

g(t− τ)

 τ∫
0

x1(ν)dν

 dτ

 =
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=

∞∫
0

x1(ν)dν
G(p)

p
− G(p)X1(p)

p
,

äàëåå

pF2(p) = G(p)

∞∫
0

x1(ν)dν −G(p)X1(p),

G(p)

∞∫
0

x1(ν)dν = F1(p) + F2(p)p.

Èç ïîñëåäíåãî âûpàæåíèÿ èìååì

G(p) =
F1(p) + pF2(p)

∞∫
0

x1(ν)dν

(2.2.13)

è, ñëåäîâàòåëüíî,

g(t) =
f1(t) + f

′

2(t)
∞∫
0

x1(ν)dν

, f2(0) = 0. (2.2.14)

Èç ñâÿçè g(t) è h(t) ñëåäóåò, ÷òî

h(t) =

t∫
0

f1(τ)dτ + f2(t)

∞∫
0

x1(ν)dν

. (2.2.15)

Òàêèì îápàçîì, ñ ïîìîùüþ ïpåîápàçîâàíèÿ Ëàïëàñà ïîëó÷å-
íû ôîpìóëû (2.2.14), (2.2.15), ñîâïàäàþùèå ñ ôîpìóëàìè (2.2.6),
(2.2.7), ïîëó÷åííûìè íà îñíîâå òåîpèè ópàâíåíèé ñ pàçíîñòíûìè
ÿäpàìè. Îòìåòèì, ÷òî ïpèìåíåíèå êàê òåîpèè ópàâíåíèé ñ pàçíîñò-
íûìè ÿäpàìè, òàê è pàçëè÷íûõ ïpåîápàçîâàíèé, ïîçâîëÿåò pàñøè-
pèòü êpóã çàäà÷, ê êîòîpûì ïpèìåíèìû ìåòîäû èäåíòèôèêàöèè ïî
äâóì òåñòîâûì ñèãíàëàì.

2.2.2. Îïpåäåëåíèå pàçíîñòíûõ ÿäåp
èíòåãpàëüíûõ ópàâíåíèé

Èçëîæåííûé â ðàçä. 2.2.1 ìåòîä ïîçâîëÿåò ïî äâóì òåñòîâûì
ñèãíàëàì îïpåäåëèòü pàçíîñòíîå ÿäpî èíòåãpàëüíîãî ópàâíåíèÿ ñ

63



ïîñòîÿííûìè ïpåäåëàìè èíòåãpèpîâàíèÿ. Ó÷èòûâàÿ, ÷òî ê òàêèì
ópàâíåíèÿì ñâîäèòñÿ [73] pÿä çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, ïpåä-
ëîæåííûé àëãîpèòì îêàçûâàåòñÿ ïîëåçíûì äëÿ âîññòàíîâëåíèÿ êî-
ýôôèöèåíòîâ ópàâíåíèé â ÷àñòíûõ ïpîèçâîäíûõ ïî äâóì òåñòîâûì
ñèãíàëàì.

Ðàññìîòpèì ópàâíåíèå

d

dt

ω∫
0

h(t− τ)x(τ)dτ = f(t), (2.2.16)

ãäå x(t) � âõîäíîé, à f(t) � âûõîäíîé ñèãíàëû.
Êpóã çàäà÷, ïpåäñòàâèìûõ ýòèì ópàâíåíèåì, îïèñàí â pàáîòå

[59]. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ h(t) äèôôåpåíöèpóåìà, òîãäà ïðè
ðÿäå äîïîëíèòåëüíûõ óñëîâèé íà ôóíêöèþ h(t) [174] èìååì

d

dt

ω∫
0

h(t− τ)x(τ)dτ =

ω∫
0

d

dt
h(t− τ)x(τ)dτ.

Ââåäåì îáîçíà÷åíèå g(t) =
dh(t)

dt
.

Ïpîñòûå âûêëàäêè äàþò

t∫
0

f(τ)dτ − d

dt

ω∫
0

 τ∫
0

x(ν)dν

h(t− τ)dτ =

=

t∫
0

f(τ)dτ + h(t− ω)

ω∫
0

x(τ)dτ −
ω∫

0

h(t− τ)x(τ)dτ =

=

t∫
0

f(τ)dτ + h(t− ω)

ω∫
0

x(τ)dτ −
t∫

0

d

dν

 ω∫
0

h(ν − τ)x(τ)dτ

 dν−

−
∞∫
0

h(−τ)x(τ)dτ = h(t− ω)

ω∫
0

x(τ)dτ −
ω∫

0

h(−τ)x(τ)dτ.

Òàêèì îápàçîì,

h(t− ω) =

t∫
0

f(τ)dτ − f1(t) + c

ω∫
0

x(τ)dτ

,
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ãäå c =
ω∫
0

h(−τ)x(τ)dτ � êîíñòàíòà; f1 = d
dt

ω∫
0

(
τ∫
0

x(ν)dν

)
h(t− τ)dτ,

ò.å. f1(t) � âûõîäíîé ñèãíàë, ñîîòâåòñâóþùèé x1(t) =
t∫
0

x(ν)dν �

âõîäíîìó ñèãíàëó.
Ïpîäèôôåpåíöèpîâàâ ïîëó÷åííîå âûpàæåíèå, èìååì

g(t− ω) =
f(t)− f1(t)
ω∫
0

x(τ)dτ

. (2.2.17)

Ïðèìåð 2.2.2. Ïóñòü îáúåêò îïèñûâàåòñÿ îïåpàòîpîì

Lx =

1∫
0

(t− τ)x(τ)dτ.

Òpåáóåòñÿ îïpåäåëèòü ÿäpî g(t) = t.

Ðåøåíèå. Ïîäàäèì íà âõîä îáúåêòà äâà ñèãíàëà x1(t) = 1 è
x2(t) = t. Òîãäà Lx1 = 1− 1

2 è Lx2 =
1
2 −

1
3 .

Ïpèìåíÿÿ ôîpìóëó (2.2.17), èìååì g(t−1) = t−1, ò.å. g(t) = t,
÷òî ñîâïàäàåò ñ òî÷íûì çíà÷åíèåì ÿäðà.

Çàêàí÷èâàÿ ðàçäåë, îòìåòèì, ÷òî ïpèâåäåííûå âûøå àëãîpèò-
ìû ïpèìåíèìû è äëÿ îïpåäåëåíèÿ ïàðàìåòðè÷åñêîé èìïóëüñíîé ïå-
påõîäíîé ôóíêöèè.

Â ñàìîì äåëå, pàññìîòpèì ópàâíåíèå

t∫
0

g(r, t− τ)x(τ)dτ = f(r, τ),

ãäå x(t) � âõîäíîé, à f(r, t) � âûõîäíîé ñèãíàëû; g(r, t− τ) � ëîêàëü-
íàÿ èìïóëüñíàÿ ïåpåõîäíàÿ ôóíêöèÿ.

Òîãäà ïî àíàëîãèè ñ ïpåäûäóùèì èìååì

g(r, t) =
f(r, t) + df1(r,t)

dt
T∫
0

x(τ)dτ

,

ãäå

f1(r, t) =

t∫
0

g(r, t− τ)

 T∫
τ

x(ν)dν

 dτ,

T∫
0

x(τ)dτ ̸= 0.
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2.2.3. Äèñêpåòíûå ñèñòåìû1

Ðàññìîòpèì óñòpîéñòâî, ôóíêöèîíèpîâàíèå êîòîpîãî îïèñû-
âàåòñÿ ópàâíåíèåì

∞∑
k=0

g(l − k)x(k) = f(l), l = 0, 1, . . . (2.2.18)

Çäåñü x(k) è f(k) � âõîäíîé è âûõîäíîé ñèãíàëû; g(k) � èì-
ïóëüñíàÿ ïåpåõîäíàÿ ôóíêöèÿ, ïpè÷åì îíà ôèçè÷åñêè påàëèçóåìà,
ò. å. g(k) = 0 ïpè k ≤ 0.

Ïîäàäèì íà âõîä óñòpîéñòâà, ôóíêöèîíèpîâàíèå êîòîpîãî îïè-
ñûâàåòñÿ ópàâíåíèåì (2.2.18), äâà ñèãíàëà:

x1(k), k = 0, 1, . . . è x2(l) =
∞∑
k=l

x1(k), l = 0, 1, ...

Ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû pàâíû

f1(l) =
l∑

k=0

g(l − k)x1(k), l = 0, 1, ..., (2.2.19)

f2(l) =
l∑

k=0

g(l − k)
∞∑
ν=k

x1(ν), l = 0, 1, ... (2.2.20)

Ñîñòàâèì ñèãíàë f̃1(k) =
k−1∑
m=0

f1(m). Ïpèìåíèì ê âûpàæåíèÿì

f̃1(k) è f2(l) Z-ïpåîápàçîâàíèå [180]. Â påçóëüòàòå èìååì

F̃1(z) =
G(z)X1(z)

z − 1
(2.2.21)

è

F2(z) = Z

[
l∑

k=0

g(l − k)
∞∑
ν=k

x1(ν)

]
=

= Z

[
l∑

k=0

g(l − k)

( ∞∑
ν=0

x1(ν)−
k−1∑
ν=0

x1(ν)

)]
=

= G(z)

( ∞∑
ν=0

x1(ν)
z

z − 1
− X1(z)

z − 1

)
. (2.2.22)

Ñêëàäûâàÿ pàâåíñòâà (2.2.21) è (2.2.22), ïîëó÷èì

F̃1(z) + F2(z) = G(z)
z

z − 1

∞∑
ν=0

x1(ν),

1Ðåçóëüòàòû ýòîãî ïóíêòà èçëàãàþòñÿ, ñëåäóÿ ðàáîòå [42].
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ñëåäîâàòåëüíî,

G(z) =
(F̃1(z) + F2(z))

∞∑
ν=0

x1(ν)

(z − 1)

z
. (2.2.23)

Ïåpåõîäÿ â (2.2.23) ê îpèãèíàëàì è èñïîëüçóÿ ôîpìóëû

z − 1

z
F (z) = fk − fk−1 = ∇fk, ∇fk = ∆fk−1,

èìååì

g(k) =
∇f 1(k) +∇f2(k)

∞∑
ν=0

x1(ν)
=
f1(k − 1) + ∆f2(k − 1)

∞∑
ν=0

x1(ν)
. (2.2.24)

Ïðèìåð 2.2.3. Ïóñòü ÈÏÔ óñòpîéñòâà, îïèñûâàåìîãî ópàâíåíèåì
(2.2.18), èìååò âèä g(0) = 0 è g(n) = e−n, n = 1, 2, . . .

Ïðè âõîäíûõ ñèãíàëàõ

x1(n) =

{
1 ïðè 0 ≤ n ≤ 7,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ n

è

x2(k) =
∞∑
ν=k

x1(ν), l = 0, 1, ...

ñîîòâåòñòâóþùèìè âûõîäíûìè ñèãíàëàìè óñòpîéñòâà, îïèñûâàåìî-
ãî ópàâíåíèåì (2.2.18), áóäóò ñèãíàëû f1(k) è f2(k), çíà÷åíèå êîòî-
ðûõ ïðèâåäåíû â òàáë. 2.1.

Òàáëèöà 2.1. Çíà÷åíèÿ ñèãíàëîâ f1(k) è f2(k)

k 1 2 3 4 5 6 7

f1(k) 0.36788 0.50321 0.55300 0.57132 0.57806 0.58053 0.58145

f2(k) 2.94804 3.65788 3.55298 3.14679 2.62912 2.07090 1.49762

Òðåáóåòñÿ îïðåäåëèòü ïðèáëèæåííûå çíà÷åíèÿ èìïóëüñíîé ïå-
ðåõîäíîé ôóíêöèè g(n).

Ðåøåíèå. Îïpåäåëèì ïpèáëèæåííîå çíà÷åíèå ĝ(k) èìïóëüñ-
íîé ïåpåõîäíîé ôóíêöèè g(k) ïî ôîpìóëå (2.2.24). Ðåçóëüòàòû âû-
÷èñëåíèé ïðèâåäåíû â òàáë. 2.2.

Èç òàáë. 2.2 âèäíî, ÷òî çíà÷åíèÿ èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè g(k), k = 0, 1, . . . âû÷èñëÿþòñÿ ñ òî÷íîñòüþ äî øåñòîãî
çíàêà ïîñëå çàïÿòîé.
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Òàáëèöà 2.2. Ðåçóëüòàòû âû÷èñëåíèé

k 1 2 3 4 5 6 7

g(k) 0.36788 0.13534 0.04979 0.01832 0.00674 0.00248 0.00091

ĝ(k) 0.36788 0.13534 0.04979 0.01832 0.00674 0.00248 0.00091

2.2.4. Ìíîãîìåpíûå ñèñòåìû2

Ïpèñòóïèì ê îïpåäåëåíèþ èìïóëüñíîé ïåpåõîäíîé ôóíêöèè
g(t1, . . . , tl) îáúåêòà, ôóíêöèîíèpîâàíèå êîòîpîãî îïèñûâàåòñÿ ópàâ-
íåíèåì

t1∫
0

. . .

tl∫
0

g(t1 − τ1, t2 − τ2, . . . , tl − τl)x(τ1, . . . , τl)dτ1 . . . dτl =

= f(t1, . . . , tl). (2.2.25)

Äëÿ ïpîñòîòû îáîçíà÷åíèé ïîëîæèì l = 2. Èçìåíåíèÿ, êî-
òîpûå íåîáõîäèìî ñäåëàòü ïpè ïåpåõîäå ê ñëó÷àþ ïpîèçâîëüíîãî
êîíå÷íîãî l, î÷åâèäíû.

Ïóñòü íà âõîä îáúåêòà ïîäàþòñÿ äâà ñèãíàëà x1(t1, t2) è

x2(t1, t2) =
∞∫
t1

∞∫
0

x1(τ1, τ2)dτ1dτ2 +
∞∫
0

∞∫
t2

x1(τ1, τ2)dτ1dτ2−

−
∞∫
t1

∞∫
t2

x1(τ1, τ2)dτ1dτ2.

Â påçóëüòàòå íà âûõîäå ïîÿâëÿþòñÿ äâà ñèãíàëà:

y1(t1, t2) =

t1∫
0

t2∫
0

g(t1 − τ1, t2 − τ2)x1(τ1, τ2)dτ1dτ2; (2.2.26)

y2(t1, t2) =

t1∫
0

t2∫
0

g(t1 − τ1, t2 − τ2)

 ∞∫
τ1

∞∫
0

x1(ν1, ν2)dν1dν2+

+

∞∫
0

∞∫
τ2

x1(ν1, ν2)dν1dν2 −
∞∫
τ1

∞∫
τ2

x1(ν1, ν2)dν1dν2

 dτ1dτ2 =

=

t1∫
0

t2∫
0

g(t1 − τ1, t2 − τ2)

 ∞∫
0

∞∫
0

x1(ν1, ν2)dν1dν2−

2Ðàçäåë íàïèñàí ïî ìàòåðèàëàì ñòàòüè [42].
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−
τ1∫
0

τ2∫
0

x1(ν1, ν2)dν1dν2

 dτ1dτ2. (2.2.27)

Ïpèìåíèì ê ópàâíåíèÿì (2.2.26) è (2.2.27) ïpåîápàçîâàíèå Ëà-
ïëàñà. Â påçóëüòàòå èìååì

Y1(p1, p2) = G(p1, p2)X1(p1, p2) (2.2.28)

è

Y2(p1, p2) =
G(p1, p2)

p1p2

∞∫
0

∞∫
0

x1(ν1, ν2)dν1dν2 −
G(p1, p2)

p1p2
X1(p1, p2).

(2.2.29)
Óìíîæàÿ pàâåíñòâî (2.2.29) íà p1p2 è ñêëàäûâàÿ ïîëó÷åííîå

âûpàæåíèå ñ (2.2.18), ïîëó÷àåì

G(p1, p2) =
Y1(p1, p2) + p1p2Y2(p1, p2)

∞∫
0

∞∫
0

x1(ν1, ν2)dν1ν2

.

Ïåpåõîäÿ ê îpèãèíàëàì, èìååì

g(t1, t2) =
f1(t1, t2) +

∂2f2(t1, t2)

∂t1∂t2
∞∫
0

∞∫
0

x1(ν1, ν2)dν1dν2

. (2.2.30)

Ïpè ïpàêòè÷åñêîé påàëèçàöèè ôîpìóëû (2.2.30) âîçíèêàåò
íåîáõîäèìîñòü â âû÷èñëåíèè ÷àñòíûõ ïpîèçâîäíûõ îò ôóíêöèè
f2(t1, t2). Âû÷èñëåíèå ïpîèçâîäíûõ ÿâëÿåòñÿ íåêîppåêòíîé îïåpà-
öèåé. Äëÿ èõ âû÷èñëåíèÿ ìîãóò áûòü èñïîëüçîâàíû ôîðìóëû, ïðè-
âåäåííûå â ðàçä. 1.10.

2.3. Ïpèáëèæåííûå ìåòîäû îïpåäåëåíèÿ

âpåìåííûõ õàpàêòåpèñòèê ïî îäíîìó

òåñòîâîìó ñèãíàëó3

Èìïóëüñíàÿ ïåpåõîäíàÿ ôóíêöèÿ ÿâëÿåòñÿ påàêöèåé ëèíåé-
íîãî óñòpîéñòâà íà δ-îáðàçíóþ ôóíêöèþ. Â ñâÿçè ñ ýòèì áîëüøîé
êëàññ ìåòîäîâ îïpåäåëåíèÿ ÈÏÔ îñíîâàí íà îïpåäåëåíèè påàêöèè

3Ðàçäåë íàïèñàí ïî ìàòåðèàëàì ñòàòüè [55].
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óñòpîéñòâà íà pàçëè÷íûå δ-îápàçíûå ôóíêöèè. Ïîäpîáíûé îáçîp
ýòèõ ìåòîäîâ ñîäåpæèòñÿ â ìîíîãpàôèè [71]. Â ñâÿçè ñ òåì, ÷òî på-
àëèçàöèÿ δ-ôóíêöèè âûçûâàåò çíà÷èòåëüíûå òåõíè÷åñêèå òpóäíî-
ñòè, à ïîãpåøíîñòü îïpåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè,
îáóñëîâëåííàÿ çàìåíîé δ-ôóíêöèè íà δ-îápàçíóþ ôóíêöèþ, âåëèêà,
ïpåäñòàâëÿåò çíà÷èòåëüíûé èíòåpåñ pàçpàáîòêà ìåòîäîâ îïpåäåëå-
íèÿ ÈÏÔ ïpè ïîäà÷å íà âõîä óñòpîéñòâà ëåãêî påàëèçóåìûõ ñèãíà-
ëîâ.

Ðàññìîòpèì ëèíåéíóþ ñèñòåìó, ôóíêöèîíèpîâàíèå êîòîpîé
îïèñûâàåòñÿ ópàâíåíèåì

t∫
0

g(t− τ)x(τ)dτ = f(t), (2.3.1)

ãäå x(t) è f(t) � âõîäíîé è âûõîäíîé ñèãíàëû; g(t) � ÈÏÔ.
Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ g(t) ôèçè÷åñêè påàëèçóåìà, ò.å.

g(t) = 0 ïpè t < 0. Êpîìå òîãî, áóäåì ñ÷èòàòü, ÷òî g(t) � ôèíèòíàÿ
ôóíêöèÿ ñ íîñèòåëåì [0, T0].

Â êà÷åñòâå òåñòîâîãî ñèãíàëà áóäåì èñïîëüçîâàòü ôóíêöèþ

x(t) =

{
0 ïðè t /∈ [0, T ],
sin t ïðè t ∈ [0, T ],

ãäå T = (k + 1)π, k � òàêîå öåëîå ÷èñëî, ïpè êîòîpîì T ≥ 3T0.

Ïîëàãàÿ t ≥ π

2
, ïpåäñòàâèì ópàâíåíèå (2.3.1) â âèäå

π
2∫

0

g(t− τ)x(τ)dτ +

t∫
π
2

g(t− τ)x(τ)dτ = f(t). (2.3.2)

Ñäåëàåì çàìåíó ïåpåìåííûõ t = v +
π

2
, τ = w +

π

2
. Òîãäà

ópàâíåíèå (2.3.2) ìîæíî ïpåäñòàâèòü â âèäå

v∫
0

g(v−w)x
(
w +

π

2

)
dw = f(v+

π

2
)−

0∫
−π

2

g(v−w)x(w+π
2
)dw, (2.3.3)

ãäå v, w èçìåíÿþòñÿ îò 0 äî T − π

2
.

Ââåäåì ôóíêöèþ

x1(w) =

{
0 ïðè w /∈ [0, T − π

2 ],
cosw ïðè w ∈ [0, T − π

2 ].
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Òîãäà ópàâíåíèå (2.3.3) ìîæíî çàïèñàòü â âèäå

v∫
0

g(v − w)x1(w)dw = f
(
v +

π

2

)
−

0∫
−π

2

g(v − w) coswdw,

èëè, âîçâðàùàÿñü â çàïèñè óðàâíåíèÿ ê ñòàðûì ïåðåìåííûì, â âèäå

t∫
0

g(t− τ)x1(τ)dτ = f
(
t+

π

2

)
−

0∫
−π

2

g(t− τ) cos τdτ = f1(t),

ãäå f1(t) � påàêöèÿ óñòpîéñòâà íà âõîäíîå âîçäåéñòâèå,

x1(t) =

T−π/2∫
t

x(τ)dτ, 0 ≤ t ≤ T − π

2
.

Áûëî ïîêàçàíî, ÷òî íà ñåãìåíòå
[
0, T − π

2

]

h(t) =

t∫
0

f(τ)dτ + f1(t)

T−π
2∫

0

x(τ)dτ

t∫
0

= f(τ)dτ +f
(
t+

π

2

)
−

0∫
−π

2

g(t−τ) cos τdτ.

(2.3.4)
Òàê êàê õàpàêòåpèñòèêè h(t) è g(t) ñâÿçàíû ñîîòíîøåíèåì

h(t) =
t∫
0

g(τ)dτ, òî âûpàæåíèå (2.3.4) ìîæíî ïpåäñòàâèòü â âèäå

ópàâíåíèÿ

t∫
0

g(τ)dτ +

0∫
−π

2

g(t− τ) cos τdτ =

t∫
0

f(τ)dτ + f
(
t+

π

2

)
, (2.3.5)

pàññìàòpèâàåìîãî ïpè 0 ≤ t ≤ T − π

2
= T1.

Ðàçîáüåì ñåãìåíò [0, T1] íà (2k + 1)n = N pàâíûõ ÷àñòåé òî÷-

êàìè tl = T1l/N, l = 0, 1, ..., N. Ïpè ýòîì êàæäûé ñåãìåíò
[
0,
π

2

]
äåëèòñÿ íà n ÷àñòåé.

Àïïpîêñèìèpóåì ópàâíåíèå (2.3.5) ñèñòåìîé ëèíåéíûõ ópàâ-
íåíèé, ïîëó÷åííîé ìåòîäîì ìåõàíè÷åñêèõ êâàäpàòóp:
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π
2n (g(t1) + g(t2) cos t1 + · · ·+ g(tn+1) cos tn) = f2(t1),
π
2n (g(t1) + g(t2) + g(t3) cos t1 + · · ·+ g(tn+2) cos tn) = f2(t2),
. . .
π
2n (g(t1) + g(t2) + · · ·+ g(tN−n) + g(tN−n+1) cos t2+
+ · · ·+ g(tN) cos tn) = f2(tN−n),
. . .
π
2n (g(t1) + · · ·+ g(tN−n+1) + g(tN−n+2) cos t1+
+ · · ·+ g(tN) cos tn−1) = f2(tN−n+1),
. . .
π
2n (g(t1) + · · ·+ · · ·+ g(tN)) = f2(tN),

(2.3.6)

ãäå f2(t) =
t∫
0

f(τ)dτ + f(t+ π
2 ). Îïpåäåëèòåëü ýòîé ñèñòåìû pàâåí

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 cos t1 . . . cos tn 0 0 . . . . . . 0
1 1 cos t1 . . . cos tn 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
1 1 . . . . . . . . . 1 cos t1 . . . cos tn
. . . . . . . . . . . . . . . . . . . . . . . . . . .
1 1 . . . . . . . . . . . . 1 1 cos t1
1 1 . . . . . . . . . . . . 1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (1− cos t1)

N−1.

Ñëåäîâàòåëüíî, ñèñòåìà ópàâíåíèé (2.3.6) îäíîçíà÷íî pàçpå-
øèìà. Òàê êàê îíà ïëîõî îáóñëîâëåíà, òî äëÿ åå påøåíèÿ íóæíî
âîñïîëüçîâàòüñÿ ñïåöèàëüíûìè ïpèåìàìè äëÿ óìåíüøåíèÿ ïîãpåø-
íîñòè ñ÷åòà. Â ÷àñòíîñòè, ïîñëåäîâàòåëüíî âû÷èòàÿ èç k-ãî ópàâíå-
íèÿ (k − 1) (k = n, n− 1, . . . , 2), ïîëó÷àåì ñèñòåìó ópàâíåíèé

π
2n (1− cos t1) g(tN) = f2(tN)− f2(tN−1),
. . .
π
2n (1− cos t1) g(t2) = f2(tN)− f2(t1)− π

2n [(cos t1 − cos t2) g(t3)+
+ · · ·+ (cos tn−1 − cos tn) g(tn+1)− g(tn+2) cos tn] ,
π
2ng(t1) = f2(t1)− π

2n [g(t2) cos t1 + · · ·+ g(tn+1) cos tn] ,
(2.3.7)

èç êîòîpîé ëåãêî íàõîäèì påøåíèå ópàíåíèÿ (2.3.6).
Òàêèì îápàçîì, ïîñòpîåí óñòîé÷èâûé ìåòîä âû÷èñëåíèÿ ÈÏÔ.
Îòìåòèì, ÷òî ýòîò ìåòîä ìîæíî èñïîëüçîâàòü ïpè ïîñòpîå-

íèè âû÷èñëèòåëüíîãî óñòpîéñòâà. Â ñàìîì äåëå, ïîäàäèì íà âõîä
ñèãíàë x(t) è çàïîìíèì çíà÷åíèÿ âûõîäíîãî ñèãíàëà f(tk) â òî÷-
êàõ tk, (k=0, 1, . . . , N + n). Ïîñëå ýòîãî âû÷èñëÿþòñÿ è çàïîìèíà-
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þòñÿ çíà÷åíèÿ f2(tk) =
k∑
l=1

π

2n
f(tl) + f(tk+n). Çàòåì âû÷èñëÿþòñÿ è

çàïîìèíàþòñÿ çíà÷åíèÿ cos tk, (cos tk − cos tk−1), k = 1, 2, . . . , N .
Äëÿ âû÷èñëåíèÿ çíà÷åíèé g(tk), (k=1, 2, . . ., N) ïî ñèñòåìå

ópàâíåíèé (2.3.7) ìîæíî ïîñòpîèòü âû÷èñëèòåëüíûé ïpîöåññ äîñòà-
òî÷íî ïpîñòîé ñòpóêòópû, ïîñëåäîâàòåëüíî âû÷èñëÿþùèé çíà÷åíèÿ
g(tN), g(tN−1), . . ., g(t1).

Çàìå÷àíèå 2.3.1. Àíàëîãè÷íûì îápàçîì ìîæíî ïîñòpîèòü àëãî-
pèòì âû÷èñëåíèÿ ÈÏÔ ïpè ïîäà÷å íà âõîä èññëåäóåìîãî îáúåêòà
ïîñëåäîâàòåëüíîñòè ïèëîîápàçíûõ è íåêîòîpûõ äpóãèõ ñèãíàëîâ.

2.4. Îïpåäåëåíèå èìïóëüñíîé ïåpåõîäíîé

ôóíêöèè ïpè íåíóëåâûõ íà÷àëüíûõ óñëîâèÿõ

Îäíîé èç âàæíûõ ïpîáëåì ïðè îïpåäåëåíèè èìïóëüñíîé ïå-
påõîäíîé ôóíêöèè ÿâëÿåòñÿ ïpîáëåìà ó÷åòà íåíóëåâûõ íà÷àëüíûõ
óñëîâèé. Ðàçëè÷íûå ìåòîäû påøåíèÿ ýòîé ïpîáëåìû äëÿ îáúåêòîâ,
ôóíêöèîíèpîâàíèå êîòîpûõ îïèñûâàåòñÿ ópàâíåíèåì

y(t) =

t∫
−∞

g(t− τ)x(τ)dτ, t ≥ 0, (2.4.1)

îïèñàíû â ìîíîãpàôèè [71].
Â ópàâíåíèè (2.4.1) ÷åpåç x(t) è y(t) îáîçíà÷åíû ñîîòâåòñòâåí-

íî âõîäíîé è âûõîäíîé ñèãíàëû, à ÷åpåç g(t) � èìïóëüñíàÿ ïåpåõîä-
íàÿ ôóíêöèÿ.

Îñíîâíûì íåäîñòàòêîì îïèñàííûõ â [71] ìåòîäîâ ÿâëÿþòñÿ
ñëåäóþùèå îáñòîÿòåëüñòâà:

1) äëÿ ó÷åòà íåíóëåâûõ íà÷àëüíûõ óñëîâèé íåîáõîäèìî âû÷èñ-
ëèòü ïpîèçâîäíûå y′(0), y′′(0) è áîëåå âûñîêèõ ïîpÿäêîâ;

2) äëÿ ó÷åòà íåíóëåâûõ íà÷àëüíûõ óñëîâèé èñïîëüçóåòñÿ pàç-

ëîæåíèå y(t) =
0∫

−∞
g(t−τ)x(τ)dτ â pÿä Òåéëîpà â îêpåñòíîñòè òî÷êè

t = 0. Òî÷íîñòü ýòîãî pàçëîæåíèÿ íåâåëèêà, îñîáåííî åñëè g(t) îò-
ëè÷íà îò íóëÿ íà ñåãìåíòå [0, T0] äîñòàòî÷íî áîëüøîé äëèíû.

Hèæå ïpåäëàãàåòñÿ ìåòîä òî÷íîãî påøåíèÿ çàäà÷è îïpåäåëå-
íèÿ ÈÏÔ, îñíîâàííûé íà ìåòîäàõ òåîpèè êpàåâûõ çàäà÷ [58].

Àíàëîãè÷íûé ìåòîä ïpåäëîæåí äëÿ äèñêpåòíûõ óñòpîéñòâ.
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2.4.1. Håïpåpûâíûå ñèñòåìû

Ïóñòü èìïóëüñíàÿ ïåpåõîäíàÿ ôóíêöèÿ ôèíèòíà ñ íîñèòåëåì
[0, T ]. Â ýòîì ñëó÷àå íà çíà÷åíèÿ y(t) ïpè t ≥ 0 íå âëèÿþò âõîäíûå
çíà÷åíèÿ x(t) èç ïpîìåæóòêà (−∞,−T ). Áóäåì ñ÷èòàòü, ÷òî èçâå-
ñòåí âõîäíîé ñèãíàë x(t) ïpè 0 ≤ t <∞. Äîîïpåäåëèì x(t), ïîëàãàÿ
x(t) = 0 íà èíòåpâàëå (−∞,−T ). Òpåáóåòñÿ îïpåäåëèòü ÈÏÔ g(t)
ïpè 0 ≤ t ≤ T.

Ââåäåì îáîçíà÷åíèÿ:

x+(t) =

{
x(t), t ≥ 0,
0, t < 0,

x−(t) =

{
−x(t), t < 0,
0, t ≥ 0;

àíàëîãè÷íûé ñìûñë èìåþò îáîçíà÷åíèÿ y+, y− è ò.ä.
Òîãäà ïpè t ≥ 0 ópàâíåíèå (2.4.1) ìîæíî ïpåäñòàâèòü â âèäå

y+(t) =

∞∫
−∞

g(t− τ)x+(τ)dτ −
∞∫

−∞

g(t− τ)x−(τ)dτ (t ≥ 0). (2.4.2)

Ýòî ópàâíåíèå ìîæíî pàñïpîñòpàíèòü íà âñþ ÷èñëîâóþ îñü,
ââåäÿ íåèçâåñòíóþ ôóíêöèþ y−(t).

Òîãäà ópàâíåíèå (2.4.2) ïpèìåò âèä

y+(t)− y−(t) =

∞∫
−∞

g(t− τ)x(τ)dτ. (2.4.3)

Ïpèìåíèì ê ópàâíåíèþ (2.4.3) ïpåîápàçîâàíèå Ôópüå. Ó÷è-
òûâàÿ, ÷òî ïî óñëîâèÿì ôèçè÷åñêîé påàëèçóåìîñòè g(t) = 0 ïpè
t < 0 è òî îáñòîÿòåëüñòâî [59], ÷òî ïpåîápàçîâàíèå Ôópüå ôóíêöèè
φ+(t)(φ−(t)), pàâíîé íóëþ íà (−∞, 0) ((0,∞)), ÿâëÿåòñÿ àíàëèòè÷å-
ñêîé ôóíêöèåé â âåpõíåé (íèæíåé) ïîëóïëîñêîñòè ïëîñêîñòè êîì-
ïëåêñíîé ïåpåìåííîé z, ïpèõîäèì ê êpàåâîé çàäà÷å:

Y +(ω)− Y −(ω) = G+(ω)X(ω). (2.4.4)

Çäåñü ÷åpåç Y +(ω)(Y −(ω)) îáîçíà÷åíû àíàëèòè÷åñêèå ôóíê-
öèè â âåpõíåé (íèæíåé) ïîëóïëîñêîñòè. Â ópàâíåíèè (2.4.4) íåèç-
âåñòíûìè ÿâëÿþòñÿ ôóíêöèè G+(ω) è Y −(ω).

Ðàññìîòpèì íåêîòîpûå ìåòîäû påøåíèÿ ópàâíåíèÿ (2.4.4). Èç-
âåñòíû [59] àíàëèòè÷åñêèå ìåòîäû påøåíèÿ ópàâíåíèÿ (2.4.4). Äëÿ
óäîáñòâà ïpåäñòàâèì (2.4.4) â ïpèíÿòîé â òåîpèè êpàåâûõ çàäà÷ ôîp-
ìå, ïîëîæèâ

F+(ω) = G+(ω), F−(ω) = Y −(ω),
D(ω) = −1/X(ω), H(ω) = Y +(ω)/X(ω).
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Òîãäà ópàâíåíèå (2.4.4) èìååò âèä

F+(ω) = D(ω)F−(ω) +H(ω). (2.4.5)

Ðåøåíèå ópàâíåíèÿ (2.4.5) ïpè pàçëè÷íûõ ïpåäïîëîæåíèÿõ îò-
íîñèòåëüíî ôóíêöèé D(ω) è H(ω) ïðèâåäåíî â ìîíîãpàôèè [59] (ñì.
òàêæå ðàçä. 1.8). Hàéäÿ ôóíêöèþ F+(ω) = G+(ω), ëåãêî âû÷èñëèòü
ÈÏÔ g(t) ïî èçâåñòíûì êâàäpàòópíûì [76] ôîpìóëàì ïpåîápàçîâà-
íèÿ Ôópüå.

Håäîñòàòêîì ýòîãî ìåòîäà ÿâëÿåòñÿ åãî ãpîìîçäêîñòü, çàêëþ-
÷àþùàÿñÿ â íåîáõîäèìîñòè âû÷èñëÿòü ïpÿìîå è îápàòíîå ïpåîápàçî-
âàíèÿ Ôópüå è âû÷èñëÿòü äîñòàòî÷íî ñëîæíûå èíòåãpàëû, êîòîpû-
ìè îïèñûâàåòñÿ påøåíèå êpàåâîé çàäà÷è (2.4.5).

Ïîýòîìó â ïpàêòè÷åñêîì îòíîøåíèè áîëåå ïpåäïî÷èòåëüíûì
ÿâëÿåòñÿ èòåpàöèîííûé ìåòîä, êîòîpûé ÿâëÿåòñÿ pàçâèòèåì påçóëü-
òàòîâ pàáîòû [39].

Ïpåäïîëîæèì, ÷òî äëÿ ôóíêöèè X(ω) âûïîëíåíî óñëîâèå A
[40]: çíà÷åíèÿ ôóíêöèè X(ω) ëåæàò âíóòpè óãëà pàñòâîpà ìåíüøåãî
π ñ âåpøèíîé â íà÷àëå êîîpîäèíàò, ïpè÷åì ïpè êîíå÷íûõ çíà÷åíèÿõ
ω X(ω) ̸= 0. Òîãäà ñóùåñòâóåò òàêàÿ êîíñòàíòà γ, ÷òî

sup
−∞≤ω≤∞

|1 + γX(ω)| ≤ 1.

Ââåäåì ôóíêöèè φ(t) = φ+(t)− φ−(t), ãäå

φ+(t) = g(t), φ−(t) = γy−(t) èh(t) = γy+(t).

Òîãäà ópàâíåíèå (2.4.3) ìîæíî çàïèñàòü â âèäå

h(t)− φ−(t) = γ

∞∫
−∞

φ+(t− τ)x(τ)dτ.

Ïpèáàâëÿÿ ê îáåèì ÷àñòÿì ïîñëåäíåãî ópàâíåíèÿ ôóíêöèþ
φ+(t), èìååì

φ(t) = φ+(t) + γ

∞∫
−∞

φ+(t− τ)x(τ)dτ − h(t).

Îápàçóåì èòåpàöèîííûé ïpîöåññ

φn+1(t)=αnφn(t)+(1−αn)(φ+
n (t)+γ

∞∫
−∞

x(t−τ)φ+
n (τ)dτ−h(t)),

(2.4.6)
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ãäå 0<α≤αn < 1−β, α, β>0, è äîêàæåì åãî ñõîäèìîñòü â ìåòpèêå
ïpîñòpàíñòâà L2(−∞,∞) :

∥φn+1 − φn∥ ≤ αn∥φn − φn−1∥+ (1− αn)∥(φ+
n (t)− φ+

n−1(t))+

+γ
∞∫

−∞
x(t− τ)(φ+

n (τ)− φ+
n−1(τ))dτ ≤ ∥αn∥φn − φn−1∥+

+(1− αn)∥(Φ+
n (ω)− Φ+

n−1(ω)) + γX(ω)(Φ+
n (ω)− Φ+

n−1(ω))∥ ≤
≤ αn∥φn−φn−1∥+(1−αn) sup

−∞≤ω≤∞
|1+γX(ω|∥Φ+

n (ω)−Φ+
n−1(ω)∥≤

≤ ∥φn − φn−1∥.

Èç ýòîãî íåpàâåíñòâà è påçóëüòàòîâ, èçëîæåííûõ â ðàçä. 1.3.1,
ñëåäóåò, ÷òî èòåpàöèîííûé ïpîöåññ (2.4.6) ñõîäèòñÿ ê ôóíêöèè φ∗(t).
Òàêèì îápàçîì, g(t) = φ∗+(t).

2.4.2. Äèñêpåòíûå ñèñòåìû

Ðàññìîòpèì óñòpîéñòâî, ôóíêöèîíèpîâàíèå êîòîpîãî îïèñû-
âàåòñÿ ópàâíåíèåì

∞∑
k=−∞

g(l − k)x(k) = f(l), l = . . .− n, . . . ,−1, 0, 1, . . . , n . . . (2.4.7)

Çäåñü x è f− âõîäíîé è âûõîäíîé ñèãíàëû; g(k) � èìïóëüñíàÿ
ïåpåõîäíàÿ ôóíêöèÿ, èç óñëîâèÿ ôèçè÷åñêîé påàëèçóåìîñòè êîòîpîé
ñëåäóåò, ÷òî g(k) = 0 ïpè k ≤ 0.

Òðåáóåòñÿ îïpåäåëèòü èìïóëüñíóþ ïåpåõîäíóþ ôóíêöèþ g(k)
ïpè íåèçâåñòíûõ íà÷àëüíûõ óñëîâèÿõ. Áóäåì ñ÷èòàòü, ÷òî g(k) ôè-
íèòíà ñ íîñèòåëåì [0, N ].

Ïóñòü èçâåñòíû çíà÷åíèÿ x(k) ïðè −N ≤ k ≤ N è f(l) ïpè
0 ≤ l ≤ N1 +N, ãäå N1− ìîìåíò îêîí÷àíèÿ pàáîòû îáúåêòà.

Ââåäÿ îáîçíà÷åíèÿ

x+(k) =

{
x(k) ïðè k ≥ 0,
0 ïðè k < 0,

x−(k) =

{
0 ïðè k ≥ 0,

−x(k) ïðè k < 0

è àíàëîãè÷íûå îáîçíà÷åíèÿ äëÿ g(k) è f(k), ópàâíåíèÿ (2.4.7) ïpåä-
ñòàâèì â âèäå

∞∑
k=−∞

g+(l − k)x(k) = f+(l)− f−(l), l = −∞, . . . , N +N1. (2.4.8)

Â ópàâíåíèè (2.4.8) íåèçâåñòíûìè ÿâëÿþòñÿ ôóíêöèè g+(k)
è f−(k). Ïpèìåíèì ê óðàâíåíèþ (2.4.8) äèñêpåòíîå ïpåîápàçîâàíèå
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Ôópüå. Â påçóëüòàòå ïpèõîäèì [59] (ñì. òàêæå ðàçä. 1.8) ê êpàåâîé
çàäà÷å Ðèìàíà:

G+(t)X(t) = F+(t)− F−(t), |t| = 1, (2.4.9)

ãäå

X(t) =
N∑

k=−N

x(k)eikθ =
N∑

k=−N

x(k)tk.

Òàê êàê g(k) = 0 ïpè k < 0, à f−(l) = 0 ïpè l > 0, òî ôóíê-
öèè G+(t), F+(t), (F−(t))− ïpåäåëüíûå çíà÷åíèÿ ôóíêöèé àíàëèòè-
÷åñêèõ âíóòpè (âíå) åäèíè÷íîé îêpóæíîñòè ñ öåíòpîì â íà÷àëå êî-
îpîäèíàò.

Òàêèì îápàçîì, çàäà÷à îïpåäåëåíèÿ èìïóëüñíîé õàpàêòåpè-
ñòèêè îáúåêòà ñ íåèçâåñòíûìè íà÷àëüíûìè óñëîâèÿìè ñâåäåíà ê
êpàåâîé çàäà÷å Ðèìàíà

G+(t) = − 1

X(t)
F−(t) +

F+(t)

X(t)
(2.4.10)

ñ íåèçâåñòíûìè ôóíêöèÿìè G+(t) è F−(t). Ïîëíîå påøåíèå ýòîé
çàäà÷è ïpèâåäåíî â [58,59] (ñì. òàêæå ðàçä. 1.8).

Äëÿ ðåøåíèÿ óðàâíåíèÿ (2.4.10) ìîæíî òàêæå ïîñòðîèòü èòå-
ðàöèîííûé ìåòîä, àíàëîãè÷íûé (2.4.6).

2.5. Ìåòîä ïðåîáðàçîâàíèé ïðè èäåíòèôèêàöèè

äèíàìè÷åñêèõ ñèñòåì4

Àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îïðåäåëåíèÿ äèíàìè÷åñêèõ õà-
ðàêòåðèñòèê ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, îïèñûâàåìûõ
óðàâíåíèÿìè Âîëüòåððà:

t∫
0

g(t, τ)x(τ)dτ = f(t), (2.5.1)

óðàâíåíèÿìè íà ïîëóîñè:

∞∫
0

g(t, τ)x(τ)dτ = f(t), (2.5.2)

4Äàííûé ðàçäåë íàïèñàí ïî ìàòåðèàëàì ðàáîò [26,34,35].

77



è óðàâíåíèÿìè íà îñè:
∞∫

−∞

g(t, τ)x(τ)dτ = f(t). (2.5.3)

Óðàâíåíèå (2.5.1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ (2.5.2).
Äåéñòâèòåëüíî, ââåäÿ ôóíêöèþ K(t, τ) = 1 ïðè t ≥ τ è K(t, τ) = 0
ïðè t < τ, óðàâíåíèå (2.5.1) ìîæíî ïðåäñòàâèòü â âèäå

∞∫
0

K(t, τ)g(t, τ)x(τ)dτ = f(t). (2.5.4)

Îïèøåì íåñêîëüêî ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè,
êîòîðûå ïðèâîäÿò ê óðàâíåíèÿì âèäà (2.5.2).

Îäíà èç òàêèõ ñèñòåì ìîäåëèðóåòñÿ çàäà÷åé Êîøè äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè. Íàïîìíèì îïðåäåëåíèå çàäà÷è Êîøè äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Çàäà÷à Êîøè. Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(x, t), îïðå-
äåëåííóþ â îáëàñòè −∞ < x <∞, t > 0, óäîâëåòâîðÿþùóþ óðàâíå-
íèþ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

∂2u

∂x2
;−∞ < x <∞, t > 0, (2.5.5)

è íà÷àëüíîìó óñëîâèþ

u(x, 0) = φ(x),−∞ < x <∞. (2.5.6)

Èçâåñòíî [47,131] èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è
Êîøè (2.5.5), (2.5.6):

u(x, t) =

∞∫
−∞

G(x, ξ, t)φ(ξ)dξ, (2.5.7)

ãäå

G(x, ξ, t) =
1

2
√
πat

e−
(x−ξ)2

4at . (2.5.8)

Ïîñòàíîâêà çàäà÷è. Èçâåñòíî íà÷àëüíîå óñëîâèå

φ(x) =

{
φ0(x), x ≥ 0,

0, t < 0
(2.5.9)

è ðåøåíèå çàäà÷è Êîøè (2.5.5), (2.5.6) â òî÷êå x = 0. Òðåáóåòñÿ
íàéòè êîýôôèöèåíò a.
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Èç óðàâíåíèÿ (2.5.7) ñëåäóåò, ÷òî

u(0, t) =

t∫
0

G(0, ξ, t)φ0(ξ)dξ. (2.5.10)

Ñ÷èòàÿ φ0(ξ) âõîäíûì ñèãíàëîì, u(0, t) âûõîäíûì ñèãíàëîì,
çàäà÷ó ìîæíî ñâåñòè ê íàõîæäåíèþ ôóíêöèè G(0, ξ, t).

Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ êîýôôèöèåíòà a óðàâíå-
íèÿ òåïëîïðîâîäíîñòè (2.5.5) ñâîäèòñÿ ê ðåøåíèþ èíòåãðàëüíîãî
óðàâíåíèÿ (2.5.2).

Àíàëîãè÷íàÿ ñâÿçü ìåæäó êðàåâûìè çàäà÷àìè è èíòåãðàëüíû-
ìè óðàâíåíèÿìè âèäà (2.5.1), (2.5.2) èìååò ìåñòî è äëÿ ãèïåðáîëè-
÷åñêèõ è ýëëèïòè÷åñêèõ óðàâíåíèé.

Â ðàáîòå [25] ïðåäëîæåí àëãîðèòì ïðèáëèæåííîãî íàõîæäåíèÿ
ôóíêöèè g(t, τ) ïðè ïîäà÷å íà âõîä ñòóïåí÷àòûõ ñèãíàëîâ. Ýòîò ìå-
òîä èçëîæåí â ðàçä. 2.6.1.

Ñîâåðøåííî åñòåñòâåííî ïîñòàâèòü çàäà÷ó íàõîæäåíèÿ ôóíê-
öèè g(t, τ) ïðè íàèìåíüøåì ÷èñëå âõîäíûõ ñèãíàëîâ. Íåâîçìîæíî
îïðåäåëèòü ôóíêöèþ g(t, τ) äâóõ íåçàâèñèìûõ ïåðåìåííûõ ïîäà-
÷åé íà âõîä îäíîãî ñèãíàëà x(t), çàâèñÿùåãî îò îäíîé íåçàâèñèìîé
ïåðåìåííîé. Ïîýòîìó ðàçðàáîòêà ìåòîäà âîññòàíîâëåíèÿ ôóíêöèè
g(t, τ) ïî äâóì âõîäíûì ñèãíàëàì ïðåäñòàâëÿåò çíà÷èòåëüíûé èí-
òåðåñ (îñîáåííî â ñëó÷àÿõ, êîãäà ïðîâåäåíèå èñïûòàíèé äîðîãî èëè
çàíèìàåò ìíîãî âðåìåíè).

Âàæíûì ìîìåíòîì ïðè ñîçäàíèè ñèñòåì àâòîìàòè÷åñêîãî óïðàâ-
ëåíèÿ ÿâëÿåòñÿ èññëåäîâàíèå ñëåäóþùèõ õàðàêòåðèñòèê ñèñòåì [138]:

� âðåìÿ ïåðåðåãóëèðîâàíèÿ (âðåìÿ ïåðåõîäíîãî ïðîöåññà);
� ïåðåðåãóëèðîâàíèå;
� ñòàòèñòè÷åñêîå îòêëîíåíèå;
� ÷àñòîòà êîëåáàíèé ïðîöåññà;
� âðåìÿ óñòàíîâëåíèÿ;
� äåêðåìåíò çàòóõàíèÿ.
Äëÿ èññëåäîâàíèÿ ýòèõ õàðàêòåðèñòèê íåîáõîäèìî ðàñïîëà-

ãàòü ìåòîäàìè íàõîæäåíèÿ ïåðåõîäíûõ ôóíêöèé èëè, ÷òî òî æå
ñàìîå, èìïóëüñíûõ ïåðåõîäíûõ ôóíêöèé ñèñòåì óïðàâëåíèÿ. Ýòèì
âîïðîñàì ïîñâÿùåí äàííûé ðàçäåë. Ïðåäëàãåìûé ìåòîä îñíîâàí íà
èíòåãðàëüíûõ ïðåîáðàçîâàíèÿõ äëÿ íåïðåðûâíûõ ñèñòåì è Z-ïðåîá-
ðàçîâàíèè äëÿ äèñêðåòíûõ. Â êà÷åñòâå èíòåãðàëüíûõ ïðåîáðàçîâà-
íèé ðàññìàòðèâàþòÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëàïëàñà, Ôóðüå,
Ìåëëèíà, Õàðòëè.
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2.5.1. Íåïðåðûâíûå ñèñòåìû

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

b∫
a

g(t, τ)x(τ)dτ = y(t), a = 0,−∞; b = t,∞, (2.5.11)

êîòîðîìó ïîñòàâèì â ñîîòâåòñòâèå èíòåãðàëüíîå ïðåîáðàçîâàíèå

b∫
a

k(λ, t)φ(t)dt = Φ(λ), a = 0,−∞; b = t,∞; (2.5.12)

ïðåäåëüíûå çíà÷åíèÿ â (2.5.11) è (2.5.12) ñîãëàñîâàíû äðóã ñ äðóãîì.
Ïóñòü ôóíêöèÿ g(t, τ) óäîâëåòâîðÿåò óñëîâèþ

b∫
a

k(λ, t)g(t, τ)dt = G(λ)k(q(λ), τ), (2.5.13)

ãäå q(λ)− íåêîòîðàÿ ôóíêöèÿ.
Òîãäà, ïðèìåíÿÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå (2.5.12) ê óðàâ-

íåíèþ (2.5.11), ïîëó÷èì

G(λ)X(q(λ)) = Y (λ), (2.5.14)

ãäå X(λ), Y (λ)− èíòåãðàëüíûå ïðåîáðàçîâàíèÿ (2.5.12) ôóíêöèé
x(t), y(t).

Äåéñòâèòåëüíî, ïðèìåíèì èíòåãðàëüíîå ïðåîáðàçîâàíèå (2.5.12)
ê óðàâíåíèþ (2.5.11). Ó÷èòûâàÿ (2.5.13), èìååì

b∫
a

k(λ, t)

 b∫
a

g(t, τ)x(τ)dτ

 dt =

b∫
a

x(τ)

 b∫
a

k(λ, t)g(t, τ)dt

 dτ =

=

b∫
a

x(τ)G(λ)k(q(λ), τ)dτ = G(λ)X(q(λ)).

Îòêóäà ñëåäóåò ñïðàâåäëèâîñòü (2.5.14).

Çàìå÷àíèå 2.5.1. Â êà÷åñòâå ïðåîáðàçîâàíèÿ (2.5.13) ìîæåò âû-
ñòóïàòü ëþáîå èçâåñòíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå.
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Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì
(2.5.11) ïðè âõîäíîì ñèãíàëå x(t), âûõîäíîì ñèãíàëå f(t), èìïóëüñ-
íîé ïåðåõîäíîé ôóíêöèè g(t, τ), óäîâëåòâîðÿþùåé óñëîâèþ (2.5.13).

Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèþ g(t, τ).
Ïîäàâàÿ íà âõîä ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (2.5.11),

äâà ëèíåéíî íåçàâèñèìûõ âõîäíûõ ñèãíàëà x1(t) è x2(t), ïîëó÷èì
ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé:

b∫
a

g(t, τ)xi(τ)dτ = fi(t), i = 1, 2, (2.5.15)

ãäå fi(t) � âûõîäíûå ñèãíàëû, i = 1, 2.
Ïðèìåíÿÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå (2.5.12) ê ñèñòåìå èí-

òåãðàëüíûõ óðàâíåíèé (2.5.15), ïîëó÷èì ñèñòåìó íåëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé{

G(s)X1(q(s)) = F1(s),
G(s)X2(q(s)) = F2(s)

(2.5.16)

ñ íåèçâåñòíûìè ôóíêöèÿìèG(s) è q(s). Ðåøàÿ ñèñòåìó (2.5.16) îòíî-
ñèòåëüíî ýòèõ ôóíêöèé, íàõîäèì G(s) è q(s). Ôóíêöèÿ g(t, τ) áóäåò
íàõîäèòüñÿ èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

b∫
a

k(λ, t)g(t, τ)dt = G(λ)k(q(λ), τ),

èëè â ðåçóëüòàòå ïðèìåíåíèÿ ê (2.5.13) ïðåîáðàçîâàíèÿ, êîòîðîå ÿâ-
ëÿåòñÿ îáðàòíûì äëÿ (2.5.12) (åñëè îíî èçâåñòíî).

Çàìå÷àíèå 2.5.2. Äëÿ îïðåäåëåíèÿ ÈÏÔ g(t, τ) ñèñòåìû, îïèñûâà-
åìîé èíòåãðàëüíûì óðàâíåíèåì (2.5.11) ïðè âõîäíîì ñèãíàëå x(t),
âûõîäíîì ñèãíàëå f(t) è èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t, τ),
ìîæíî èñïîëüçîâàòü ëèíåéíóþ êîìáèíàöèþ èíòåãðàëüíûõ ïðåîá-
ðàçîâàíèé.

2.5.1.1. Ïðåîáðàçîâàíèå Ëàïëàñà

Ïðåäëîæåí àëãîðèòì âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè äèíàìè÷åñêîé ñèñòåìû ïî äâóì òåñòîâûì ñèãíàëàì, îáîñ-
íîâàíèå êîòîðîãî îïèðàåòñÿ íà îáîáùåííóþ òåîðåìó Áîðåëÿ [185].

Íèæå ýòà òåîðåìà èñïîëüçóåòñÿ â ñëåäóþùåì ìîäèôèöèðîâàí-
íîì âèäå.
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Ðàññìîòðì äâà èíòåãðàëüíûõ óðàâíåíèÿ Êàðñîíà:
∞∫
0

e−ptφ(t)dt = Φ(p) (2.5.17)

è ∞∫
0

e−ptφ1(t)dt = Φ1(p). (2.5.18)

Ïóñòü èçâåñòíî ðåøåíèå φ∗(t) óðàâíåíèÿ (2.5.17). Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóþò àíàëèòè÷åñêèå ôóíêöèè q(p) è u(p) òàêèå,
÷òî ïðàâûå ÷àñòè óðàâíåíèé (2.5.17) è (2.5.18) ñâÿçàíû ôîðìóëîé

Φ1(p) = Φ(q(p))u(p). (2.5.19)

Òåîðåìà 2.5.1. Ïóñòü äàíû äâà óðàâíåíèÿ Êàðñîíà (2.5.17) è (2.5.18).
Ïóñòü φ∗(t) � ðåøåíèå óðàâíåíèÿ (2.5.17), à ïðàâûå ÷àñòè óðàâíå-
íèé (2.5.17) è (2.5.18) ñâÿçàíû ôîðìóëîé (2.5.19). Òîãäà ðåøåíèå
óðàâíåíèÿ (2.5.18) äàåòñÿ ôîðìóëîé

φ∗
1(t) =

∞∫
0

ψ(t, τ)φ∗(τ)dτ, (2.5.20)

ãäå ôóíêöèÿ ψ(τ, t) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

∞∫
0

ψ(t, τ)e−ptdt = e−τq(p)u(p). (2.5.21)

Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (2.5.17) îïðåäåëÿåòñÿ ôîðìó-
ëîé Áðîìâè÷à:

φ∗(t) =
1

2πi

σ+i∞∫
σ−i∞

eptΦ(p)dp. (2.5.22)

Ïîäñòàâëÿÿ â (2.5.17) q(p) âìåñòî p, èìååì

Φ(q(p)) =

∞∫
0

e−tq(p)φ∗(t)dt. (2.5.23)

Ïðèìåíÿÿ ê (2.5.18) ôîðìóëó Áðîìâè÷à, ïîëó÷àåì

φ∗
1(t) =

1

2πi

σ+i∞∫
σ−i∞

eptΦ(q(p))u(p)dp. (2.5.24)
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Ïîäñòàâëÿÿ (2.5.23) â (2.5.24), ïîëó÷èì, ïîìåíÿâ ïîðÿäîê èí-
òåãðèðîâàíèÿ:

φ∗
1(t) =

1

2πi

σ+i∞∫
σ−i∞

ept

 ∞∫
0

e−τq(p)φ∗(τ)dτ

u(p)dp =

=
1

2πi

∞∫
0

φ∗(τ)

 σ+i∞∫
σ−i∞

e−τq(p)+ptu(p)dp

 dτ. (2.5.25)

Ïîëîæèì

1

2πi

σ+i∞∫
σ−i∞

e−τq(p)+ptu(p)dp = ψ(t, τ). (2.5.26)

Òîãäà, ó÷èòûâàÿ (2.5.25), (2.5.26), ïîëó÷èì

∞∫
0

e−ptψ(t, τ)dt = e−τq(p)u(p). (2.5.27)

Ñëåäîâàòåëüíî, óðàâíåíèå (2.5.18) èìååò ðåøåíèå

φ∗
1(t) =

∞∫
0

ψ(t, τ)φ∗(τ)dτ. (2.5.28)

Òåîðåìà äîêàçàíà.
Îòìåòèì, ÷òî ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå: åñëè âû-

ïîëíåíî óñëîâèå (2.5.21) è ôóíêöèÿ φ∗(t) ÿâëÿåòñÿ ðåøåíèåì óðàâ-
íåíèÿ (2.5.17), òî ôóíêöèÿ φ∗

1(t), îïðåäåëÿåìàÿ ðàâåíñòâîì (2.5.20),
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.5.18).

Â ñàìîì äåëå,

∞∫
0

e−ptφ∗
1(t)dt =

∞∫
0

e−pt
∞∫
0

ψ(t, τ)φ∗(τ)dτdt =

=
∞∫
0

φ∗(τ)

(∞∫
0

e−ptψ(t, τ)dt

)
dτ =

=
∞∫
0

φ∗(τ)e−τq(p)u(p)dτ =

= u(p)
∞∫
0

φ∗(τ)e−τq(p)dτ = u(p)Φ∗(q(p)),
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ò.å. Φ∗
1(p) = Φ∗(q(p))u(p). Çäåñü Φ∗(p) è Φ∗

1(p)− ïðåîáðàçîâàíèå Ëà-
ïëàñà ôóíêöèé φ∗(t) è φ∗

1(t).
Ïðèìåíåíèå îáîáùåííîé òåîðåìû Áîðåëÿ ïîçâîëÿåò îïðåäå-

ëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ äëÿ øèðîêîãî êëàññà ïðå-
îáðàçîâàòåëåé.

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ èíòåãðàëü-
íûì óðàâíåíèåì

∞∫
0

g(t, τ)x(τ)dτ = f(t). (2.5.29)

Çäåñü x(t) � âõîäíîé ñèãíàë, f(t)− âûõîäíîé ñèãíàë. Òðåáóåòñÿ
âîññòàíîâèòü ôóíêöèþ g(t, τ). Ïóñòü ôóíêöèÿ g(t, τ) óäîâëåòâîðÿåò
ñëåäóþùåìó óñëîâèþ: ñóùåñòâóþò àíàëèòè÷åñêèå â ïîëóïëîñêîñòè
Rep ≥ σ(σ = const) ôóíêöèè q(p) è u(p) òàêèå, ÷òî ïðåîáðàçîâàíèå
Ëàïëàñà ôóíêóöèè g(t, τ) ïî ïåðåìåííîé t óäîâëåòâîðÿåò óñëîâèþ

G(p, τ) = u(p)e−τq(p), (2.5.30)

èëè ∞∫
0

e−ptg(t, τ)dτ = e−τq(p)u(p), Rep ≥ σ. (2.5.31)

Íàçîâåì ýòî ðàâåíñòâî óñëîâèåì (q, u). Ïóñòü X(p) � ïðåîá-
ðàçîâàíèå Ëàïëàñà ôóíêöèè x(t); F (p) � ïðåîáðàçîâàíèå Ëàïëàñà
ôóíêöèè f(t). Òîãäà èçîáðàæåíèå óðàâíåíèÿ (2.5.29) áóäåò èìåòü
âèä

F (p) = X(q(p))u(p), (2.5.32)

òîãäà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(t, τ) îïðåäåëÿåòñÿ ôîðìó-
ëîé

g(t, τ) =
1

2πi

σ+i∞∫
σ−i∞

e−τq(p)u(p)eptdp. (2.5.33)

Âû÷èñëÿÿ èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû (2.5.33) ïî êâàä-
ðàòóðíûì ôîðìóëàì [8], ïîëó÷àåì ïðèáëèæåííîå çíà÷åíèå èìïóëüñ-
íîé ïåðåõîäíîé ôóíêöèè.

Îòìåòèì, ÷òî óñëîâèå (2.5.30), (2.5.31) âûïîëíÿåòñÿ äëÿ øè-
ðîêîãî êëàññà èìïóëüñíûõ ïåðåõîäíûõ ôóíêöèé. Â ÷àñòíîñòè, åìó
óäîâëåòâîðÿþò ÿäðà âèäà g(t− τ).
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Ïðîäåìîíñòðèðóåì ýôôåêòèâíîñòü ýòîãî àëãîðèòìà íà ïðèìå-
ðå êëàññè÷åñêîãî óðàâíåíèÿ Àáåëÿ.

Ïðèìåð 2.5.1. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ
óðàâíåíèåì

t∫
0

g(t, τ)x(τ)dτ = f(t). (2.5.34)

Ïóñòü ÈÏÔ ñèñòåìû (2.5.34) èìååò âèä

g(t, τ) =

{ 1√
t−τ , t ≥ τ,

0, t < τ.

Òðåáóåòñÿ, ïðè èçâåñòíûõ
� âõîäíîì ñèãíàëå

x(t) =

{
1
2 , t ≥ 0,
0, t < 0,

� âûõîäíîì ñèãíàëå

f(t) =

{ √
t, t ≥ 0,
0, t < 0

îïðåäåëèòü ÈÏÔ ñèñòåìû (2.5.34)

Ðåøåíèå.Ïðåîáðàçîâàíèÿ Ëàïëàñà âõîäíîãî è âûõîäíîãî ñèã-
íàëîâ áóäóò ðàâíû

X(p) =
1

2p
,

F (p) =

√
π

2p
3
2

=
1

2p

√
π

√
p
.

(2.5.35)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ g(t, τ) óäîâëåòâîðÿåò óñëîâèþ (q, p)
(2.5.30), (2.5.31), òîãäà

X(q(p))u(p) = F (p), (2.5.36)

ãäå ôóíêöèè q(p) è u(p) àíàëèòè÷åñêèå â ïîëóïëîñêîñòè Rez ≥ σ.
Òîãäà èç ðàâåíñòâ (2.5.35), (2.5.36) èìååì

F (p) =

√
π

p
X(p),
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ñëåäîâàòåëüíî,

q(p) = p, u(p) =

√
π

√
p
.

Èç ôîðìóëû (2.5.30) ñëåäóåò, ÷òî G(p, τ) =
√

π
pe

−τp. Ýòî ñî-

îòâåòñâóåò îðèãèíàëó g(t, τ) = 1√
t−τ , êîòîðûé ñîâïàäàåò ñ òî÷íûì

ðåøåíèåì.
Òàêèì îáðàçîì, äîêàçàíî, ÷òî ôóíêöèîíèðîâàíèå ñèñòåìû îïè-

ñûâàåòñÿ óðàâíåíèåì ∫ t

0

1√
t− τ

x(τ)dτ = y(t).

Ïðèìåð 2.5.2. Ðàññìîòðèì ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì

∞∫
0

g(t, τ)x(τ)dτ = f(t),

ãäå

g(t, τ) =

{
1√
πt
e−

τ2

4t , t ≥ τ,

0, t < τ.

Â êà÷åñòâå âõîäíîãî ñèãíàëà âîçüìåì

x(t) =

{
cos t, t ≥ 0,
0, t < 0.

Âûõîäíîé ñèãíàë ïðåäñòàâèì ôóíêöèåé

f(t) =

{
e−t, t ≥ 0,
0, t < 0.

Ïðåîáðàçîâàíèÿ Ëàïëàñà âõîäíîãî è âûõîäíîãî ñèãíàëîâ áóäóò
ðàâíû

X(p) =
p

p2 + 1
, F (p) =

1

p+ 1
.

Ïðåäïîëàãàÿ, ÷òî èìååò ìåñòî ïðåäñòàâëåíèå F (p)=X(q(p))u(p), èìå-
åì q(p)=

√
p, è u(p)= 1√

p .
Äåéñòâèòåëüíî,

X(q(p))u(p) =
q(p)

q2(p) + 1

1
√
p
=

√
p

p+ 1

1
√
p
=

1

p+ 1
= F (p).
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Çíà÷èò (ïî òåîðåìå Áîðåëÿ) G(p, τ)=
e−τ

√
p

√
p
, ãäå G(p, τ) � ïðå-

îáðàçîâàíèå Ëàïëàñà ïî ïåðâîé ïåðåìåííîé ôóíêöèè g(t, τ).

Îðèãèíàë g(t, τ) ôóíêöèè G(p, τ) ðàâåí g(t, τ)=
e−

τ2

4t

√
πt
, ÷òî ñîâ-

ïàäàåò ñ òî÷íûì ðåøåíèåì.
Óñòàíîâëåíèå ñïðàâåäëèâîñòè ôîðìóëû F (p) = X(q(p))u(p)

÷àñòî ÿâëÿåòñÿ ñëîæíîé òåõíè÷åñêîé çàäà÷åé.
Ïîýòîìó ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ ïðèìåíèì ñëåäó-

þùèé ìåòîä. Ïðåäïîëîæèì, ÷òî ïðåîáðàçîâàíèå Ëàïëàñà G(p, τ)
ôóíêöèè g(t, τ) ïî ïåðåìåííîé t èìååò âèä

G(p, τ) =
N∑
k=1

e−τqk(p)uk(p), (2.5.37)

ãäå qk(p) è uk(p), k = 1, 2, . . . , n, � ìíîæåñòâà àíàëèòè÷åñêèõ â íåêî-
òîðîé ïîëóïëîñêîñòè Rez ≥ σ ôóíêöèé.

Çàìå÷àíèå 2.5.3. Îòìåòèì, ÷òî íåñìîòðÿ íà òî, ÷òî ôóíêöèÿ
g(t, τ) è, ñëåäîâàòåëüíî, ôóíêöèÿ G(p, τ), íåèçâåñòíû, èç õàðàêòå-
ðà çàäà÷è ÷àñòî ñòàíîâèòñÿ ÿñíî, ÷òî ðàçëîæåíèå âèäà (2.5.37)
èìååò ìåñòî. Â ÷àñòíîñòè, îíî èìåò ìåñòî ïðè ðåøåíèè îá-
ðàòíûõ çàäà÷, îïèñûâàåìûõ ïàðàáîëè÷åñêèìè è ãèïåðáîëè÷åñêèìè
óðàâíåíèÿìè.

Â ýòîì ñëó÷àå, ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ
(2.5.29) è ó÷èòûâàÿ ðàçëîæåíèå (2.5.37), ïîëó÷èì

∞∫
0

x(τ)

 ∞∫
0

e−ptg(t, τ)dt

 dτ =

=

∞∫
0

x(τ)

(
N∑
k=1

e−τqk(p)uk(p)

)
dτ =

N∑
k=1

uk(p)

∞∫
0

x(τ)e−τqk(p)dτ =

=
N∑
k=1

uk(p)X(qk(p)) = F (p). (2.5.38)

Èç óðàâíåíèÿ (2.5.38) ñëåäóåò, ÷òî ïîäàâàÿ íà âõîä äèíàìè-
÷åñêîé ñèñòåìû (2.5.29) 2N ëèíåéíî íåçàâèñèìûõ ñèãíàëîâ xi(t),
i = 1, 2, ..., 2N, ïîëó÷àåì ñèñòåìó èç 2N íåëèíåéíûõ óðàâíåíèé

N∑
k=1

uk(p)Xi(qk(p)) = Fi(p), i = 1, 2, ..., 2N. (2.5.39)
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Äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé (2.5.39) ìîæíî âîñïîëüçî-
âàòüñÿ èçâåñòíûìè â âû÷èñëèòåëüíîé ìàòåìàòèêå ìåòîäàìè ðåøå-
íèÿ ñèñòåì íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâàíåíèé [8]. Íàéäÿ ôóíê-
öèè uk(p), qk(p), ôóíêöèþ g(t, τ)íàõîäèì, ïðèìåíÿÿ èíòåãðàë Áðîì-

âè÷à ê ôóíêöèè G(p, τ) =
N∑
k=1

e−τqk(p)uk(p) :

g(t, τ) =
1

2πi

σ0+i∞∫
σ0−i∞

eptG(p, t)dp.

Ïðèìåð 2.5.3. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ
óðàâíåíèåì

∞∫
0

g(t, τ)x(τ)dτ = f(t),

ãäå

g(t, τ) =


1√
πt
e−

τ2

4t +
1√
τ
e−α

√
tτ , t ≥ τ.

0, t < τ.

Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì (çäåñü N = 2 â ðàçëî-
æåíèè (2.5.37))

x1(t) =

{
1, t ≥ 0,
0, t < 0;

x2(t) =

{
t, t ≥ 0,
0, t < 0;

x3(t) =

{
1
2t

2, t ≥ 0,
0, t < 0;

x4(t) =

{
1
6t

3, t ≥ 0,
0, t < 0.

Ðåøåíèå.Èçîáðàæåíèåì âõîäíûõ è âûõîäíûõ ñèãíàëîâ áóäóò
ôóíêöèè

X1(p) =
1

p
;X2(p) =

1

p2
;X3(p) =

1

p3
;X4(p) =

1

p4
;

F1(p) =
1

p
+

2
√
πp

;F2(p) =
1

p
√
p
+

8p

α
√
πp

;

F3(p) =
1

p2
+

32p2

α2√πp
;F4(p) =

1

p2
√
p
+

128p3

α3√πp
.

Â ðåçóëüòàòå ñèñòåìà óðàâíåíèé (2.5.39) ïðèìåò âèä
u1y1 + u2y2 = F1,
u1y

2
1 + u2y

2
2 = F2,

u1y
3
1 + u2y

3
2 = F3,

u1y
4
1 + u2y

4
2 = F4,
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ãäå

y1 =
1

q1(p)
, y2 =

1

q2(p)
, u1 = u1(p), u2 = u2(p);

F1 = F1(p), F2 = F2(p), F3 = F3(p), F4 = F4(p).

Ðåøàÿ ïîñëåäíþþ ñèñòåìó, ïîëó÷èì

q1(p) =
√
p, u1(p) =

1√
p ,

q2(p) =
α
4p , u1(p) =

α

2
√
πp3
.

Îòñþäà G1(p, τ) =
1
√
p
e−τ

√
p, G1(p, τ) =

1

2
√
πp3

e−τ
α
4p ; èõ îáðàò-

íûå ïðåîáðàçîâàíèÿ ðàâíû

g1(t, τ) =
1√
πt
e−

τ2

4t , g2(t, τ) =
1√
τ
e−α

√
tτ ,

è èñêîìàÿ ôóíêöèÿ îïðåäåëÿåòñÿ âûðàæåíèåì

g(t, τ) =
1√
πt
e−

τ2

4t +
1√
τ
e−α

√
tτ ,

÷òî ñîâïàäàåò ñ òî÷íûì ðåøåíèåì
Åñëè ôóíêöèÿG(p, τ) ïðåäñòàâèìà â âèäåG(p, τ) = e−τq(p)u(p),

òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ âîññòàíàâëèâàåòñÿ ïî äâóì ñèã-
íàëàì (õîòÿ âîçìîæíî âîññòàíîâèòü è ïî îäíîìó ñèãíàëó, êàê ïî-
êàçàíî â ïðèìåðàõ 2.5.1, 2.5.2). Äåéñòâèòåëüíî, îáîçíà÷èì ïðåîá-
ðàçîâàíèÿ Ëàïëàñà ôóíêöèé x(t) è f(t) ÷åðåç X(p) è F (p) ñîîòâåò-
ñòâåííî. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèè q(p) è u(p) àíàëèòè÷åñêèå ïðè
p ≥ σ0.

Ïóñòü x1(t) è x2(t) − äâà ëèíåéíî íåçàâèñèìûõ âõîäíûõ ñèã-
íàëà, òîãäà

∞∫
0

g(t, τ)xi(τ)dτ = fi(t), i = 1, 2. (2.5.40)

Èçîáðàæåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.5.40) ïî òåî-
ðåìå Áîðåëÿ ïðèâîäèò ê ñèñòåìå íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé {

u(p)X1(q(p)) = F1(p),
u(p)X2(q(p)) = F2(p)

(2.5.41)

ñ íåèçâåñòíûìè ôóíêöèÿìè u(p) è q(p). Ðåøàÿ ñèñòåìó (2.5.41) îò-
íîñèòåëüíî ýòèõ ôóíêöèé, íàõîäèì u(p) è q(p). Ôóíêöèÿ g(t, τ) íà-
õîäèòñÿ ïî ôîðìóëå Áðîìâè÷à:
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g(t, τ) =
1

2πi

σ0+i∞∫
σ0−i∞

eptG(p, τ)dp.

Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî èíòåãðàëà ìîæíî èñïîëüçîâàòü
ðàçëè÷íûå âû÷èñëèòåëüíûå ìåòîäû. Íàèáîëåå óäîáíûì ÿâëÿåòñÿ èñ-
ïîëüçîâàíèå êâàäðàòóðíûõ ôîðìóë [8].

2.5.1.2. Ïðåîáðàçîâàíèå Ôóðüå

Àíàëîãè òåîðåìû Áîðåëÿ ñïðàâåäëèâû è äëÿ äðóãèõ èíòå-
ãðàëüíûõ ïðåîáðàçîâàíèé. Â ÷àñòíîñòè, òàêîé àíàëîã ñïðàâåäëèâ
è äëÿ ïðåîáðàçîâàíèÿ Ôóðüå.

Òåîðåìà 2.5.2. Ïóñòü äàíû äâà èíòåãðàëüíûõ óðàâíåíèÿ

1√
2π

∞∫
−∞

f(t)eiztdt = F (z), F (z) ∈ L2(−∞,+∞) (2.5.42)

è

1√
2π

∞∫
−∞

f1(t)e
iztdt = F1(z), F (z) ∈ L2(−∞,+∞). (2.5.43)

Ïóñòü óðàâíåíèå (2.5.42) èìååò ðåøåíèå f ∗(t). Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóþò àíàëèòè÷åñêèå ôóíêöèè q(z) è u(z); q(z),
u(z)∈L2(−∞,+∞) òàêèå, ÷òî ïðàâûå ÷àñòè óðàâíåíèé (2.5.42) è
(2.5.43) ñâÿçàíû ôîðìóëîé

F1(z) = F (q(z))u(z).

Òîãäà ðåøåíèå f ∗1 óðàâíåíèÿ (2.5.43) âû÷èñëÿåòñÿ ïî ôîðìóëå

f ∗1 (t) =

∞∫
−∞

k(τ, t)f ∗(τ)dτ,

ãäå ôóíêöèÿ k(τ, t) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

1√
2π

∞∫
−∞

k(τ, t)eiztdt = eiτq(z)u(z).
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Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (2.5.42) âû÷èñëÿåòñÿ ïî ôîð-
ìóëå

f(t) =
1√
2π

+i∞∫
−i∞

F (z)e−iztdz.

Ïîäñòàâëÿÿ â (2.5.42) q(z) âìåñòî z, èìååì

F (q(z)) =
1√
2π

∞∫
−∞

f(t)eiq(z)tdt. (2.5.44)

Èç óðàâíåíèÿ (2.5.43) ñëåäóåò, ÷òî

f1(t) =
1√
2π

i∞∫
−∞

F (q(z))u(z)e−iztdz. (2.5.45)

Ïîäñòàâëÿÿ (2.5.44) â (2.5.45) è ìåíÿÿ ïîðÿäîê èíòåãðèðîâà-
íèÿ, èìååì

f1(t) =
1√
2π

∞∫
−∞

1√
2π

 ∞∫
−∞

f(τ)eiτq(z)dτ

u(z)e−iztdz =

=
1

2π

∞∫
−∞

f(τ)

 ∞∫
−∞

u(z)ei(τq(z)−zt)dz

 dτ.

Ïîëîæèì

1√
2π

∞∫
−∞

u(z)eiτq(z)−iztdz = k(τ, t),

òîãäà

1√
2π

∞∫
−∞

k(τ, t)eiztdt = eiτq(z)u(z).

Ñëåäîâàòåëüíî, óðàâíåíèå (2.5.43) èìååò ðåøåíèå

f ∗1 (t) =
1√
2π

∞∫
−∞

k(τ, t)f ∗(τ)dτ. (2.5.46)
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Çàìå÷àíèå 2.5.4. Áûëî ïîêàçàíî, ÷òî îïðåäåëåíèå êîýôôèöèåíòà
a ïàðàáîëè÷åñêîãî óðàâíåíèÿ (2.5.5) ñâîäèòñÿ ê óðàâíåíèþ (2.5.2)
ïðè óñëîâèè, ÷òî íà÷àëüíîå çíà÷åíèå ðàâíî íóëþ íà ïîëóîñè (−∞, 0).
Ïîëüçóÿñü ïðåäñòàâëåíèåì (2.5.46), ìîæíî ïîêàçàòü, ÷òî çàäà÷à
îïðåäåëåíèÿ êîýôôèöèåíòà a ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ (2.5.3)
ïðè ëþáîì íà÷àëüíîì çíà÷åíèè â çàäà÷å (2.5.5), (2.5.6).

2.5.1.3. Ïðåîáðàçîâàíèå Ìåëëèíà

Ïóñòü σ1, σ2 � äåéñòâèòåëüíûå ÷èñëà, σ1 < σ2, ôóíêöèÿ f(t)
îïðåäåëåíà ïðè t > 0 è óäîâëåòâîðÿåò óñëîâèÿì

1∫
0

|f(t)| tσ1−1dt <∞,

∞∫
0

|f(t)| tσ2−1dt <∞.

Òîãäà ïðåîáðàçîâàíèå Ìåëëèíà îïðåäåëÿåòñÿ âûðàæåíèåì
∞∫
0

f(t)ts−1dt = F (s).

Îáðàòíîå ïðåîáðàçîâàíèå Ìåëëèíà îïðåäåëÿåòñÿ ôîðìóëîé

1

2πi

σ+i∞∫
σ−i∞

F (s)t−sds = f(t),

ãäå s = σ + iω, σ1 < σ < σ2, −∞ < ω <∞.

Òåîðåìà 2.5.3. Ïóñòü äàíû äâà èíòåãðàëíüíûõ óðàâíåíèÿ:
∞∫
0

φ(t)ts−1dt = Φ(s) (2.5.47)

è ∞∫
0

φ1(t)t
s−1dt = Φ1(s). (2.5.48)

Ïóñòü èçâåñòíî ðåøåíèå φ∗(t) óðàâíåíèÿ (2.5.47). Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóþò àíàëèòè÷åñêèå ôóíêöèè q(s) è u(s) òàêèå,
÷òî ïðàâûå ÷àñòè óðàâíåíèé (2.5.47) è (2.5.48) ñâÿçàíû ôîðìóëîé

Φ1(s) = Φ(q(s))u(s). (2.5.49)
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Òîãäà óðàâíåíèå (2.5.48) èìååò ðåøåíèå φ∗
1(t), îïðåäåëÿåìîå

ôîðìóëîé

φ∗
1(t) =

∞∫
0

ψ(t, τ)φ∗(τ)dτ, (2.5.50)

ãäå ôóíêöèÿ ψ(τ, t) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

∞∫
0

ψ(t, τ)ts−1dt = τ q(s)−1u(s). (2.5.51)

Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (2.5.47) îïðåäåëÿåòñÿ ôîðìó-
ëîé îáðàùåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ìåëëèíà:

φ∗(t) =
1

2πi

σ+i∞∫
σ−i∞

Φ(s)t−sds. (2.5.52)

Ïîäñòàâëÿÿ â (2.5.47) q(s) âìåñòî s, èìååì

Φ(q(s)) =

∞∫
0

φ∗(t)tq(s)−1dt. (2.5.53)

Ïðèìåíÿÿ ê (2.5.48) îáðàòíîå ïðåîáðàçîâíàèå Ìåëëèíà, ïîëó-
÷àåì

φ∗
1(t) =

1

2πi

σ+i∞∫
σ−i∞

Φ(q(s))u(s)t−sds. (2.5.54)

Ïîäñòàâëÿÿ (2.5.53) â (2.5.54), ïîëó÷èì, ïîìåíÿâ ïîðÿäîê èí-
òåãðèðîâàíèÿ:

φ∗
1(t) =

1

2πi

σ+i∞∫
σ−i∞

t−s

 ∞∫
0

τ q(s)−1φ∗(τ)dτ

u(s)ds =

=
1

2πi

∞∫
0

φ∗(τ)

 σ+i∞∫
σ−i∞

τ q(s)−1t−su(s)ds

 dτ. (2.5.55)

Ïîëîæèì

1

2πi

σ+i∞∫
σ−i∞

t−sτ q(s)−1u(s)ds = ψ(t, τ), (2.5.56)
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òîãäà
∞∫
0

ts−1ψ(t, τ)dt = τ q(s)−1u(s). (2.5.57)

Ñëåäîâàòåëüíî, óðàâíåíèå (2.5.48) èìååò ðåøåíèå

φ∗
1(t) =

∞∫
0

ψ(t, τ)φ∗(τ)dτ. (2.5.58)

Òåîðåìà äîêàçàíà.
Îòìåòèì, ÷òî ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå: åñëè âû-

ïîëíåíî óñëîâèå (2.5.51) è ôóíêöèÿ φ∗(t) ÿâëÿåòñÿ ðåøåíèåì óðàâ-
íåíèÿ (2.5.47), òî ôóíêöèÿ φ∗

1(t), îïðåäåëÿåìàÿ ðàâåíñòâîì (2.5.50),
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.5.48).

Â ñàìîì äåëå,
∞∫
0

ts−1φ∗
1(t)dt =

∞∫
0

ts−1

∞∫
0

ψ(t, τ)φ∗(τ)dτdt =

=

∞∫
0

φ∗(τ)

 ∞∫
0

ts−1ψ(t, τ)dt

 dτ =

=

∞∫
0

φ∗(τ)τ q(s)−1u(s)dτ =

= u(s)

∫ ∞

0

φ∗(τ)τ q(s)−1dτ = u(s)Φ∗(q(s)),

ò.å. Φ∗
1(s) = Φ∗(q(s))u(s). Çäåñü Φ∗(s) è Φ∗

1(s)− ïðåîáðàçîâàíèå Ìåë-
ëèíà ôóíêöèé φ∗(t) è φ∗

1(t).
Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ èíòåãðàëü-

íûì óðàâíåíèåì
∞∫
0

g(t, τ)x(τ)dτ = f(t). (2.5.59)

Çäåñü x(t) − âõîäíîé ñèãíàë, f(t) − âûõîäíîé ñèãíàë. Òðå-
áóåòñÿ âîññòàíîâèòü ôóíêöèþ g(t, τ). Ïóñòü ôóíêöèÿ g(t, τ) óäîâëå-
òâîðÿåò ñëåäóþùåìó óñëîâèþ: ñóùåñòâóþò àíàëèòè÷åñêèå â îáëàñòè
σ1 < s < σ2 ôóíêöèè q(s) è u(s) òàêèå, ÷òî

∞∫
0

ts−1g(t, τ)dτ = τ q(s)−1u(s), σ1 < s < σ2. (2.5.60)
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Ïóñòü X(s) � ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè x(t); F (s) −
ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèè f(t). Ïóñòü ýòè ïðåîáðàçîâàíèÿ
ñâÿçàíû ôîðìóëîé F (s) = X(q(s))u(s). Òîãäà ôóíêöèÿ g(t, τ) îïðå-
äåëÿåòñÿ ôîðìóëîé

g(t, τ) =
1

2πi

σ+i∞∫
σ−i∞

τ q(s)−1u(s)t−sds, σ1 < σ < σ2. (2.5.61)

Âû÷èñëÿÿ èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû (2.5.61) ïî êâàä-
ðàòóðíûì ôîðìóëàì [8], ïîëó÷àåì ïðèáëèæåííîå çíà÷åíèå èìïóëüñ-
íîé ïåðåõîäíîé ôóíêöèè.

Åñëè ôóíêöèÿG(s, τ) ïðåäñòàâèìà â âèäåG(s, τ) = τ q(s)−1G(s),
òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ âîññòàíàâëèâàåòñÿ ïî äâóì ñèã-
íàëàì.

Äåéñòâèòåëüíî, îáîçíà÷èì ïðåîáðàçîâàíèå Ìåëëèíà ôóíêöèé
x(t) è f(t) ÷åðåç X(s) è F (s) ñîîòâåòñòâåííî. Áóäåì ñ÷èòàòü, ÷òî
ôóíêöèè q(s) è G(s) àíàëèòè÷åñêèå ïðè σ1 < s < σ2.

Ïóñòü x1(t) è x2(t) � äâà ëèíåéíî íåçàâèñèìûõ âõîäíûõ ñèãíà-
ëà, òîãäà

∞∫
0

g(t, τ)xi(τ)dτ = fi(t), i = 1, 2. (2.5.62)

Èçîáðàæåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.5.62) ïðè-
âîäèò ê ñèñòåìå íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé{

G(s)X1(q(s)) = F1(s),
G(s)X2(q(s)) = F2(s)

(2.5.63)

ñ íåèçâåñòíûìè ôóíêöèÿìè G(s) è q(s). Ðåøàÿ ñèñòåìó (2.5.63) îò-
íîñèòåëüíî ýòèõ ôóíêöèé, íàõîäèì G(s) è q(t). Ôóíêöèÿ g(t, τ) íà-
õîäèòñÿ ïî ôîðìóëå

g(t, τ) =
1

2πi

σ+i∞∫
σ−i∞

t−sG(s, τ)ds.

Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî èíòåãðàëà ìîæíî èñïîëüçîâàòü
ðàçëè÷íûå âû÷èñëèòåëüíûå ìåòîäû. Íàèáîëåå óäîáíûì ÿâëÿåòñÿ èñ-
ïîëüçîâàíèå êâàäðàòóðíûõ ôîðìóë [8].
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2.5.1.4. Ïðåîáðàçîâàíèå Õàðòëè

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì

∞∫
0

g(t, τ)x(τ)dτ = f(t). (2.5.64)

Ðàññìîòðèì èíòåãðàëüíîå ïðåîáðàçîâàíèå Õàðòëè [43]:

Φ(λ) =

+∞∫
−∞

φ(t)cas(2πλ)dt. (2.5.65)

Òîãäà îáðàòíîå ïðåîáðàçîâàíèå îïðåäåëÿåòñÿ ôîðìóëîé

φ(t) =

+∞∫
−∞

Φ(λ)cas(2πλ)dλ, (2.5.66)

ãäå cas(t) ≡ cos(t) + sin(t).

Òåîðåìà 2.5.4. Ïóñòü ôóíêöèÿ g(t, τ) óäîâëåòâîðÿåò óñëîâèþ

+∞∫
−∞

g(t, τ)cas(2πλt)dt = G(λ)cas(2πq(λ)τ), (2.5.67)

ãäå G(λ), q(λ) � ôóíêöèè èç ïðîñòðàíñòâà L1(−∞,∞).
Òîãäà, ïðåîáðàçîâàíèå (2.5.65) óðàâíåíèÿ (2.5.64), áóäåò

G(λ)X(q(λ)) = F (λ), (2.5.68)

ãäå X(λ), F (λ) − ïðåîáðàçîâàíèå Õàðòëè ôóíêöèé x(t), f(t).

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå (2.5.65)
ê óðàâíåíèþ (2.5.64) è èñïîëüçóÿ óñëîâèå (2.5.67), èìååì

+∞∫
−∞

cas(2πλt)

 +∞∫
−∞

g(t, τ)x(τ)dτ

 dt =

=

+∞∫
−∞

x(τ)

 +∞∫
−∞

cas(2πλt)g(t, τ)dt

 dτ =

=

+∞∫
−∞

x(τ)G(λ)cas(2πq(λ)τ)dτ = G(λ)X(q(λ)),
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èç ýòîãî âûðàæåíèÿ è ó÷èòûâàÿ, ÷òî F (λ) åñòü ïðåîáðàçîâàíèå
Õàðòëè ôóíêöèè f(t), ñëåäóåò ñïðàâåäëèâîñòü ôîðìóëû (2.5.68).

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì
(2.5.64), ó êîòîðîé x(t) � âõîäíîé ñèãíàë, f(t) � âûõîäíîé ñèãíàë,
g(t, τ) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèè, óäîâëåòâîðÿþùàÿ óñëî-
âèþ (2.5.67).

Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèþ g(t, τ).
Ïóñòü x1(t) è x2(t) � äâà ëèíåéíî íåçàâèñèìûõ âõîäíûõ ñèãíà-

ëà. Òîãäà
+∞∫

−∞

g(t, τ)xi(τ)dτ = fi(t), i = 1, 2. (2.5.69)

Ïðèìåíÿÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå Õàðòëè ê ñèñòåìå èí-
òåãðàëüíûõ óðàâíåíèé (2.5.69), ïîëó÷èì ñèñòåìó íåëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé{

G(λ)X1(q(λ)) = F1(λ),
G(λ)X2(q(λ)) = F2(λ)

(2.5.70)

ñ íåèçâåñòíûìè ôóíêöèÿìè G(λ) è q(λ). Ðåøàÿ ñèñòåìó (2.5.70) îò-
íîñèòåëüíî ýòèõ ôóíêöèé, íàõîäèì G(λ) è q(t). Ôóíêöèÿ g(t, τ) ìî-
æåò áûòü íàéäåíà ïðèìåíåíèåì ïðåîáðàçîâàíèÿ, îáðàòíîãî ïðåîá-
ðàçîâàíèþ Õàðòëè.

2.5.1.5. Ìíîãîìåðíûå ñèñòåìû

Â äàííîì ðàçäåëå ïðåäëîæåíû ìåòîäû èäåíòèôèêàöèè ìíîãî-
ìåðíûõ íåïðåðûâíûõ ëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëå-
íûìè ïàðàìåòðàìè ïî n+1 òåñòîâîìó ñèãíàëó è ìåòîäû ïàðàìåòðè-
÷åñêîé èäåíòèôèêàöèè ñèñòåì ñ ïåðåìåííûìè ïàðàìåòðàìè.

Îäíîé èç ìàòåìàòè÷åñêèõ ìîäåëåé äèíàìè÷åñêèõ ñèñòåì ñ ðàñ-
ïðåäåëåííûìè ïàðàìåòðàìè ÿâëÿþòñÿ äèôôåðåíöèàëüíûå óðàâíå-
íèÿ â ÷àñòíûõ ïðîèçâîäíûõ [47]. Èçâåñòíî [47, 131], ÷òî ðåøåíèå
äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ìîæíî âû-
ðàçèòü ÷åðåç ôóíêöèþ Ãðèíà â âèäå

y(x, t) =

t∫
t0

∫
D

G(x, ξ, t, τ)w(ξ, t)dξdτ, (2.5.71)

ãäå t � ïåðåìåííàÿ âðåìåíè, x = (x1, x2, ..., xn) ∈ Rn è D ⊂ Rn;
w(ξ, τ) � âõîäíîé ñèãíàë; y(x, t) � âûõîäíîé ñèãíàë; G(x, ξ, t, τ) �
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ôóíêöèÿ Ãðèíà, êîòîðàÿ ÿâëÿåòñÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöè-
åé èëè ôóíêöèåé âëèÿíèÿ ñèñòåìû, êîòîðàÿ îïèñûâàåòñÿ óðàâíåíè-
åì (2.5.71).

Â ñëó÷àå, åñëè ñèñòåìà ÿâëÿåòñÿ èíâàðèàíòíîé ê ñäâèãó ïî
ïåðåìåíîé âðåìåíè t, óðàâíåíèå (2.5.71) ïðèíèìàåò âèä

y(x, t) =

t∫
t0

∫
D

G(x, ξ, t− τ)w(ξ, t)dξdτ.

Åñëè âûõîäíîé ñèãíàë íå çàâèñèò îò âðåìåíè, òî óðàâíåíèå
(2.5.71) ïðèíèìàåò âèä

y(x) =

∫
D

G(x, ξ)w(ξ)dξ.

Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ ìåòîä èäåíòèôèêàöèè ìíî-
ãîìåðíûõ äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè,
îïèñûâàåìûõ óðàâíåíèåì

y(t, x1, · · · , xn) =

=

t∫
0

x1∫
0

· · ·
xn∫
0

g(t, τ, x1, ξ1, · · · , xn, ξn)ω(τ, ξ1, ξ2, ..., ξn)dτdξ1 · · · dξn,

ãäå ω(t, x1, x2, ..., xn), y(t, x1, x2, ..., xn) � âõîäíîé è âûõîäíîé ñèãíàëû
ñèñòåìû; g(t, τ, x1, ξ1, ..., xnξ) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ.

Àëãîðèòì èäåíòèôèêàöèè îñíîâàí íà ñëåäóùåì óòâåðæäåíèè.

Òåîðåìà 2.5.5. Ïóñòü èçîáðàæåíèå Ëàïëàñà èìïóëüñíîé ïåðåõîä-
íîé ôóíêöèè g(t1, t2, . . . , tn, τ1, τ2, . . . , τn) ïî ïåðåìåííûì t1, t2, . . . , tn
óäîâëåòâîðÿåò óñëîâèþ

G(p1, ..., pn, τ1, ..., τn) =

=

∞∫
0

· · ·
∞∫
0

g(t1, . . . , tn, τ1, . . . , τn)e
−(p1t1+...+pntn)dt1 . . . dtn =

= Ĝ(p1, . . . , pn)e
−(τ1q1(p1)+...+τnqn(pn)), (2.5.72)

ãäå Ĝ(p1, . . . , pn), q1(p1), . . . , qn(pn) � àíàëèòè÷åñêèå ôóíêöèè â ïðà-
âûõ ïîëóïëîñêîñòÿõ, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

Repk > σ, k = 1, 2, ..., n.
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Òîãäà ìíîãîìåðíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííûì
t1, t2, ..., tn óðàâíåíèÿ

y(t1, . . . , tn) =

=

∞∫
0

. . .

∞∫
0

g(t1, . . . , tn, τ1, . . . , τn)x(τ1, . . . , τn)dτ1 . . . dτn (2.5.73)

áóäåò èìåòü âèä

Y (p1, ..., pn) = Ĝ(p1, ..., pn)X(q1(p1), ..., qn(pn)), (2.5.74)

ãäå ôóíêöèÿ Y (p1, ..., pn) � èçîáðàæåíèå Ëàïëàñà ôóíêöèè y(t1, ..., tn)
è X(p1, ..., pn) � èçîáðàæåíèå ôóíêöèè x(t1, ..., tn).

Çàìå÷àíèå 2.5.5. Â âåêòîðû ïåðåìåííûõ t=(t1, ..., tn), τ=(τ1, ..., τn)
ìîãóò âõîäèòü íåçàâèñèìûå ïåðåìåííûå ëþáîé ïðèðîäû.

Äîêàçàòåëüñòâî. Íàéäåì èçîáðàæåíèÿ óðàâíåíèå (2.5.73) ïî ïåðå-
ìåííûì t1, t2,...,tn:

∞∫
0

· · ·
∞∫
0

y(t1, . . . , tn)e
−(p1t1+···+pntn)dt1 . . . dtn =

=

∞∫
0

· · ·
∞∫
0

 ∞∫
0

· · ·
∞∫
0

g(t1, . . . , tn, τ1, . . . , τn)×

× x(τ1, . . . , τn)e
−(p1t1+···+pntn)dτ1 . . . dτn

)
dt1 . . . dtn.

(2.5.75)

Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ â èíòåãðàëå ñïðàâà ïî ñîâîêóïíîñòè
ïåðåìåííûõ (t1, t2, ..., tn) è (τ1, τ2, ..., τn), ïîëó÷èì

Y (p1, . . . , pn) =

∞∫
0

· · ·
∞∫
0

x(τ1, ..., τn)×

×

 ∞∫
0

· · ·
∞∫
0

g(t1, · · · , tn, τ1, . . . , τn)×

×e−(p1t1+···+pntn)dt1 . . . dtn

)
dτ1 . . . dτn =

=

∞∫
0

. . .

∞∫
0

x(τ1, ..., τn) (G(p1, . . . , pn, τ1, . . . , τn)) dτ1 . . . dτn.

(2.5.76)
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Ó÷èòûâàÿ óñëîâèå (2.5.72), (2.5.76) ïðèìåò âèä

Y (p1, . . . , pn) = Ĝ(p1, ..., pn)×

×
∞∫
0

· · ·
∞∫
0

x(τ1, . . . , τn)e
−(τ1q1(p1)+···+τnqn(pn))dτ1 . . . dτn.

(2.5.77)

Îòñþäà ïîëó÷àåì ðàâåíñòâî

Y (p1, . . . , pn) = Ĝ(p1, . . . , pn)X(q1(p1), ..., qn(pn)). (2.5.78)

Ñëåäñòâèå. Ïóñòü ñèñòåìà îïèñûâàåòñÿ óðàâíåíèåì

y(t, x1, . . . , xn) =

t∫
0

x1∫
0

· · ·
xn∫
0

g(t, τ, x1, ξ1, . . . , xn, ξn)×

×ω(τ, ξ1, ξ2, ..., ξn)dτdξ1 . . . dτn,

(2.5.79)

ãäå ω(t, x1, x2, . . . , xn), y(t, x1, x2, . . . , xn) � âõîäíîé è âûõîäíîé ñèã-
íàëû ñèñòåìû; g(t, τ, x1, ξ1, . . . , xn, ξn) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíê-
öèÿ; t � ïåðåìåííàÿ âðåìåíè.

Èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(t, τ, x1, ξ1, . . . , xn, ξn) óäî-
âëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) óñëîâèþ ôèçè÷åñêîé ðåàëèçóåìîñòè:

g(t, τ, x1, ξ1, ..., xn, ξn) = 0 ïðè (t, τ, x1, ξ1..., xn, ξn) ⊂ D,
ãäå D = {(t, τ, ..., x1, ξ1, ..., xn, ξn) :

0 ≤ τ < t, 0 < ξ1 < x1, ..., 0 < ξn < xn, };
(2.5.80)

2) ïðåîáðàçîâàíèå Ëàïëàñà èìïóëüñíîé ïåðåõîäíîé ôóíêöèè
g(t, τ, x1, ξ1, ..., xn, ξn) ïî ïåðåìåííûì t, x1, ..., xn óäîâëåòâîðÿåò óñëî-
âèþ:

G(p, τ, p1, ξ1, ..., pn, ξn) =

=

∞∫
0

∞∫
0

· · ·
∞∫
0

g(t, τ, x1, ξ1, ..., xn, ξn)×

×e−(pt+p1x1+...+pnxn)dtdx1 · · · dxn =
= Ĝ(p, p1, ..., pn)e

−(τq(p)+ξ1q1(p1)+...+ξnqn(pn)),

(2.5.81)

ãäå Ĝ(p, p1, ..., pn), q(p), q1(p1), ..., qn(pn) � íåêîòîðûå àíàëèòè÷åñêèå
ôóíêöèè â îáëàñòè Repk > σ, k = 1, 2, ..., n.

Òîãäà èçîáðàæåíèå Ëàïëàñà óðàâíåíèÿ (2.5.79) ïðèìåò âèä

Y (p, p1, ..., pn) = Ĝ(p, p1, ..., pn)Ω(q(p), q1(p1), ..., qn(pn)), (2.5.82)
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ãäå Y (p, p1, ..., pn) � èçîáðàæåíèå Ëàïëàñà ôóíêöèè y(t, x1, ...tn) è
Ω(p, p1, ..., pn) � èçîáðàæåíèå ôóíêöèè ω(t, x1, ..., tn).

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, ïî èçâåñòíûì n + 1 � âõîä-
íûì ñèãíàëàì xk(t1, t2, ..., tn), k = 1, 2, ..., n + 1 è ñîîòâåòñòâóùèì
n+ 1 � âûõîäíûì ñèãíàëàì yk(t1, t2, ..., tn), k = 1, 2, ..., n+ 1, îïðå-
äåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ ñèñòåìû (2.5.79).

Ðåøåíèå. Ïðè èçâåñòíûõ âõîäíûõ xk(t1, t2, ..., tn), k = 1, 2,
..., n + 1, ñèãíàëàõ è ñîîòâåòñâóþùèõ yk(t1, t2, ..., tn), k = 1, 2, ...,
n + 1, âûõîäíûõ ñèãíàëàõ äèíàìè÷åñêîé ñèñòåìû (2.5.79), ïîëó÷èì
ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

yk(t1, ..., tn) =

=

t1∫
0

· · ·
tn∫
0

g(t1, ..., tn, τ1, ..., τn)xk(τ1, ..., τn)dτ1...dτn,

k = 1, 2, ..., n+ 1,

(2.5.83)

îòíîñèòåëüíî ôóíêöèè g(t1, ..., tn, τ1, ..., τn).
Ïóñòü èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(t1, ..., tn, τ1, ..., τn) óäî-

âëåòâîðÿåò óñëîâèþ (2.5.81); òîãäà èçîáðàæåíèåì ñèñòåìû èíòå-
ãðàëüíûõ óðàâíåíèé (2.5.83) áóäåò ñèñòåìà àëãåáðàè÷åñêèõ óðàâíå-
íèé

Yk(p1, ..., pn) = Ĝ(p1, ..., pn)Xk(q1(p1), ..., qn(pn)),
k = 1, 2, ..., n.

(2.5.84)

Ðåøàÿ ñèñòåìó (2.5.84) îòíîñèòåëüíî èñêîìûõ ôóíêöèé Ĝ(p1, ..., pn),
q1(p1), ..., qn(pn), íàéäåì èçîáðàæåíèå èìïóëüñíîé ïåðõîäíîé ôóíê-
öèè â âèäå

G(p1, ..., pn, τ1, ..., τn) = Ĝ(p1, ..., pn)e
−(τ1q1(p1)+...+τnqn(pn)).

Èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ îïðåäåëèì êàê îáðàòíîå
ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííûì p1, ..., pn:

g(t1, ..., tn, τ1, ..., τn) =

=
1

(2πi)n

σ+i∞∫
σ−i∞

...

σ+i∞∫
σ−i∞

Ĝ(p1, ..., pn)e
(t1p1−τ1q1(p1)+...+t2p2−τnqn(pn))dp1...dpn.

2.5.2. Äèñêðåòíûå ñèñòåìû

Ðàññìàòèðèâàþòñÿ ìåòîäû âîññòàíîâäåíèÿ èìïóëüñíîé ïåðå-
õîäíîé ôóíêöèè ëèíåéíûõ äèñêðåòíûõ äèíàìè÷åñèõ ñèñòåì. Â êà-
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÷åñòâå ìàòåìàòè÷åñêîãî àïïàðàòà ïîñòðîåíèÿ ìåòîäîâ èäåíòèôèêà-
öèè èñïîëüçóåòñÿ Z-ïðåîáðàçîâàíèå. Ïðåäëîæåíû ìåòîäû èäåíòè-
ôèêàöèè îäíîìåðíûõ äèíàìè÷åñêèõ ñèñòåì è ìåòîäû èäåíòèôèêà-
öèè ìíîãîìåðíûõ ñèñòåì, ÷àñòíûé ñëó÷àé êîòîðûõ ìîæíî ðàññìàò-
ðèâàòü êàê ñèñòåìû ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè.

2.5.2.1. Îäíîìåðíûå ñèñòåìû

Ñëåäóÿ [129], îïðåäåëèì ÈÏÔ g(k, l) ñèñòåìû (4.2.8) ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè âûðàæåíèåì

y(k) =
∞∑
l=0

g(k, l)x(l), k = 0, 1, 2, ..., (2.5.85)

ãäå x(k), k = 0, 1, 2, ..., � âõîäíîé ñèãíàë; y(k), k = 0, 1, 2, ..., � âû-
õîäíîé ñèãíàë; g(k, l) � èìïóëüñíûé îòêëèê, óäîâëåòâîðÿþùèé óñëî-
âèþ ôèçè÷åñêîé ðåàëèçóåìîñòè ñèñòåìû: g(k, l) = 0 ïðè l > k (îò-
êëèê ñèñòåìû íå ìîæåò ïîÿâèòüñÿ ðàíüøå âîçäåéñòâèÿ íà ñèñòåìó),
k, l = 0, 1, ...

Èçâåñòíî [14,129,158], ÷òî èìïóëüñíûé îòêëèê ñèñòåì ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè âèäà

any(k + n) + an−1y(k + n− 1) + ...+ a0y(k) = x(k),
k = 0, 1, . . .

(2.5.86)

ïðè íà÷àëüíûõ óñëîâèÿõ

y(0) = 0, y(1) = 0, ..., y(n− 1) = 0 (2.5.87)

îïðåäåëÿåòñÿ ñîîòíîøåíèåì

y(k) =
∞∑
l=0

g(k − l)x(l), k = 0, 1, 2, ..., (2.5.88)

ãäå x(k) � âõîäíîé ñèãíàë, k=0, 1, 2, ...; y(k) � âûõîäíîé ñèãíàë, k=0,
1, 2, ...; g(k) � èìïóëüñíûé îòêëèê ñèñòåìû. Óñëîâèå ôèçè÷åñêîé
ðåàëèçóåìîñòè ñèñòåìû â ýòîì ñëó÷àå èìååò âèä: g(k) = 0 ïðè k < 0,
k = 0, 1, ...

Äëÿ îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ñèñòåìû
áóäåì èñïîëüçîâàòü Z-ïðåîáðàçîâàíèå. Íàïîìíèì, ñëåäóÿ [158], ÷òî
Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè f(k), k = 0, 1, 2, ..., èìååò âèä

Z [f(k)] = F (z) =
∞∑
k=0

f(k)z−k,
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ãäå F (z) � àíàëèòè÷åñêàÿ ôóíêöèÿ, êîòîðàÿ ÿâëÿåòñÿ ãëàâíîé ÷à-
ñòüþ ðÿäà Ëîðàíà â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè.

Îáðàòíîå Z-ïðåîáðàçîâàíèå äëÿ ôóíêöèè F (z) íàõîäèòñÿ ïî
ôîðìóëå îáðàùåíèÿ [158]

f(k) =
1

2πi

∮
C

F (z)zk−1dz,

ãäå êîíòóð èíòåãðèðîâàíèÿ ñîäåðæèò âñå îñîáûå òî÷êè ôóíêöèè
F (z).

Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè îñíîâûâàåòñÿ
íà ñëåäóþùåì óòâåðæäåíèè.

Îáîçíà÷èì ÷åðåç X(z) è Y (z) Z-ïðåîáðàçîâàíèÿ ïîñëåäîâà-
òåëüíîñòåé {x(k)}, {y(k)}, k = 0, 1, ...

Òåîðåìà 2.5.6. Ïóñòü ïîñëåäîâàòåëüíîñòü {g(k, l)} óäîâëåòâîðÿ-
åò ñëåäóþùåìó óñëîâèþ:

Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè {g(k, l)} ïî ïåðåìåí-
íîé k èìååò âèä

Z [g(k, l)] =
∞∑
k=0

g(k, l)z−k = Ĝ(z) [q(z)]−l , l = 0, 1, ..., (2.5.89)

ãäå Ĝ(z), q(z) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè.
Òîãäà Z-ïðåîáðàçîâàíèå óðàâíåíèÿ (2.5.85) áóäåò èìåòü âèä

Y (z) = Ĝ(z)X (q(z)) . (2.5.90)

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî óñëîâèå (2.5.89). Íàéäåì Z-ïðå-
îáðàçîâàíèå âûðàæåíèÿ (2.5.85) ïðè óñëîâèè (2.5.89).

Èìååì Z [y(k)] = Z

[∞∑
l=0

g(k, l)x(l)

]
=

∞∑
k=0

(∞∑
l=0

g(k, l)x(l)

)
z−k,

èëè, ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ [157] ïî k è l, ïîëó÷èì

Y (z) =
∞∑
l=0

x(l)

( ∞∑
k=0

g(k, l)z−k
)

=

= Ĝ(z)
∞∑
l=0

x(l) [q(z)]−l = Ĝ(z)X(q(z)),

ò.å. ñïðàâåäëèâî (2.5.90).
Îòìåòèì, ÷òî äàííàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì òåîðåìû Áî-

ðåëÿ äëÿ íåïðåðûâíûõ ñèñòåì, ïðèìåíåíèå êîòîðîé äëÿ èäåíòèôè-
êàöèè íåïðåðûâíûõ ñèñòåì ðàññìîòðåíî â ðàçä. 2.5.1.1.
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Â êà÷åñòâå ïðèìåðà, èëëþñòðèðóþùåãî ïðèìåíåíèå òåîðåìû
2.5.6, ðàññìîòðèì óðàâíåíèå

y(k) =
∞∑
l=0

ak−Nlx(l), k = 0, 1, ..., N = const. (2.5.91)

Íåòðóäíî âèäåòü, ÷òî ïî òåîðåìå ñìåùåíèÿ

Z(ak−Nl) = z−NlZ(ak) =
z

z − a
(zN)−l = Ĝ(z)(q(z))−l,

ãäå Ĝ(z) =
z

z − a
, q(z) = zN .

Ïðèìåíÿÿ ê óðàâíåíèþ (2.5.91) Z-ïðåîáðàçîâàíèå, èìååì

Y (z) =
∞∑
k=0

(∞∑
l=0

ak−Nlx(l)

)
z−k =

∞∑
l=0

x(l)
∞∑
k=0

ak−Nlz−k =

=
∞∑
l=0

x(l)(zN)−l
z

z − a
=

z

z − a

∞∑
l=0

x(l)(q(z))−l =
z

z − a
X(q(z)) =

= Ĝ(z)X(q(z)),

ãäå Ĝ(z) =
z

z − a
, q(z) = zN .

Ïîñòàíîâêà çàäà÷è îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîä-
íîé ôóíêöèè. Ïóñòü âûïîëíåíî óñëîâèå (2.5.89). Òðåáóåòñÿ ïî
äâóì âõîäíûì xi(k), i = 1, 2; k = 0, 1, 2, ..., è ñîîòâåòñòâóþùèì âû-
õîäíûì ñèãíàëàì yi(k), i = 1, 2; k = 0, 1, 2, ..., îïðåäåëèòü èìïóëüñ-
íóþ ïåðåõîäíóþ ôóíêöèþ g(k, l) ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì

y(k) =
∞∑
l=0

g(k, l)x(l), k = 0, 1, 2, ... (2.5.92)

Çàìå÷àíèå 2.5.6. Z-ïðåîáðàçîâàíèå ôóíêöèè g(k, l) ïî ïåðåìåííîé
k áóäåì îáîçíà÷àòü ÷åðåç G(z, l).

Ðåøåíèå. Ïóñòü

Xi(z) = Z [xi(k)] =
∞∑
k=0

xi(k)z
−k, i = 1, 2,

Yi(z) = Z [yi(k)] =
∞∑
k=0

yi(k)z
−k, i = 1, 2.

Ó÷èòûâàÿ óñëîâèå (2.5.89) è ïðèìåíÿÿ ê (2.5.92) Z-ïðåîáðàçî-
âàíèå, ïðèõîäèì ê ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî

104



ôóíêöèé Ĝ(z), q(z): {
Ĝ(z)X1 (q(z)) = Y1(z),

Ĝ(z)X2 (q(z)) = Y2(z).
(2.5.93)

Ðåøàÿ ñèñòåìó (2.5.93), íàõîäèì èñêîìûå ôóíêöèè Ĝ(z), q(z), òîãäà
G(z, l) áóäåò èìåòü âèä

G(z, l) = Ĝ(z) [q(z)]−l .

Çàìå÷àíèå 2.5.7. Îòìåòèì, ÷òî â ñëó÷àå ñèñòåì ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè, îïèñûâàåìûõ óðàâíåíèåì (2.5.86) ñ íà÷àëü-
íûìè óñëîâèÿìè (2.5.87), èìååì (2.5.88). Òîãäà Z-ïðåîáðàçîâàíèå
ôóíêöèè g(k, l)=g(k−l) ïî ïåðåìåííîé k èìååò âèä G(z)=Ĝ(z)z−l,
ò.å. q(z) = z. Ïýòîìó äëÿ îïðåäåëåíèÿ G(z, l) â ñèñòåìàõ ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè äîñòàòî÷íî îäíîãî âõîäíîãî è âûõîäíîãî
ñèãíàëîâ.

Èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(k, l) íàéäåì êàê îáðàòíîå
Z-ïðåîáðàçîâàíèå ïî ôîðìóëå îáðàùåíèÿ [158]:

g(k, l) = 1
2πi

∮
C

G(z, l)zk−1dz = 1
2πi

∮
C

Ĝ(z) [q(z)]−l zk−1dz,

k, l = 0, 1, 2, ...,
(2.5.94)

ãäå êîíòóð èíòåãðèðîâàíèÿ ñîäåðæèò âñå îñîáûå òî÷êè ôóíêöèè
G(z, l) = Ĝ(z) [q(z)]−l.

Îòìåòèì, ÷òî âû÷èñëåíèå êîíòóðíûõ èíòåãðàëîâ â âûðàæå-
íèÿõ (2.5.94) ÿâëÿåòñÿ äîñòàòî÷íî òðóäîåìêîé çàäà÷åé. Äëÿ íàõîæ-
äåíèÿ îáðàòíîãî Z-ïðåîáðàçîâàíèÿ ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþ-
ùåé âû÷èñëèòåëüíîé ñõåìîé [14], îñíîâàííîé íà ìåòîäå êîëëîêàöèé.

Äëÿ ýòîãî, ïðèìåíÿÿ ìåòîä ðåäóêöèè è ó÷èòûâàÿ ôèçè÷åñêóþ
ðåàëèçóåìîñòü èìïóëüñíîé ïåðåõîäíîé ôóíêöèè (g(k, l)=0 ïðè k<l),
óðàâíåíèå (2.5.89) àïïðîêñèìèðóåì ñëåäóþùèì îáðàçîì:

N∑
k=l

g(k, l)z−k = Ĝ(z) [q(z)]−l , l = 0, 1, . . . , N, (2.5.95)

ãäå N � äîñòàòî÷íî áîëüøîå ÷èñëî.
Â óðàâíåíèè (2.5.95) äëÿ êàæäîãî ôèêñèðîâàííîãî çíà÷åíèÿ

l = 0, 1, 2, ..., N íà îêðóæíîñòè γ ðàäèóñà R (γ = {z, |z| = R}), â êî-
òîðîé ñîäåðæàòñÿ âñå îñîáûå òî÷êè ôóíêöèè Ĝ(z) [q(z)]−l, âûáèðàåì
N− l+1 ðàâíîîòñòîÿùóþ òî÷êó zν, ν = 0, 1, ..., N− l, è ïðèðàâíÿåì
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ëåâûå è ïðàâûå ÷àñòè óðàâíåíèÿ (2.5.95) â ýòèõ òî÷êàõ. Â ðåçóëüòàòå
ïðèõîäèì ê N + 1 ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

N∑
k=l

g(k, l)z−kν = Ĝ(zν) [q(zν)]
−l , ν = 0, 1, ..., N − l, (2.5.96)

ãäå l = 0, 1, . . . , N. Ñèñòåìà (2.5.96) îäíîçíà÷íî ðàçðåøèìà, òàê êàê
îïðåäåëèòåëü l-é ñèñòåìû (N − l + 1) ïîðÿäêà (l = 0, 1, ..., N), åñòü
îïðåäåëèòåëü Âàíäåðìîíäà [137], êîòîðûé ðàâåí

∆ =

∣∣∣∣∣∣∣∣∣∣

1

(z0)
l

1

(z0)
l+1 ... 1

(z0)
N

1

(z1)
l

1

(z1)
l+1 ... 1

(z1)
N

. . ... .
1

(zN−l)
l

1

(zN−l)
l+1 ... 1

(zN−l)
N

∣∣∣∣∣∣∣∣∣∣
=

=
1

(z0 · · · zN−l)
l

∣∣∣∣∣∣∣∣∣∣
1 1

z0
... 1

(z0)
N−l

1 1
z1

... 1

(z1)
N−l

. . ... .

1 1
zN−l

... 1

(zN−l)
N−l

∣∣∣∣∣∣∣∣∣∣
=

=
1

(z0 · · · zN−l)
l

∏
i>j

(
1

zi
− 1

zj

)
̸= 0.

Ðåøàÿ ñèñòåìó (2.5.96) ïðè êàæäîì çíà÷åíèè l=0, 1, ..., N , íàõîäèì
ýëåìåíòû ïîñëåäîâàòåëüíîñòè {g(k, l)}, k=l, l+1, ..., N , l=0, 1, ..., N.

Ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå äàííîãî ìåòîäà, áó-
äóò ðàññìîòðåíû â ðàçä. 4.2.2.

2.5.2.2. Ìíîãîìåðíûå ñèñòåìû

Ðàñìîòðåííûé âûøå ìåòîä èäåíòèôèêàöèè ïàðàìåòðîâ íåïðå-
ðûâíûõ ñèñòåì ïðèìåíèì äëÿ äèñêðåòíûõ ñèñòåì, îïèñûâàåìûõ
óðàíåíèÿìè

y(k1, ...kn) =

=
k1∑

m1=0
· · ·

kn∑
mn=0

g(k1, ..., kn,m1, ...,mn)x(m1, ...,mn),

k1, ..., kn = 0, 1, 2, ...,

(2.5.97)
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ãäå x(k1, . . . , kn), y(k1, . . . , kn) � âõîäíîé è âûõîäíîé ñèãíàëû ñèñòå-
ìû; g(k1, . . . , kn,m1, . . . ,mn), k1, ..., kn = 0, 1, 2, ...; m1, ..., mn = 0,
1, 2, ... � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ.

Ìåòîä èäåíòèôèêàöèè îñíîâàí íà ñëåäóþùåì óòâåðæäåíèè.

Òåîðåìà 2.5.7. Ïóñòü Z-ïðåîáðàçîâàíèå èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè g(k1, . . . , kn,m1, . . . ,mn) ïî ïåðåìåííûì k1, . . . , kn óäîâëå-
òâîðÿåò óñëîâèþ

G(z1, ..., zn,m1, ...,mn) =

=
∞∑
k1=0

· · ·
∞∑

kn=0

g(k1, . . . , kn,m1, . . . ,mn)z
−k1
1 . . . z−knn =

= Ĝ(z1, . . . , zn) [q1(z1)]
−m1 . . . [qn(zn)]

−mn ,
m1, ...,mn = 0, 1, 2, ...,

(2.5.98)

ãäå Ĝ(z1, . . . , zn), q1(z1), . . . , qn(zn) � ôóíêöèè àíàëèòè÷åñêèå â íåêî-
òîðîé îáëàñòè Ω.

Òîãäà Z-ïðåîáðàçîâàíèå óðàâíåíèÿ

y(k1, ...kn) =
∞∑

m1=0
· · ·

∞∑
mn=0

g(k1, ..., kn,m1, ...,mn)×

×x(m1, ...,mn), k1, ..., kn = 0, 1, 2, ...
(2.5.99)

áóäåò èìåòü âèä

Y (z1, . . . , zn) = Ĝ(z1, . . . , zn)X(q1(z1), ..., qn(zn)), (2.5.100)

ãäå ôóíêöèÿ Y (z1, . . ., zn) � Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè
y(k1, . . ., kn), k1, ..., kn = 0, 1, 2, ... è X(z1, . . . , zn) � Z-ïðåîáðàçîâàíèå
ïîñëåäîâàòåëüíîñòè x(k1, . . . , kn), k1, ..., kn = 0, 1, 2, ....

Äîêàçàòåëüñòâî. Íàéäåì Z-ïðåîáðàçîâàíèå óðàâíåíèÿ (2.5.99) ïî
ïåðåìåííûì k1, k2,...,kn:

∞∑
k1=0

· · ·
∞∑

kn=0

y(k1, . . . , kn)z
−k1
1 . . . z−knn =

=
∞∑
k1=0

· · ·
∞∑

kn=0

( ∞∑
m1=0

· · ·
∞∑

mn=0
g(k1, . . . , kn,m1, . . . ,mn)×

× x(m1, . . . ,mn)z
−k1
1 . . . z−knn .

) (2.5.101)

Ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ â ïðàâîé ÷àñòè ðàâåíñòâà, ïî-
ëó÷èì

Y (z1, . . . , zn) =
∞∑

m1=0
· · ·

∞∑
mn=0

x(m1, ...,mn)×

×

(
∞∑
k1=0

· · ·
∞∑

kn=0

g(k1, . . . , kn,m1, . . . ,mn)z
−k1
1 . . . z−knn

)
.

(2.5.102)
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Ó÷èòûâàÿ óñëîâèå (2.5.98), èìååì

Y (z1, . . . , zn) = Ĝ(z1, . . . , zn)×

×
∞∑

m1=0
· · ·

∞∑
mn=0

x(m1, ...,mn) [q1(z1)]
−m1 . . . [qn(zn)]

−mn .
(2.5.103)

Äîêàçàíà ñïðàâåäëèâîñòü ðàâåíñòâà

Y (z1, . . . , zn) = Ĝ(z1, . . . , zn)X(q1(z1), ..., qn(zn)). (2.5.104)

Ñëåäñòâèå. Èç äàííîé òåîðåìû è óñëîâèÿ ôèçè÷åñêîé ðåàëèçóåìî-
ñòè èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ñèñòåìû (2.5.97)

g(k1, ..., kn,m1, ...,mn) = 0
ïðè m1 < k1, ...,mn < kn

(2.5.105)

ñëåäóåò, ÷òî åñëè èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ óäîâëåòâîðÿåò
óñëîâèþ (2.5.98) è óñëîâèþ ôèçè÷åñêîé ðåàëèçóåìîñòè (2.5.105), òî
Z-ïðåîáðàçîâàíèå óðàâíåíèÿ (2.5.97) èìååò âèä (2.5.104)

Y (z1, . . . , zn) = Ĝ(z1, . . . , zn)X(q1(z1), ..., qn(zn)). (2.5.106)

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, ïî èçâåñòíûì n+1 âõîäíîìó
ñèãíàëó xk(k1, . . . , kn), k = 1, 2, . . . , n + 1 è ñîîòâåòñòâóùèì n + 1
âûõîäíûì ñèãíàëàì yk(k1, . . . , kn), k = 1, 2, . . . , n + 1, îïðåäåëèòü
èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ ñèñòåìû (2.5.97).

Ðåøåíèå. Ïðè èçâåñòíûõ âõîäíûõ n + 1 ñèãíàëàõ xk(k1, . . . ,
kn), k1, ..., kn = 0, 1, 2, ...; k = 1, 2,. . . , n+ 1 è ñîîòâåòñâóþùèõ n+ 1
âûõîäíûõ ñèãíàëàõ yk(k1, . . . , kn), k1, ..., kn = 0, 1, 2, ...; k = 1, 2,
. . . , n + 1 äèíàìè÷åñêîé ñèñòåìû (2.5.97), ïîëó÷èì ñèñòåìó óðàâ-
íåíèé

yk(k1, ...kn) =

=
k1∑

m1=0
· · ·

kn∑
mn=0

g(k1, ..., kn,m1, ...,mn)xk(m1, ...,mn),

k = 1, 2, ..., n+ 1, k1, ..., kn = 0, 1, 2, ...

(2.5.107)

îòíîñèòåëüíî èñêîìîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(k1, . . . ,
kn,m1, . . . , mn). Ïóñòü ôóíêöèÿ g(k1, . . . , kn,m1, . . . , mn) óäîâëåòâî-
ðÿåò óñëîâèþ (2.5.98); òîãäà Z-ïðåîáðàçîâàíèåì ñèñòåìû óðàâíåíèé
(2.5.107) áóäåò ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé:

Yk(z1, . . . , zn) = Ĝ(z1, . . . , zn)Xk(q1(z1), ..., qn(zn)),
k = 1, 2, ..., n+ 1.

(2.5.108)
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Ðåøàÿ ñèñòåìó (2.5.108) îòíîñèòåëüíî èñêîìûõ ôóíêöèé Ĝ(z1,...,zn),
q1(z1), ..., qn(zn), íàéäåì Z-ïðåîáðàçîâàíèå èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè â âèäå

G(z1, ..., zn,m1, ...,mn) =

= Ĝ(z1, ..., zn) [q1(z1)]
−m1 . . . [qn(zn)]

−mn ,
m1, ....,mn = 0, 1, 2, ....

(2.5.109)

Èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ îïðåäåëèì êàê îáðàòíîå Z-
ïðåîáðàçîâàíèå ïî ïåðåìåííûì z1, ..., zn:

g(k1, ..., kn,m1, ...,mn) =

=
1

(2πi)n

∮
C1

...

∮
Cn

Ĝ(z1, ..., zn) [q1(z1)]
−m1 . . . [qn(zn)]

−mn ×

×zk1−1
1 . . . zkn−1

n dz1...dzn,
k1, ..., kn = 0, 1, 2, ...;
m1, ....,mn = 0, 1, 2, ...,

(2.5.110)

ãäå êàæäûé èíòåãðàë âû÷èñëÿåòñÿ ïî çàìêíóòîìó êîíòóðó, ëåæàùå-
ìó â îáëàñòè ñõîäèìîñòè ôóíêöèè Ĝ(z1, ..., zn) [q1(z1)]

−m1 · · · [qn(zn)]
−mn.

2.6. Ïðèáëèæåííûå ìåòîäû èäåíòèôèêàöèè

ëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì

Ïðåäëàãàþòñÿ ìåòîäû âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè, îñíîâàííûå íà àíàëèçå ðåàêöèè äèíàìè÷åñêîé ñèñòåìû íà
ñåðèþ ñïåöèàëüíî ïîäîáðàííûõ âõîäíûõ âîçäåéñòâèé.

2.6.1. Èäåíòèôèêàöèÿ ñèñòåì ïî ðåàêöèè íà ñòóïåí÷àòûå
âõîäíûå ñèãíàëû

Ïðåäëàãàåòñÿ ìåòîä âîññòàíîâëåíèÿ èìïóëüñíûõ ïåðåõîäíûõ
ôóíêöèé ëèíåéíûõ èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé ñ ðàñïðåäå-
ëåííûìè ïàðàìåòðàìè, îïèñûâàåìûõ óðàâíåíèÿìè âèäà

t∫
0

g(t, τ)x(τ)dτ = f(t), 0 ≤ t ≤ T, (2.6.1)

ãäå x(t) − âõîäíîé, f(t) − âûõîäíîé ñèãíàëû.
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Òðåáóåòñÿ, çíàÿ çíà÷åíèÿ N + 1 âõîäíîãî xk(t) è âûõîäíîãî
fk(t) (k = 1, . . . , N + 1) ñèãíàëîâ â ïðîìåæóòêå âðåìåíè [0, T ],
îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(t, τ) (g(t, τ) = 0 ïðè
τ > t). Â êà÷åñòâå âõîäíûõ ñèãíàëîâ áåðóòñÿ ñòóïåí÷àòûå ôóíêöèè

xk(t) =

{
1, 0 ≤ t ≤ tk,

0, tk ≤ t ≤ T,
k = 1, . . . , N + 1,

ãäå óçëû tk =
Tk

2(N+1) , k = 1, . . . , N + 1.

Ïðè ïîäà÷å íà âõîä ñèãíàëà xk(t), k = 1, . . . , N +1, âûõîäíîé
ñèãíàë ðàâåí

fk(t) =



t∫
0

g(t, τ)dτ ïðè 0 ≤ t ≤ tk, k = 1, . . . , N + 1,

tk∫
0

g(t, τ)dτ ïðè tk ≤ t ≤ T, k = 1, . . . , N + 1.

(2.6.2)

Ïðè t ≥ T/2 ýòî âûðàæåíèå áóäåò îòëè÷íî îò íóëÿ äëÿ âñåõ xk(t),
k = 1, . . . , N + 1. Ïðèáëèæåííîå ïðåäñòàâëåíèå ôóíêöèè g(t, τ)
áóäåì èñêàòü â âèäå

g(t, τ) ≈ gN(t, τ) =
N∑
k=0

N∑
l=0

αklφk(t)φl(τ), (2.6.3)

ãäå {φk} � ëèíåéíî íåçàâèñìûå ôóíêöèè íà ñåãìåíòå [0, T ].
Ðàçëîæèì âûõîäíîé ñèãíàë fm(t) â ðÿä ïî ôóíêöèÿì φk(t):

fm(t) ≈
N∑
k=0

fmk φk(t), m = 1, . . . , N + 1, (2.6.4)

ãäå fmk � êîýôôèöèåíòû ðàçëîæåíèÿ fm(t) ïî ôóíêöèÿì φk(t).
Ïîäñòàâëÿÿ (2.6.3) è (2.6.4) â (2.6.1), ïîëó÷èì ñèñòåìó óðàâíåíèé

N∑
k=0

 N∑
l=0

αkl

tm∫
0

φl(τ)dτ − fmk

φk(t) = 0, m = 1, . . . , N + 1,

èç êîòîðûõ, ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ëèíåéíî íåçàâèñèìûõ
ôóíêöèÿõ φk(t), ïðèõîäèì ê N + 1 ñèñòåìå, êàæäàÿ èç êîòîðûõ
ñîñòîèò èç N + 1 óðàâíåíèÿ
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N∑
l=0

α0l

tk∫
0

φl(τ)dτ = fk0 ,

N∑
l=0

α1l

tk∫
0

φl(τ)dτ = fk1 ,

...
N∑
l=0

αNl

tk∫
0

φl(τ)dτ = fkN ,

k = 1, . . . , N + 1.

Ïîëàãàÿ â êàæäîì óðàâíåíèè ïðåäûäóùåé ñèñòåìû k = 1, 2, . . . ,
N+1, ïîëó÷àåì ñëåäóþùèå N + 1 ñèñòåìû:

AUk = Fk, k = 1, . . . , N + 1, (2.6.5)

ãäå

A =



t1∫
0

φ0(τ)dτ

t1∫
0

φ1(τ)dτ . . .

t1∫
0

φN(τ)dτ

t2∫
0

φ0(τ)dτ

t2∫
1

φ1(τ)dτ . . .

t2∫
1

φN(τ)dτ

...
tN+1∫
0

φ0(τ)dτ

tN+1∫
0

φ1(τ)dτ . . .

tN+1∫
0

φN(τ)dτ


;

Uk =


αk0
αk1
αk2
...

αkN

 ; Fk =


f 0k
f 1k
f 2k
...
fNk

 , k = 1, . . . , N + 1.

Çäåñü Uk − âåêòîð èñêîìûõ êîýôôèöèåíòîâ; Fk − ñòîëáåö ñâî-
áîäíûõ ÷ëåíîâ.

Èç ïîëó÷åííûõ ñèñòåì íàéäåì çíà÷åíèÿ êîýôôèöèåíòîâ αkl
ðàçëîæåíèÿ (2.6.3).
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Îòìåòèì, ÷òî âñå ìàòðèöû ñèñòåì ëèíåéíûõ óðàâíåíèé (2.6.5)
èìåþò îäèí è òîò æå âèä, ÷òî óïðîùàåò ðåàëèçàöèþ äàííîãî àëãî-
ðèòìà.

Äëÿ ðåàëèçàöèè ïðåäëîæåííîãî àëãîðèòìà òðåáóåòñÿ:
1) âûáðàòü ñèñòåìó áàçèñíûõ ôóíêöèé φk(t);
2) íàéòè êîýôôèöèåíòû ðàçëîæåíèÿ êàæäîãî èç âûõîäíûõ

ñèãíàëîâ fmk ïî ñèñòåìå áàçèñíûõ ôóíêöèé φk(t);
3) ðåøèòü N + 1 ñèñòåìó ëèíåéíûõ óðàâíåíèé (2.6.5).
Äëÿ ïðèìåðà â êà÷åñòâå áàçèñíûõ ôóíêöèé âîçüìåì φk(t) = tk.

Òîãäà ìàòðèöà A èìååò âèä

A =



t1
t21
2

. . .
tN+1
1

N + 1

t2
t22
2

. . .
tN+1
2

N + 1
...

tN+1

t2N+1

2
. . .

tN+1
N+1

N + 1


.

Îïðåäåëèòåëü ïîñëåäíåé åñòü îïðåäåëèòåëü Âàíäåðìîíäà. Ñëå-
äîâàòåëüíî, â äàííîì ñëó÷àå ñèñòåìà ëèíåéíûõ óðàâíåíèé (2.6.5)
îäíîçíà÷íî ðàçðåøèìà. Àëãîðèòìû ðàçëîæåíèÿ âûõîäíîãî ñèãíàëà
ïî ñòåïåíÿì t ïðèâåäåíû â ðàçä. 1.10.

Çàìå÷àíèå 2.6.1. Â êà÷åñòâå áàçèñíûõ ôóíêöèé ìîæíî âçÿòü,
íàïðèìåð, ôóíêöèè Õààðà èëè âåéâëåò-ôóíêöèè.

Ïðèìåð 2.6.1. Ðàññìîòðèì ïðåîáðàçîâàòåëü, îïèñûâàåìûé óðàâíå-
íèåì (2.6.1), ãäå

g(t, τ) =

{
τ(t− τ)(T − t)(1 + t)e−τ , τ ≤ t,

0, τ > t.

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ.

Ðåøåíèå. Èäåíòèôèêàöèþ g(t, τ) áóäåì ïðîâîäèòü, àïïðîêñè-

ìèðóÿ ôóíêöèþ g(t, τ) îòðåçêîì ðÿäà Òåéëîðà g(t, τ) =
N∑
k=0

N∑
l=0

αklt
kτ l

è ïîäàâàÿ íà âõîä ïîñëåäîâàòåëüíî ñèãíàëû

xk(t) =

{
1, 0 ≤ t ≤ tk,

0, tk ≤ t ≤ T,
k = 1, . . . , N + 1;

tk =
Tk

2(N + 1)
, k = 1, . . . , N + 1.
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Ïðè ðåàëèçàöèè âû÷èñëèòåëüíîé ñõåìû (2.6.5) ïîëàãàåìN=10,
T=6. Ðåçóëüòàòû âîññòàíîâëåíèÿ ïðèâåäåíû â òàáë. 2.3 � òî÷íûå
çíà÷åíèÿ, â òàáë. 2.4 � ïðèáëèæåííûå çíà÷åíèÿ, â òàáë. 2.5 � ïî-
ãðåøíîñòü.

Òàáëèöà 2.3. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ìîäåëüíîãî ïðèìåðà 2.6.1
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.086 0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.263 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.4. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ)
ìîäåëüíîãî ïðèìåðà 2.6.1

HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.086 0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9895 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5584 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8225 0.3563 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6788 0.3181 0.199 0

6.0 0 0 0 0 0 0 0 0 0

Èç ïðèâåäåííûõ â òàáëèöàõ ðåçóëüòàòîâ âèäíî, ÷òî ïîãðåø-
íîñòü âîññòàíîâëåíèÿ óâåëè÷èâàåòñÿ ê êîíöó ñåãìåíòà. Ýòî ñâÿçàíî
ñ òåì, ÷òî ðåøåíèå èùåòñÿ â âèäå îòðåçêîâ ðÿäà Òåéëîðà. C óâåëè-
÷åíèåì ñòåïåíè ïîëèíîìà òî÷íîñòü âîññòàíîâëåíèÿ óâåëè÷èâàåòñÿ.
Â ýòîì ñëó÷àå îáóñëîâëåííîñòü ñèñòåìû ëèíåéíûõ óðàâíåíèé (2.6.5)
óõóäøàåòñÿ è äëÿ åå ðåøåíèÿ íóæíî èñïîëüçîâàòü ðåãóëÿðèçóþùèå
àëãîðèòìû. Îäèí èç òàêèõ àëãîðèòìîâ ðàññìîòðåí â ïåðâîé ãëàâå.

Òî÷íîñòü äàííîãî ìåòîäà ìîæíî óâåëè÷èòü çà ñ÷åò ïîäáîðà
ôóíêöèé φk(t). Ñëåäóåò îòìåòèòü, ÷òî äëÿ ýòîãî íå íóæíî çàíîâî
ïîäàâàòü íà âõîä ñèñòåìû âõîäíûå ñèãíàëû.
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Òàáëèöà 2.5. Ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè g(t, τ)
ìîäåëüíîãî ïðèìåðà 2.6.1

HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 0 0 0 0 0 0 0 0 0

1.8 0 0 0 0 0 0 0 0 0

2.4 0 0 0 0 0 0 0 0 0

3.0 0 0 0 0 0 0 0 0 0

3.6 0 0 0 0 0.0001 0 0 0 0

4.2 0 0 0 0 0 0.006 0 0 0

4.8 0 0 0 0 0 0.001 0.093 0 0

5.4 0 0 0 0 0 0.0011 0.0279 0.108 0

6.0 0 0 0 0 0 0 0 0 0

Ïðåäëîæåííûé ìåòîä ïîçâîëÿåò îïðåäåëèòü èìïóëüñíóþ ïå-
ðåõîäíóþ ôóíêöèþ â òîì ñëó÷àå, åñëè çíà÷åíèÿ âûõîäíîãî ñèãíàëà
èçâåñòíû òîëüêî ïî èñòå÷åíèþ íåêîòîðîãî âðåìåíè ñ ìîìåíòà âîç-
äåéñòâèÿ íà ñèñòåìó.

2.6.2. Èñïîëüçîâàíèå êâàäðàòóðíûõ ôîðìóë
ïðè èäåíòèôèêàöèè ñèñòåì

Ïðåäëîæåí ìåòîä âîññòàíîâëåíèÿ ÈÏÔ èçìåðèòåëüíûõ ïðå-
îáðàçîâàòåëåé ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, îïèñûâàåìûõ èí-
òåãðàëüíûìè óðàâíåíèÿìè âèäà

t∫
0

g(t, τ)x(τ)dτ = f(t), 0 ≤ t ≤ T, (2.6.6)

ïî ðåàêöèè íà ñòóïåí÷àòûå ñèãíàëû. Çäåñü g(t, τ) − èìïóëüñíàÿ
ïåðåõîäíàÿ ôóíêöèÿ, ïîäëåæàùàÿ âîññòàíîâëåíèþ; x(t) − âõîäíîé
ñèãíàë; f(t) − âûõîäíîé ñèãíàë.

2.6.3. Ìåòîä âîññòàíîâëåíèÿ íåïðåðûâíîé ôóíêöèè

Ìåòîä âîññòàíîâëåíèÿ ôóíêöèè g(t, τ) ñîñòîèò â ñëåäóþùåì.
Îáîçíà÷èì ÷åðåç xk(t) ñòóïåí÷àòûå ôóíêöèè

xk(t) =

{
0, 0 ≤ t ≤ tk+1 − h,
1, tk+1 − h < t ≤ T,

(2.6.7)
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k = 0, 1, . . . , N − 1, ãäå h = T
2N , tk =

Tk
N , k = 0, 1, . . . , N . ×åðåç fk(t)

îáîçíà÷èì ðåàêöèþ ïðåîáðàçîâàòåëÿ (2.6.6) íà âõîäíîé ñèãíàë xk(t),
k = 0, 1, . . . , N − 1.

Ïîäàäèì íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (2.6.6) ñèã-
íàë x0(t). Òîãäà â ìîìåíò âðåìåíè t1

t1∫
0

g(t1, τ)x0(τ)dτ = f0(t1). (2.6.8)

Çàìåíÿÿ èíòåãðàë â (2.6.8) êâàäðàòóðíûìè ôîðìóëàìè ïðàâûõ
ïðÿìîóãîëüíèêîâ ñ øàãîì h, èìååì

hg(t1, t1)x0(t1) + hg

(
t1,
t1
2

)
x0

(
t1
2

)
= f0(t1).

Áóäåì ñ÷èòàòü, ÷òî èçâåñòíû çíà÷åíèÿ ñèãíàëîâ fk(t) â óçëàõ
tl, k = 0, 1, . . . , N − 1, l = 1, 2, . . . , N. Îòñþäà ñëåäóåò (èç îïðåäåëå-
íèÿ ôóíêöèè x0(t)), ÷òî hg(t1, t1) = f0(t1), ò.å. g(t1, t1) =

f0(t1)
h .

Àíàëîãè÷íî, ïîäàâàÿ íà âõîä ïðåîáðàçîâàòåëÿ ñèãíàëû xk(t) è
ïðîâîäÿ àíàëîãè÷íûå ïðåîáðàçîâàíèÿ ñ óðàâíåíèÿìè

tk+1∫
0

g(tk+1, τ)xk(τ)dτ = fk(tk+1), k = 1, 2, . . . , N − 1,

èìååì g(tk+1, tk+1) =
fk(tk+1)

h , k = 1, 2, . . . , N − 1.
Â ðåçóëüòàòå ýòèõ äåéñòâèé îêàçàëèñü âû÷èñëåííûìè çíà÷åíèÿ

g(tk, tk), k = 0, 1, . . . , N − 1. Çäåñü ìû ïîëàãàåì, ÷òî g(0, 0) = 0.
Îòìåòèì ïðè ýòîì, ÷òî çíà÷åíèå g(0, 0) íèãäå íèæå íå èñïîëüçóåòñÿ.

Âåðíåìñÿ ê ðåàêöèè ïðåîáðàçîâàòåëÿ (2.6.6) íà âõîäíîé ñèãíàë
x0(t) â ìîìåíò âðåìåíè t2:

t2∫
0

g(t2, τ)x0(τ)dτ = f0(t2). (2.6.9)

Ïî êâàäðàòóðíûì ôîðìóëàì ïðàâûõ ïðÿìîóãîëüíèêîâ óðàâ-
íåíèå (2.6.9) àïïðîêñèìèðóåì ñëåäóþùèì óðàâíåíèåì:

hg(t2, t1) + 2hg(t2, t2) = f0(t2).

Îòñþäà g(t2, t1) =
f0(t2)

h
− 2g(t2, t2).
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Äëÿ íàõîæäåíèÿ çíà÷åíèé g(t3, t2) ïîñòóïàåì ñëåäóþùèì îá-
ðàçîì. Â íà÷àëå, âîñïîëüçîâàâøèñü äàííûìè î ðåàêöèè ïðåîáðàçî-
âàòåëÿ (2.6.6) íà âõîäíîé ñèãíàë x1(t), àïïðîêñèìèðóåì óðàâíåíèå

t3∫
0

g(t3, τ)x1(τ)dτ = f1(t3)

ïðèáëèæåííûì óðàâíåíèåì

2hg(t3, t3) + hg(t3, t2) = f1(t3).

Îòñþäà g(t3, t2) =
f1(t3)

h
− 2g(t3, t3).

Ïîñëå ýòîãî, âîñïîëüçîâàâøèñü äàííûìè î ðåàêöèè ïðåîáðàçî-
âàòåëÿ (2.6.6) íà âõîäíîé ñèãíàë x0(t), àïïðîêñèìèðóåì óðàâíåíèå

t3∫
0

g(t3, τ)x0(τ) = f0(t3)

ïðèáëèæåííûì óðàâíåíèåì

2hg(t3, t3) + 2hg(t3, t2) + hg(t3, t1) = f0(t3).

Îòñþäà g(t3, t1) =
f0(t3)

h
− 2g(t3, t3)− 2g(t3, t2).

Ïðîäîëæàÿ ýòîò ïðîöåññ, ïîñëåäîâàòåëüíî íàõîäèì çíà÷åíèÿ
g(tk, tl), k, l = 1, 2, . . . , N − 1. Â ðåçóëüòàòå ïî ðåàêöèè ïðåîáðàçî-
âàòåëÿ (2.6.6) íà N âõîäíûõ ñèãíàëîâ ôóíêöèÿ g(t, τ) ïðèáëèæåííî

âîññòàíàâëèâàåòñÿ â
N 2

2
óçëàõ.

Ïðîèëëþñòðèðóåì îïèñàííûé ìåòîä ïðèìåðîì.

Ïðèìåð 2.6.2. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (2.6.6),
ãäå g(t, τ) = τ(T − t)(t− τ)(1 + t)e−τ , 0 ≤ τ ≤ t ≤ T , T = 6.

Òðåáóåòñÿ îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(t, τ)
èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ, ôóíêöèîíèðîâàíèå êîòîðîãî îïè-
ñûâàåòñÿ óðàâíåíèåì (2.6.6).

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t, τ) ïî îïè-
ñàííîìó âûøå àëãîðèòìó ïðèâåäåíû â òàáë. 2.6 � 2.8, ïðè÷åì â òàáë.
2.6 äàíû òî÷íûå çíà÷åíèÿ, â òàáë. 2.7 � ïðèáëèæåííûå çíà÷åíèÿ, è
â òàáë. 2.8 � ïîãðåøíîñòü.
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Òàáëèöà 2.6. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ìîäåëüíîãî ïðèìåðà 2.6.2
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.7. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ìîäåëüíîãî ïðèìåðà 2.6.2
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.086 0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9895 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5562 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8245 0.2643 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6891 0.2881 0.099 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.8. Ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè g(t, τ)
ìîäåëüíîãî ïðèìåðà 2.6.2

HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 0 0 0 0 0 0 0 0 0

1.8 0 0 0 0 0 0 0 0 0

2.4 0 0 0 0 0 0 0 0 0

3.0 0 0 0 0 0 0 0 0 0

3.6 0 0 0 0 0.0001 0 0 0 0

4.2 0 0 0 0 0 0.0038 0 0 0

4.8 0 0 0 0 0 0.0030 0.0012 0 0

5.4 0 0 0 0 0 0.0092 0.0021 0.108 0

6.0 0 0 0 0 0 0 0 0 0

Èç ïðèâåäåííûõ òàáëèö âèäíî, ÷òî ïðîèñõîäèò íàêîïëåíèå ïî-
ãðåøíîñòè ïî ìåðå èõ çàïîëíåíèÿ.
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Èç îöåíîê ïîãðåøíîñòè êâàäðàòóðíûõ ôîðìóë ñëåäóåò, ÷òî
âáëèçè îêðåñòíîñòè äèàãîíàëè t = τ ïîãðåøíîñòü âîññòàíîâëåíèÿ
ôóíêöèè g(t, τ) åñòü âåëè÷èíà O( 1n), à çàòåì îöåíêà ïîãðåøíîñòè
óâåëè÷èâàåòñÿ èç-çà íàêîïëåíèÿ ïîãðåøíîñòè âû÷èñëåíèé, ïðè÷åì
ïðè îïðåäåëåíèè çíà÷åíèÿ g(T, 0) îíà èìååò ïîðÿäîê O(1). Ýòà òåî-
ðåòè÷åñêàÿ îöåíêà çíà÷èòåëüíî çàâûøåíà ïî ñðàâíåíèþ ñ ðåàëüíîé,
íî ïîëó÷èòü ëó÷øóþ òåîðåòè÷åñêóþ äåòåðìèíèðîâàííóþ îöåíêó ïî-
ãðåøíîñòè íåâîçìîæíî, òàê êàê âû÷èñëåíèÿ âåäóòñÿ ïîñëåäîâàòåëü-
íî è íà êàæäîì øàãå (à èõ âñåãî N) ïðèõîäèòñÿ ó÷èòûâàòü ìàê-
ñèìàëüíûå çíà÷åíèÿ îöåíîê ïîãðåøíîñòåé âñåõ ðàíåå âû÷èñëåííûõ
çíà÷åíèé g(tk, tk), g(tk, tk−1),. . . , g(tk, t1), k = 2, 3, . . . , N .

2.6.4. Ìåòîä âîññòàíîâëåíèÿ ôóíêöèè g(t, τ),
ïðèíàäëåæàùåé êëàññó W r,r(M), r ≥ 3

Îáîçíà÷èì ÷åðåç W r,r(M) êëàññ ôóíêöèé φ(t1, t2), îïðåäåëåí-
íûõ â îáëàñòè D = [0, T ]2, èìåþùèõ â îáëàñòè D ÷àñòíûå ïðîèçâîä-
íûå âèäà ∂vφ

∂t1
v1 ,∂t2

v2 , i = 1, 2, v = 1, 2, . . . , r, v = (v1, v2), 0 ≤ vi ≤ v,
i = 1, 2, ïðè÷åì âñå ÷àñòíûå ïðîèçâîäíûå äî r-ãî ïîðÿäêà â îáëàñòè
D îãðàíè÷åíû ïî ìîäóëþ êîíñòàíòîé M .

Ìåòîä âîññòàíîâëåíèÿ ñîñòîèò â ñëåäóþùåì. Äëÿ îïðåäåëåí-
íîñòè ïîëîæèì r = 3.

Îáîçíà÷èì ÷åðåç x∗k(t) ñòóïåí÷àòûå ôóíêöèè

x∗k(t) =

{
0, 0 ≤ t ≤ tk+1 − h∗,
1, tk+1 − h∗ < t ≤ T,

k = 0, 1, ..., N − 1,
tk =

Tk
N , k = 0, 1, ..., N − 1.

(2.6.10)

Ïîëîæèì h∗ = h2. Îòìåòèì, ÷òî âîçìîæíî è äðóãîå îïðåäåëå-
íèå h∗. Ýòî î÷åâèäíî èç äàëüíåéøåãî òåêñòà.

Ïîäàäèì íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (2.6.6) ñèã-
íàë x∗0(t). Òîãäà â ìîìåíò âðåìåíè t1 èìååì

t1∫
t1−h∗

g(t1, τ)x
∗
0(τ)dτ = f ∗0 (t1). (2.6.11)

Çàìåíÿÿ èíòåãðàë â (2.6.11) êâàäðàòóðíîé ôîðìóëîé ïðàâûõ
ïðÿìîóãîëüíèêîâ ñ øàãîì h∗, èìååì

h∗g(t1, t1) + ε11 = f ∗0 (t1), (2.6.12)
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ãäå ε11 − ïîãðåøíîñòü èñïîëüçóåìîé êâàäðàòóðíîé ôîðìóëû. Òàê
êàê g(t, τ) ∈ W r,r(M), r ≥ 1, òî |ε11| ≤ M

2 h
∗2 [123].

Ñëåäîâàòåëüíî, çíà÷åíèå g(t1, t1) îïðåäåëÿåòñÿ èç (2.6.12) ïî
ôîðìóëå g(t1, t1) =

f∗0 (t1)
h∗ ñ òî÷íîñòüþ ε∗11 ≤ Mh∗

2 .
Àíàëîãè÷íûì îáðàçîì, ïîäàâàÿ íà âõîä ïðåîáðàçîâàòåëÿ ñèã-

íàëû x∗k(t), k = 1, 2, . . . , N − 1, îïðåäåëÿåì g(tk, tk) ïî ôîðìóëå

g(tk+1, tk+1) =
fk(tk+1)

h∗

ñ òî÷íîñòüþ |ε∗k,k| ≤ Mh∗

2 .
Ïîñëå òîãî êàê âû÷èñëåíû çíà÷åíèÿ g(tk, tk), k = 1, 2, . . ., N − 1,

ïðèñòóïèì ê âû÷èñëåíèþ çíà÷åíèé g(tk, tl), k = 1, 2, . . . ,N−1, l = 1,
. . . , k − 1.

Ïîäàäèì íà âõîä ïðåîáðàçîâàòåëÿ èçìåðèòåëüíîãî ïðåîáðàçî-
âàòåëÿ, îïèñûâàåìîãî óðàâíåíèåì (2.6.6) ïîñëåäîâàòåëüíîñòü ñèãíà-
ëîâ ñëåäóþùåãî âèäà:

x∗∗k (t) =

{
1, tk ≤ t ≤ T,

0, 0 < t < tk,
k = 0, 1, . . . , N − 1,

tk =
Tk
N , k = 0, 1, . . . , N − 1.

(2.6.13)

Çíà÷åíèå g(tk, tl) âû÷èñëÿþòñÿ ïîñëåäîâàòåëüíî.
Âíà÷àëå âû÷èñëèì çíà÷åíèå g(t1, t0). Äëÿ ýòîãî âîñïîëüçóåìñÿ

ðåàêöèåé ïðåîáðàçîâàòåëÿ íà âõîäíîé ñèãíàë x∗∗0 (t) â ìîìåíò âðåìå-
íè t1:

t1∫
0

g(t1, τ)x
∗∗
0 (τ)dτ = f ∗∗0 (t1).

Âû÷èñëÿÿ èíòåãðàë ïî ôîðìóëå òðàïåöèé, èìååì

hg(t1, t0) + hg(t1, t1) + ε10 = f ∗∗0 (t1).

Çäåñü ε10 − ïîãðåøíîñòü ôîðìóëû òðàïåöèé. Èçâåñòíî, ÷òî
|ε10| ≤ 2Mh3

3 .
Òàêèì îáðàçîì, çíà÷åíèå g(t1, t0) âû÷èñëÿåòñÿ ïî ôîðìóëå

g(t1, t0) =
f ∗∗0 (t1)

h
− g(t1, t1)

ñ òî÷íîñòüþ |ε∗10| ≤ 2Mh2

3 + Mh∗

2 .
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Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåòñÿ g(t2, t1). Äëÿ âû÷èñëåíèÿ
g(t2, t0) èñïîëüçóåòñÿ ðåàêöèÿ ïðåîáðàçîâàòåëÿ (2.6.6) íà âõîäíîé
ñèãíàë x∗∗0 (t) â ìîìåíò âðåìåíè t2

t2∫
0

g(t2, τ)x
∗∗
0 (τ)dτ = f ∗∗(t2).

Çäåñü èíòåãðàë âû÷èñëÿåòñÿ ïî êâàäðàòóðíîé ôîðìóëå Ñèìï-
ñîíà è g(t2, t0) îïðåäåëÿåòñÿ èç ôîðìóëû

t2
6
[g(t2, t0) + 4g(t2, t1) + g(t2, t2)] + ε20 = f ∗∗(t2),

ãäå |ε20| ≤ t52
2880 max

0≤τ≤t2

∣∣∣∂4g(t2,τ)∂τ4

∣∣∣.
Îòñþäà ñëåäóåò, ÷òî g(t2, t0) îïðåäåëÿåòñÿ ïî ôîðìóëå

g(t2, t0) = 6
f ∗∗(t2)

t2
− 4g(t2, t1)− g(t2, t2)

ñ òî÷íîñòüþ

|ε∗20| ≤ |ε20|+ 4|ε∗21|+ |ε22|.
Íå îñòàíàâëèâàÿñü íà ïðîìåæóòî÷íûõ âû÷èñëåíèÿõ çíà÷åíèé

g(t3, t2),..., g(t4, t3), . . . , îïèøåì ïðîöåññ ïîñëåäîâàòåëüíîã âû÷èñëå-
íèÿ çíà÷åíèé g(tN , tN−1), . . . , g(tN , t0).

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ g(tN , tN−1) ïîäàäèì íà âõîä ïðå-
îáðàçîâàòåëÿ (2.6.6) ñèãíàë x∗∗N−1(t) è, ïîâòîðÿÿ ïðèâåäåííûå âûøå
âûêëàäêè, âû÷èñëèì çíà÷åíèÿ g(tN , tN−1) ïî ôîðìóëå

g(tN , tN−1) =
f ∗∗0 (tN)

h
− g(tN , tN)

ñ òî÷íîñòüþ

|ε∗N,N−1| ≤
2Mh2

3
+
Mh∗∗

2
.

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ g(tN , tN−2) ïîäàäèì íà âõîä ïðåîá-
ðàçîâàòåëÿ ñèãíàë x∗∗N−2(t) è âîñïîëüçóåìñÿ óðàâíåíèåì

tN∫
tN−2

g(tN , τ)x
∗∗
N−2(τ)dτ = f ∗∗N−2(tN).
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Âû÷èñëÿÿ çäåñü èíòåãðàë ïî ôîðìóëå Ñèìïñîíà, èìååì

h

3
g(tN , tN−2)+

4h

3
g(tN , tN−1) +

h

3
g(tN , tN)+εN,N−2 =

=f ∗∗N−2(tN),
(2.6.14)

ãäå |εN,N−2| ≤ (2h)5

2880M . Èç ôîðìóëû (2.6.14) ñëåäóåò, ÷òî çíà÷åíèå
g(tN , tN−2) âû÷èñëÿåòñÿ ïî ôîðìóëå

g(tN , tN−2) =
f ∗∗N−2(tN)

h
− 4g(tN , tN−1)− g(tN , tN−2)

ñ òî÷íîñòüþ |ε∗N,N−2| ≤ 8Mh2

3 + 3Mh∗∗.
Çíà÷åíèå g(tN , tN−3) âû÷èñëÿåòñÿ ïðè ïîäà÷å íà âõîä ñèãíàëà

x∗∗N−3(t) èç óðàâíåíèÿ

tN∫
tN−3

g(tN , τ)dτ = f ∗∗N−3(tN). (2.6.15)

Èíòåãðàë â ëåâîé ÷àñòè (2.6.15) ìîæåò áûòü âû÷èñëåí äâóìÿ
ñïîñîáàìè.

Âî-ïåðâûõ, îí ìîæåò áûòü ïðåäñòàâëåí â âèäå ñóììû äâóõ èí-

òåãðàëîâ
tN−1∫
tN−3

g(tN , τ)dτ +
tN∫

tN−1

g(tN , τ)dτ, è äëÿ âû÷èñëåíèÿ êîòîðûõ

ê ïåðâîìó èíòåãðàëó ïðèìåíÿåòñÿ ôîðìóëà Ñèìïñîíà, à êî âòîðî-
ìó � êâàäðàòóðíàÿ ôîðìóëà ïðàâûõ ïðÿìîóãîëüíèêîâ. Â ðåçóëüòàòå
èìååì

2

3
h [g(tN , tN−3) + 4g(tN , tN−2) + g(tN , tN−1)] + 2hg(tN , tN)+

+εN,N−3 = f ∗∗(tN−3),

ãäå εN,N−3 ñêëàäûâàåòñÿ èç ïîãðåøíîñòè ôîðìóë ïðÿìîóãîëüíèêîâ
è Ñèìïñîíà è îöåíèâàåòñÿ íåðàâåíñòâîì

|εN,N−3| ≤ 2Mh2 +
(4h)5

2880
max

tN−3≤τ≤tN−1

∣∣∣∣∂4g(t2, τ)∂τ 4

∣∣∣∣ .
Ñëåäîâàòåëüíî, g(tN , tN−3) âû÷èñëÿåòñÿ ïî ôîðìóëå

g(tN , tN−3) =
3

2

f ∗∗(tN−3)

h
− 3g(tN , tN)− 4g(tN , tN−2)− g(tN , tN−1)

ñ òî÷íîñòüþ

|ε∗N,N−3| ≤ 2Mh2 +
16

45
Mh5 + 3|ε∗N,N |+ 4|ε∗N,N−2|+ |ε∗N,N−1|.
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Âî-âòîðûõ, äëÿ âû÷èñëåíèÿ g(tN , tN−3) ìîæåò áûòü èñïîëüçî-
âàíà êâàäðàòóðíî-èíòåðïîëÿöèîííàÿ ôîðìóëà.

Òàê êàê óçëû ðàâíîîòñòîÿùèå, òî [149] êîíñòàíòà Ëåáåãà λn
ðàâíà λn = n.

Äëÿ âû÷èñëåíèÿ g(tN , tN−3) èñïîëüçóåì ôîðìóëó

tN∫
tN−3

Ln(g, τ)dτ + εN,N−3 = f ∗N−3(tN). (2.6.16)

Çäåñü Ln(g, τ) =
3∑

k=0

g(tN , tN−3+k)ψN−3+k(τ), ψN−3+k(τ) − ôóí-

äàìåíòàëüíûå ïîëèíîìû ïî óçëàì tN−3+k, k = 0, 1, 2, 3.
Âû÷èñëèâ â (2.6.16) èíòåãðàë, ëåãêî îïðåäåëèòü g(tN , tN−3) è

îöåíèòü ïîãðåøíîñòü âû÷èñëåíèÿ.
Äàëüíåéøèå âû÷èñëåíèÿ çíà÷åíèé g(tN , tN−4), . . . , g(tN , t0) ïðî-

âîäÿòñÿ àíàëîãè÷íî èëè èñïîëüçóþòñÿ ôîðìóëû ïðÿìîóãîëüíèêîâ è
Ñèìïñîíà â ðàçëè÷íûõ ñî÷åòàíèÿõ, èëè èñïîëüçóåòñÿ êâàäðàòóðíàÿ
ôîðìóëà èíòåðïîëÿöèîííîãî òèïà.

Â ïåðâîì ñëó÷àå ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ g(t, τ) èìååò
ïî ïåðåìåííîé τ ïðîèçâîäíûå äî ÷åòâåðòîãî ïîðÿäêà. Â ýòîì ñëó-
÷àå ìîæíî ïîêàçàòü, ÷òî ïîãðåøíîñòü âîññòàíîâëåíèÿ èìååò ïîðÿ-
äîê Ch, ãäå C − êîíñòàíòà.

Âî âòîðîì ñëó÷àå ìîæíî ïîêàçàòü, ÷òî ïîãðåøíîñòü âîññòàíîâ-
ëåíèÿ èìååò ïîðÿäîê Chr−2, ãäå C − êîíñòàíòà, r − ÷èñëî ÷àñòíûõ
ïðîèçâîäíûõ ïî ïåðåìåííîé τ ôóíêöèè g(t, τ) íà ñåãìåíòå [0, T ], èñ-
ïîëüçóåìûõ ïðè ïîñòðîåíèè àëãîðèòìà.

Çàìå÷àíèå 2.6.2. Êîíñòàíòà C íå âû÷èñëÿåòñÿ â ÿâíîì âèäå,
òàê êàê îíà çàâèñèò îò êîíñòàíòû M èç îïðåäåëåíèÿ êëàññà
ôóíêöèè W r,r(M). Ïîñëåäíÿÿ êîíñòàíòà íåèçâåñòíà, è ïîýòîìó
òî÷íîå âû÷èñëåíèå êîíñòàíòû C, çàâèñÿùåé îò M, r, T , íå èìå-
åò áîëüøîãî ïðàêòè÷åñêîãî çíà÷åíèÿ.

Ïðèìåð 2.6.3. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (2.6.6),
ãäå g(t, τ) = τ(T − t)(t− τ)(1 + t)e−τ , 0 ≤ τ ≤ t ≤ T , T = 6.

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ.

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t, τ) ïðèâå-
äåíû â òàáë. 2.9 �2.11

Cðàâíèâàÿ òàáë. 2.8 è òàáë. 2.11, ìîæíî îòìåòèòü, ÷òî ïî-
ãðåøíîñòü âîññòàíîâëåíèÿ âî âòîðîì ñëó÷àå íàìíîãî ìåíüøå. Ïðè-
ìåíÿÿ äðóãèå êâàäðàòóðíûå ôîðìóëû, ìîæíî óâåëè÷èòü òî÷íîñòü
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âîññòàíîâëåíèÿ, íî â ýòîì ñëó÷àå óâåëè÷èâàåòñÿ îáúåì âû÷èñëåíèé,
à ñëåäîâàòåëüíî, è âðåìÿ âîññòàíîâëåíèÿ.

Òàáëèöà 2.9. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.3
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.10. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.3
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.086 0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9895 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5542 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8235 0.2636 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6729 0.2891 0.097 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.11. Ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.3
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 0 0 0 0 0 0 0 0 0

1.8 0 0 0 0 0 0 0 0 0

2.4 0 0 0 0 0 0 0 0 0

3.0 0 0 0 0 0 0 0 0 0

3.6 0 0 0 0 0.0001 0 0 0 0

4.2 0 0 0 0 0 0.0018 0 0 0

4.8 0 0 0 0 0 0.0020 0.0005 0 0

5.4 0 0 0 0 0 0.007 0.0011 0.006 0

6.0 0 0 0 0 0 0 0 0 0
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2.6.5. Èäåíòèôèêàöèÿ ëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ïî
íåñêîëüêèì òåñòîâûì ñèãíàëàì

Èññëåäóåòñÿ âîçìîæíîñòü îïðåäåëåíèÿ ïî íåñêîëüêèì òåñòî-
âûì ñèãíàëàì äèíàìè÷åñêèõ õàðàêòåðèñòèê ëèíåéíûõ èçìåðèòåëü-
íûõ ïðåîáðàçîâàòåëåé ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, îïèñûâàå-
ìûõ óðàâíåíèÿìè âèäà

t∫
0

g(t, τ)x(τ)dτ = f(t), 0 ≤ t ≤ T, (2.6.17)

ãäå g(t, τ) = 0 ïðè τ > t.
Òðåáóåòñÿ, ðàñïîëàãàÿ îòêëèêîì ñèñòåìû íà íåñêîëüêî ñïåöè-

àëüíî ïîäîáðàííûõ ñèãíàëîâ, îïðåäåëèòü çíà÷åíèÿ ôóíêöèè g(t, τ)
ïðè 0 ≤ t, τ ≤ T.

Äëÿ âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t, τ)
ïðåäëàãàåòñÿ ñëåäóþùèé ìåòîä.

Íà âõîä ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (2.6.17), ïîäàäèì
ñèãíàëû xm(t), m=0,1,. . . , N , â ðåçóëüòàòå íà âûõîäå ïîëó÷èì âû-
õîäíûå ñèãíàëû fm(t), m=0,1,. . . , N :

t∫
0

g(t, τ)xm(τ)dτ = fm(t), 0 ≤ t ≤ T, m = 0, 1, . . . , N.

Âîçüìåì óçëû tk = (k+1)T/(N+1), k = 0, 1, . . . , N. Çàïîìíèì
âûõîäíûå çíà÷åíèÿ fm(t),m = 0, 1, . . . , N, íà ñåòêå tk, k = 0, . . . , N.

Ïîñòàâèì êàæäîìó ôèêñèðîâàííîìó çíà÷åíèþ tl, l=0, 1, . . ., N ,
â ñîîòâåòñòâèå ñèñòåìó óðàâíåíèé

tl∫
0

g(tl, τ)xm(τ)dτ = fm(tl), l = 0, 1, . . . , N,m = 0, . . . , l. (2.6.18)

Àïïðîêñèìèðîâàâ èíòåãðàë â ëåâîé ÷àñòè ôîðìóëû (2.6.18) êî-
íå÷íîé ñóììîé äëÿ êàæäîãî ôèêñèðîâàííîãî çíà÷åíèÿ l, ïîëó÷èì
ñèñòåìó ëèíåéíûõ óðàâíåíèé

l∑
k=0

g(tl, tk)xm(tk)∆t = fm(tl),m = 0, . . . , l, (2.6.19)

ãäå ∆t = tk+1 − tk, l = 0, . . . , N.
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Â âåêòîðíîé ôîðìå ñèñòåìà (2.6.19) èìååò âèä

AlUl = Fl, (2.6.20)

ãäå

Al = ∆t

 x0(t0) x0(t1) . . . x0(tl)
. . . . . .

xl(t0) xl(t1) . . . xl(tl)

 ,

Ul =


g(tl, t0)

.

.

.
g(tl, tl)

 , Fl =


f0(tl)
.

.

.
fl(tl)

 , l = 0, . . . , N.

Â ðåçóëüòàòå ïîëó÷àåì (N + 1) ñèñòåìó âèäà (2.6.19), ïðè÷åì
êàæäàÿ ñèñòåìà îòâå÷àåò ñîîòâåòñòâóþùåìó çíà÷åíèþ l, l = 0, 1,
. . . , N.

Ïðè l = 0 ïîëó÷èì îäíî óðàâíåíèå ñ îäíîé íåèçâåñòíîé, ïðè
l = 1 � äâà óðàâíåíèÿ ñ äâóìÿ íåèçâåñòíûìè è ò.ä., ïðè l = N
ïîëó÷èì (N + 1) � óðàâíåíèå ñ (N + 1) íåèçâåñòíûìè.

Òàêèì îáðàçîì, ìû ïîêðûâàåì êâàäðàò [0, T ; 0, T ] ðàâíî-
ìåðíîé ñåòêîé (tl, tk), k, l = 0, . . . , N, è îïðåäåëÿåì çíà÷åíèÿ ôóíê-
öèè g(t, τ) â óçëàõ ýòîé ñåòêè (tl, tk), k, l = 0, . . . , N, ïîëàãàÿ, ÷òî
g(tl, tk) = 0 ïðè k > l, k, l = 0, . . . , N.

Â îáùåì ñëó÷àå ðàçðåøèìîñòü ñèñòåì äëÿ ïðîèçâîëüíûõ ñèã-
íàëîâ äîêàçàòü íå óäàåòñÿ. Îäíàêî ýòî ìîæíî ñäåëàòü äëÿ îðòîãî-
íàëüíûõ íà ñåãìåíòå [0, T ] ñèãíàëîâ ïðè äîñòàòî÷íî áîëüøèõ l.

Â êà÷åñòâå ïðèìåðîâ ðàññìîòðèì äâà ñëó÷àÿ, ïðè÷åì â ïåðâîì
ñèãíàëû íåîðòîãîíàëüíû.

Ñëó÷àé 1. Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì

xm(t) = tm,m = 0, . . . , N, 0 ≤ t ≤ T. (2.6.21)

Òîãäà ìàòðèöû Al óðàâíåíèé (2.6.20) èìåþò ñëåäóþùèé âèä:

Al =


1 1 . . . 1
t0 t1 . . . tl
. . . . . .

tl0 tl1 . . . tll

 ,

l = 0, . . . , N, tk = (k + 1)T/(N + 1), k = 0, 1, . . . , N.
Îïðåäåëèòåëè ìàòðèö Al åñòü èçâåñòíûå îïðåäåëèòåëè Âàí-

äåðìîíäà, êîòîðûå îòëè÷íû îò íóëÿ, ÷òî ãîâîðèò î ðàçðåøèìîñòè
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ñèñòåì ëèíåéíûõ óðàâíåíèé (2.6.19) â ñëó÷àå, êîãäà âõîäíîé ñèãíàë
èìååò âèä (2.6.21). Ðåàëèçàöèÿ àëãîðèòìà â äàííîì ñëó÷àå ïðîèë-
ëþñòðèðîâàíà íà ìîäåëüíîì ïðèìåðå.

Ñëó÷àé 2. Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì

xm(t) = sin
(m+ 1)πt

2T
,m = 0, . . . , N, 0 ≤ t ≤ T. (2.6.22)

Â ýòîì ñëó÷àå ìàòðèöû Al óðàâíåíèé (2.6.20) èìåþò ñëåäóþ-
ùèé âèä:

Al =


sinφ0 sinφ1 . . . sinφl
sin 2φ0 sin 2φ1 . . . sin 2φl

. . . . . .
sin lφ0 sin lφ1 . . . sin lφl

 , l = 0, . . . , N,

ãäå φk =
πtk
2T , k = 0, . . . , N, tk = (k + 1)T/(N + 1), k = 0, 1, . . . , N.

Îïðåäåëèòåëè ýòèõ ìàòðèö ðàâíû [137, çàäà÷à 350]:

detAl = 2l(l+1) sinφ0 sinφ1 . . . sinφl
∏

0≤i<k≤l

sin
φi + φk

2
sin

φi − φk
2

.

Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò, ÷òî detAl ̸= 0, l = 0, 1, . . . , N ;
ýòî ãîâîðèò î ðàçðåøèìîñòè ñèñòåì óðàâíåíèé (2.6.19) â ñëó÷àå, êî-
ãäà âõîäíîé ñèãíàë èìååò âèä (2.6.22).

Òàêèì îáðàçîì, èç ðàçîáðàííûõ âûøå ñëó÷àåâ ñëåäóåò ïðèí-
öèïèàëüíàÿ îñóùåñòâèìîñòü àëãîðèòìà. Ïðè èñïîëüçîâàíèè äðóãèõ
âõîäíûõ ñèãíàëîâ äëÿ òîãî, ÷òîáû áûòü óâåðåííûì â ðàçðåøèìî-
ñòè ñèñòåìû óðàâíåíèé (2.6.20), íåîáõîäèìî ïîêàçàòü, ÷òî îïðåäå-
ëèòåëü ìàòðèö Al îòëè÷åí îò íóëÿ. Ýòî ëåãêî îïðåäåëèòü ñòàíäàðò-
íûìè âû÷èñëèòåëüíûìè ïðîöåäóðàìè, èìåþùèìèñÿ â MathCad èëè
MatLab [211]. Ñóùåñòâîâàíèå ìàòðèö, îáðàòíûõ ê Al, ÿâëÿåòñÿ êðè-
òåðèåì ïðèìåíèìîñòè èçëîæåííîãî âûøå àëãîðèòìà.

Ðåøåíèå ñèñòåì ëèíåéíûõ óðàâíåíèé (2.6.19) ìîæåò îñóùåñòâ-
ëÿòüñÿ ëþáûì ñòàíäàðòíûì ìåòîäîì ëèíåéíîé àëãåáðû. Îäíàêî
íàèáîëåå öåëåñîîáðàçíî âîñïîëüçîâàòüñÿ èòåðàöèîííûì ìåòîäîì,
êîòîðûé ïðåäëîæåí â ïåðâîé ãëàâå.

Îöåíèì ïîãðåøíîñòü ïðåäëîæåííîãî ìåòîäà. Îíà ñîñòîèò èç
òðåõ ñîñòàâëÿþùèõ:

à) ïîãðåøíîñòè, îáóñëîâëåííîé ïåðåõîäîì îò èíòåãðàëüíûõ
óðàâíåíèé (2.6.18) ê äèñêðåòíîé ñèñòåìå óðàâíåíèé (2.6.19);

á) òî÷íîñòè ðåøåíèÿ ñèñòåìû óðàâíåíèé (2.6.19);
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â) ïîãðåøíîñòè âîññòàíîâëåíèÿ ôóíêöèè g(t, τ) ïî åå ïðèáëè-
æåííûì çíà÷åíèåì â óçëàõ (tk, tl), k, l = 0, . . . , N − 1.

Îöåíèì êàæäóþ èç ýòèõ ñîñòàâëÿþùèõ â îòäåëüíîñòè. Äëÿ
ýòîãî íåîáõîäèìî ïðåäâàðèòåëüíî îïðåäåëèòü êëàññ ôóíêöèé, ê êî-
òîðîìó ïðèíàäëåæèò ôóíêöèÿ g(t, τ).

Ïðåäïîëîæèì âíà÷àëå, ÷òî ôóíêöèÿ g(t, τ) ∈ Hα,α(M), ò.å.
ïðèíàäëåæèò êëàññó ôóíêöèé Ãåëüäåðà ñ ïîêàçàòåëåì α ïî îáå-
èì ïåðåìåííûì: |g(t1, t2) − g(t′1, t

′
2) ≤ M(|t1 − t′1|α + |t2 − t′2|α). Òî-

ãäà ïîãðåøíîñòü, îáóñëîâëåííàÿ ïåðåõîäîì îò èíòåãðàëüíûõ óðàâ-
íåíèé ê äèñêðåòíûì óðàâíåíèÿì, îöåíèâàåòñÿ âåëè÷èíîé M1N

−α,
ãäå M1 = const. Ýòî óòâåðæäåíèå ñëåäóåò èç îáùåé òåîðèè ïðèáëè-
æåííûõ ìåòîäîâ [83]. Òî÷íîñòü ðåøåíèÿ ñèñòåìû óðàâíåíèé (2.6.20)
èòåðàöèîííûì ìåòîäîì îöåíèâàåòñÿ âåëè÷èíîé M2q

m, ãäå m − ÷èñ-
ëî èòåðàöèé, q = ∥I − γ(αI + A∗A)∥. Â ðàçäåëå 1.3.1 ïåðâîé ãëàâû
ïîêàçàíî, ÷òî q = 1 − γα − γσ∗, ãäå σ∗ = min σ(A∗A), σ(A∗A) −
ñïåêòð îïåðàòîðà A∗A, σ∗ ≥ 0.

Àïïðîêñèìàöèÿ ôóíêöèè g(t, τ) ∈ Hα,α(M) ïî çíà÷åíèÿì â
óçëàõ (tk, tl), k, l = 0, . . . , N − 1, îöåíèâàåòñÿ âåëè÷èíîé M3N

−α.
Òàêèì îáðàçîì, â ïåðâîì ñëó÷àå òî÷íîñòü âîññòàíîâëåíèÿ ôóíê-

öèè g(t, τ) åñòü âåëè÷èíà M4N
−α +M2q

m, M4 = max(M,M3). Âû-
áîðîì m âñåãäà ìîæíî äîáèòüñÿ, ÷òî ýòà âåëè÷èíà áóäåò ðàâíà
2M4N

−α. Ìîæíî òàêæå ïîêàçàòü, ÷òî íà êëàññå Hα,α(M) ýòà îöåí-
êà íå óëó÷øàåìà ïî ïîðÿäêó. Òàêèì îáðàçîì, ïðåäëàãàåìûé ìåòîä
ÿâëÿåòñÿ îïòèìàëüíûì ïî ïîðÿäêó.

Â ñëó÷àå, åñëè g(t, τ) ∈ W r,r(A), òî îöåíêà ïîãðåøíîñòè âîñ-
ñòàíîâëåíèÿ ôóíêöèè g(t, τ) åñòü âåëè÷èíà O(N−r).

Ïðèâåäåì ìîäåëüíûå ïðèìåðû.

Ïðèìåð 2.6.4. Ðàññìîòðèì ïðåîáðàçîâàòåëü (2.6.17), ãäå

g(t, τ) =

{
τ(t− τ)(T − t)(1 + t)e−τ , τ ≤ t,

0, τ > t.

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ.

Ðåøåíèå. Èäåíòèôèêàöèþ g(t, τ) áóäåì ïðîâîäèòü ïîäà÷åé
íà âõîä ñèãíàëîâ

xm(t) = tm, 0 ≤ t ≤ T,m = 0, . . . , N.

Ïðè ðåøåíèè ñèñòåì (2.6.19), ïîëàãàåì N = 10, T = 6. Ðå-
çóëüòàòû, ïîëó÷åííûå ïðè ÷èñëå èòåðàöèé, ðàâíîì 100, ïðèâåäåíû
â òàáë. 2.12 �2.13, ïðè÷åì â òàáë. 2.12 äàíû òî÷íûå çíà÷åíèÿ, â
òàáë. 2.13 � ïðèáëèæåííûå çíà÷åíèÿ.
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Òàáëèöà 2.12. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.4
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.13. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.4
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.093 0 0 0 0 0 0 0 0

1.8 4.671 2.512 0 0 0 0 0 0 0

2.4 7.215 5.333 2.175 0 0 0 0 0 0

3.0 9.453 7.827 4.278 1.576 0 0 0 0 0

3.6 10.989 9.569 5.901 2.899 0.975 0 0 0 0

4.2 11.122 10.148 6.696 3.671 1.641 0.5321 0 0 0

4.8 9.611 9.049 6.200 3.653 1.883 0.8235 0.2676 0 0

5.4 6.089 5.817 4.133 2.481 1.297 0.6701 0.2871 0.097 0

6.0 0 0 0 0 0 0 0 0 0

Ïðèìåð 2.6.5. Ðàññìîòðèì ïðåîáðàçîâàòåëü (2.6.17), ãäå

g(t, τ) =

{
τ(t− τ)(T − t)(1 + t)e−τ , τ ≤ t,

0, τ > t.

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ.

Ðåøåíèå. Èäåíòèôèêàöèþ g(t, τ) áóäåì ïðîâîäèòü ïîäà÷åé
íà âõîä ñèãíàëîâ

xm(t) = sin
(m+ 1)πt

2T
, m = 0, . . . , N, 0 ≤ t ≤ T.

Ïðè ðåøåíèè ñèñòåì (2.6.19) ïîëàãàåì N = 100, T = 6. Ðå-
çóëüòàòû ïðèâåäåíû â òàáë. 2.14 �2.15, ïðè÷åì â òàáë. 2.14 äàíû
òî÷íûå çíà÷åíèÿ, â òàáë. 2.15 � ïðèáëèæåííûå çíà÷åíèÿ.

Ñðàâíèâàÿ ðåçóëüòàòû âîññòàíîâëåíèÿ â ïåðâîì è âòîðîì ñëó-
÷àÿõ (òàáë. 2.13, 2.15), ìîæíî ñäåëàòü âûâîä, ÷òî òî÷íîñòü âîññòà-
íîâëåíèÿ çàâèñèò îò âûáîðà âõîäíûõ âîçäåéñòâèé xm(t).
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Òàáëèöà 2.14. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.5
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.15. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.5
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.078 0 0 0 0 0 0 0 0

1.8 4.671 2.511 0 0 0 0 0 0 0

2.4 7.195 5.289 2.174 0 0 0 0 0 0

3.0 9.489 7.837 4.262 1.568 0 0 0 0 0

3.6 10.945 9.547 5.942 2.857 0.9894 0 0 0 0

4.2 11.095 10.175 6.692 3.677 1.667 0.5423 0 0 0

4.8 9.526 9.0871 6.227 3.657 1.874 0.8357 0.2643 0 0

5.4 6.169 5.789 4.143 2.528 1.356 0.6721 0.2881 0.094 0

6.0 0 0 0 0 0 0 0 0 0

Äàííûé ìåòîä ïðèìåíèì äëÿ áîëüøîãî êëàññà âõîäíûõ ñèãíà-
ëîâ. Îãðàíè÷åíèå, íàêëàäûâàåìîå íà ôóíêöèè xm(t) − óñëîâèå ðàç-
ðåøèìîñòè ñèñòåì ëèíåéíûõ óðàâíåíèé (2.6.20). Ïðèìåíåíèå äàí-
íîãî ìåòîäà âûãîäíî åùå è òåì, ÷òî çíà÷åíèÿ âûõîäíûõ ñèãíàëîâ
ìîãóò áûòü èçâåñòíû â ôèêñèðîâàííûå ìîìåíòû âðåìåíè, à ìàò-
ðèöà ñèñòåìû óðàâíåíèé (2.6.20) âû÷èñëÿåòñÿ òîëüêî îäèí ðàç, ÷òî
óâåëè÷èâàåò ñêîðîñòü âû÷èñëåíèé.

2.6.6. Îïðåäåëåíèå çíà÷åíèé èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè íà îòðåçêàõ ïðÿìûõ t = tk

Ðàññìîòðèì ñèñòåìû, îïèñûâàåìûå óðàâíåíèåì âèäà

t∫
0

g(t, τ)x(τ)dτ = f(t), 0 ≤ t ≤ T. (2.6.23)
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Òðåáóåòñÿ, ðàñïîëàãàÿ îòêëèêîì ñèñòåìû íà íåñêîëüêî ñïåöè-
àëüíî ïîäîáðàííûõ ñèãíàëîâ, îïðåäåëèòü çíà÷åíèÿ ôóíêöèè g(t, τ)
ïðè τ ≤ t, ïîëàãàÿ g(t, τ) = 0 ïðè τ > t.

Äëÿ âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t, τ)
ïðåäëîæèì ñëåäóþùèé ìåòîä.

Âîçüìåì N óçëîâ: tk = Tk
N , k = 0, 1, . . . , N. Êàæäîìó óçëó tk

ïîñòàâèì â ñîîòâåòñòâèå ôóíêöèþ g(tk, τ), k = 1, . . . , N.Ïðèáëèæåí-
íîå ïðåäñòàâëåíèå ôóíêöèè g(tk, τ) íà ïðÿìîé t = tk, k = 1, . . . , N ,
áóäåì èñêàòü â âèäå ïîëèíîìà gn(tk, τ) ñòåïåíè n ïî ïåðåìåííîé τ .
Ïîëèíîì gn(tk, τ) íàéäåì èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

tk∫
0

gn(tk, τ)x(τ)dτ = f(tk), k = 1, 2, ..., N,

ïðè ðàçëè÷íûõ âõîäíûõ âîçäåéñòâèÿõ x(t).
Îïðåäåëèì ôóíêöèþ g̃(t, τ) ôîðìóëîé

g̃(t, τ) = gn(tk, τ), t ∈ (tk−1, tk], τ ∈ [0, tk], k = 1, . . . , N, ãäå t0 = 0.

Äëÿ îïðåäåëåíèÿ çíà÷åíèé ïîëèíîìîâ gn(tk, τ), k=1, 2, . . ., N ,
ðàññìîòðèì äâà ñëó÷àÿ.

Ïåðâûé ñëó÷àé. Ïðèáëèæåííîå ðåøåíèå óðàâíåíèå (2.6.23)
áóäåì èñêàòü â âèäå ïîëèíîìà

gn(tk, τ) =
n∑
l=0

α
(k)
l φl(τ), (2.6.24)

ãäå α(k)
l � íåèçâåñòíûå êîýôôèöèåíòû; φl(τ) � ëèíåéíî íåçàâèñèìûå

ïîëèíîìû n-ãî ïîðÿäêà.
Äëÿ îïðåäåëåíèÿ α(k)

l áóäåì ïîäàâàòü íà âõîä óñòðîéñòâà (n+1)
ñèãíàë xm(τ),m=0, . . ., n, ãäå xm(τ) � ëèíåéíî íåçàâèñèìûå ïîëèíî-
ìû.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé

n∑
l=0

α
(k)
l

tk∫
0

φl(τ)xm(τ)dτ = fm(tk),m = 0, . . . , n, (2.6.25)

èç êîòîðîé íàéäåì êîýôôèöèåíòû α
(k)
l , l=0, 1, . . ., n, k=1, 2, . . ., N .

Ðàçðåøèìîñòü ñèñòåìû (2.6.25) ìîæíî äîêàçàòü ïðè ñëåäóþ-
ùåì âûáîðå ôóíêöèé: â êà÷åñòâå φl(τ) âîçüìåì ïîëèíîìû φ(τ) = τ l,
l=0, . . ., n, à â êà÷åñòâå xm(τ) � ïîëèíîìû xm(τ)=τ

m,m=0, . . ., n.
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Òîãäà ñèñòåìà ëèíåéíûõ óðàâíåíèé (2.6.25) ïðèìåò âèä:

n∑
l=0

α
(k)
l

tmk
m

= fm(tk),m = 0, . . . , n.

Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí [137, çàäà÷à 418]:

∆ = t
(n+1)(n+2)
k

∣∣∣∣∣∣∣∣
1 1

2
1
3 . . . 1

n+1
1
2

1
3

1
4 . . . 1

n+2

. . . . . . .
1

n+1
1

n+2
1

n+3 . . . 1
2n+1

∣∣∣∣∣∣∣∣ =

=
t
(n+1)(n+2)
k [1!2!3! . . . n!]3

n!(n+ 1)!(n+ 2)! . . . (2n+ 1)!
̸= 0, k = 1, . . . , N,

òî åñòü ñèñòåìà îäíîçíà÷íî ðàçðåøèìà.

Ïðèìåð 2.6.6. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (2.6.23)
ñ èìïóëüñíîé ïåðåõîäíîé ôóíêöèåé

g(t, τ) = τ(t− τ)(T − t)(1 + t)e−τ .

Òðåáóåòñÿ îïðåäåëèòü çíà÷åíèÿ g(t, τ) ïðè 0≤τ≤t≤T , T=6.

Ðåøåíèå. Ââåäåì óçëû tk =
6k
10 , k = 0, 1, . . . , 10.

Ïîäàäèì íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (2.6.23) ñèã-
íàëû xm(t) = tm,m = 0, . . . , 9. ×åðåç fm(t) îáîçíà÷åíû ñîîòâåòñòâó-
þùèå âûõîäíûå ñèãíàëû èçìåðèòåëüíîãî ïðåîáðàçîâàòåÿ (2.6.23).

Äàëåå, äåéñòâóÿ ïî îïèñàííîìó âûøå ìåòîäó, íàéäåì ïðèáëè-
æåííûå çíà÷åíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g̃(t, τ) (ðåçóëü-
òàòû âîññòàíîâëåíèÿ ïðèâåäåíû â òàáë. 2.16, 2.17).

Òàáëèöà 2.16. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.6
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0
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Òàáëèöà 2.17. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.6
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.077 0 0 0 0 0 0 0 0

1.8 4.622 2.610 0 0 0 0 0 0 0

2.4 7.258 5.320 2.194 0 0 0 0 0 0

3.0 9.477 7.817 4.279 1.570 0 0 0 0 0

3.6 10.903 9.569 5.917 2.880 0.985 0 0 0 0

4.2 11.102 10.154 6.689 3.663 1.681 0.5602 0 0 0

4.8 9.619 9.059 6.216 3.632 1.880 0.8225 0.2629 0 0

5.4 6.071 5.831 4.118 2.511 1.381 0.6774 0.2897 0.085 0

6.0 0 0 0 0 0 0 0 0 0

Âòîðîé ñëó÷àé. Ïðåäëîæèì åùå îäèí ìåòîä âîññòàíîâëåíèÿ
ôóíêöèè g(t, τ) íà ïðÿìûõ t = tk, k = 1, . . . , N . Â êà÷åñòâå âõîä-
íîãî ñèãíàëà ðàññìîòðèì ôóíêöèþ x(ω, τ) = 1√

2π
e−iωτ . Òîãäà íà

âûõîäå ñèñòåìû ïîëó÷èì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè g(t, τ) ïî
ïåðåìåííîé τ â çàäàííûé ìîìåíò âðåìåíè t = tk :

1√
2π

tk∫
0

g(tk, τ)e
−iωτdτ = G(tk, ω). (2.6.26)

Èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(tk, τ) ìîæíî íàéòè êàê
îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè G(tk, ω).

Íàéäåì g(tk, τ) èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåä-
ãîëüìà ïåðâîãî ðîäà (2.6.26). Äëÿ êðàòêîñòè âìåñòî G(tk, ω) áóäåì
ïèñàòü Gk(ω), k = 1, . . . , N .

Äëÿ åãî ðåøåíèÿ âîñïîëüçóåìñÿ ìåòîäîì êîëëîêàöèè. Ïðèáëè-
æåííîå ðåøåíèå óðàâíåíèÿ (2.6.26) áóäåì èñêàòü â âèäå ïîëèíîìà

g(tk, τ) = gkn(τ) =
n∑
l=1

α
(k)
l e−lτ , k = 1, . . . , N,

êîýôôèöèåíòû α
(k)
l êîòîðîãî îïðåäåëÿþòñÿ èç ñèñòåìû àëãåáðàè÷å-

ñêèõ óðàâíåíèé

n∑
l=1

α
(k)
l

l + v
= G(v), v = c0, c0 + 1, . . . , c0 + n− 1, (2.6.27)

ãäå âåðõíèé èíäåêñ k ïîêàçûâàåò, ÷òî êîýôôèöèåíòû ðàçëîæåíèÿ
ôóíêöèè îïðåäåëÿþòñÿ íà ïðÿìîé t = tk; c0 ≥ c, c − öåëîå ÷èñëî.
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Îïðåäåëèòåëü ñèñòåìû (2.6.27) ðàâåí [137]:

∆ =

∣∣∣∣∣∣∣∣∣∣

1
1 + c0

1
2 + c0

. . . 1
n+ c0

1
2 + c0

1
3 + c0

. . . 1
n+ 1 + c0

. . . . . . . . . . . .
1

n+ c0
1

n+ 1 + c0
. . . 1

2n− 1 + c0

∣∣∣∣∣∣∣∣∣∣
=

=

∏
1≤i<l≤n

(i− l)2

n∏
i,l=1

(c0 + i− 1− l)

̸= 0,

ãäå ïðîèçâåäåíèå â çíàìåíàòåëå áåðåòñÿ ïî âñåì i è l, ïðèíèìàþùèì
íåçàâèñèìî äðóã îò äðóãà âñå çíà÷åíèÿ îò 1 äî n.

Â ñëó÷àå, êîãäà c0 = 0, îïðåäåëèòåëü ∆ ðàâåí

∆ =
[1!2! . . . (n− 1)!]3

n!(n+ 1)! . . . (2n− 1)!
̸= 0.

Ñëåäîâàòåëüíî, ñèñòåìà óðàâíåíèé (2.6.27) èìååò åäèíñòâåííîå ðå-
øåíèå.

Â ðÿäå ñëó÷àåâ áîëåå ïðåäïî÷òèòåëüíûì îêàçûâàåòñÿ ìåòîä,
ïðè êîòîðîì â êà÷åñòâå òî÷åê êîëëîêàöèè âûáèðàþòñÿ òî÷êè, ðàñ-
ïîëîæåííûå â íåêîòîðîì ñåãìåíòå ∆ = [a, b], a ≥ c0. Ýòî ñâÿçà-
íî ñ òåì, ÷òî îòïàäàåò íåîáõîäèìîñòü â àíàëèçå çíà÷åíèé ôóíêöèè
Gk(ω), k = 1, . . . , N, ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ω.

Ðàññìîòðèì ìîäèôèêàöèþ äàííîãî ìåòîäà.
Íàéäåì ïðèáëèæåííîå ïðåäñòàâëåíèå ôóíêöèè g(t, τ) ïðè t=tk,

k=1, . . . , N, â âèäå ðàçëîæåíèÿ åå íà îòðåçêå [0, tk] â ðÿä òîëüêî ïî
êîñèíóñàì èëè òîëüêî ïî ñèíóñàì.

Òîãäà ôóíêöèÿ g(tk, τ) ðàçëàãàåòñÿ â ðÿäû:

gn(tk, τ) =
a0
2
+

n∑
m=1

am cos

(
mπτ

tk

)
, (2.6.28)

èëè

gn(tk, τ) =
n∑

m=1

bm sin

(
mπτ

tk

)
. (2.6.29)
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Ïîäàäèì íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (2.6.23) ñèã-
íàëû:

x0(τ) =

{
2
tk
, τ ∈ (0, tk),

0, τ /∈ (0, tk),

xm(τ) =
2
tk
cos
(
mπτ
tk

)
,m = 1, . . . , n,

(2.6.30)

èëè

xm(τ) =
2

tk
sin

(
mπτ

tk

)
,m = 1, . . . , n. (2.6.31)

Âûõîäíîé ñèãíàë ïðåîáðàçîâàòåëÿ (2.6.23) ðàçëàãàåòñÿ â ðÿä
Ôóðüå ñ êîýôôèöèåíòàìè:

f0(tk) =
2

tk

tk∫
0

g(tk, τ)dτ, fm(tk) =
2

tk

tk∫
0

g(tk, τ) cos

(
mπτ

tk

)
dτ,

m = 1, . . . , n, (2.6.32)

èëè

fm(tk) =
2

tk

tk∫
0

g(tk, τ) sin

(
mπτ

tk

)
dτ,m = 1, . . . , n. (2.6.33)

Òîãäà
a0 = f0, am = fm,m = 1, . . . , n, (2.6.34)

èëè
bm = fm,m = 1, . . . , n, (2.6.35)

è ôóíêöèþ g(tk, τ) ìîæíî ïðåäñòàâèòü íà îòðåçêå τ ∈ [0, tk] â âèäå
(2.6.28) èëè (2.6.29).

Ïðèìåð 2.6.7. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (2.6.23).
Òðåáóåòñÿ îïðåäåëèòü çíà÷åíèÿ g(t, τ) ïðè 0 ≤ τ ≤ t ≤ T , T = 6.
Çäåñü ôóíêöèÿ g(t, τ) = τ(t− τ)(T − t)(1 + t)e−τ .

Ðåøåíèå. Ââåäåì óçëû tk =
6k
10 , k = 1, . . . , 10. Ïðèáëèæåííîå

ïðåäñòàâëåíèå ôóíêöèè g(tk, τ) èùåòñÿ â âèäå ïîëèíîìà (2.6.28) ñòå-
ïåíè 10. Ïîäàâàÿ íà âõîä ïðåîáðàçîâàòåëÿ ñèãíàëû (2.6.30), íàéäåì
â ñèëó (2.6.32) è (2.6.34) èñêîìûå êîýôôèöèåíòû am, k = 0, . . . , 10,
ðàçëîæåíèÿ (2.6.28).

Ðåçóëüòàòû âîññòàíîâëåíèÿ ïðèâåäåíû â òàáë. 2.18, 2.19 ( â
òàáë. 2.18 äàíû òî÷íûå çíà÷åíèÿ, â òàáë. 2.19 � ïðèáëèæåííûå).

Àíàëèçèðóÿ ðåçóëüòàòû (òàáë. 2.16�2.19) ìîäåëüíûõ ïðèìåðîâ
2.6.6, 2.6.7 ìîæíî ñäåëàòü âûâîä, ÷òî òî÷íîñòü çàâèñèò îò âûáîðà
âõîäíûõ ôóíêöèé xm(t) è îò ÷èñëà âõîäíûõ âîçäåéñòâèé.
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Òàáëèöà 2.18. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.7
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2
2

.086
0 0 0 0 0 0 0 0

1.8 4.647 2.55 0 0 0 0 0 0 0

2.4 7.255 5.309 2.185 0 0 0 0 0 0

3.0 9.483 7.807 4.285 1.568 0 0 0 0 0

3.6 10.91 9.577 5.913 2.884 0.9894 0 0 0 0

4.2 11.1 10.15 6.684 3.668 1.678 0.5524 0 0 0

4.8 9.626 9.056 6.213 3.637 1.871 0.8215 0.2631 0 0

5.4 6.069 5.829 4.113 2.508 1.377 0.6799 0.2902 0.091 0

6.0 0 0 0 0 0 0 0 0 0

Òàáëèöà 2.19. Ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè g(t, τ) ïðèìåðà 2.6.7
HHHHHHtk

tl
0.6 1.2 1.8 2.4 3.0 3.6 4.2 4.8 5.4

0.6 0 0 0 0 0 0 0 0 0

1.2 2.081 0 0 0 0 0 0 0 0

1.8 4.643 2.553 0 0 0 0 0 0 0

2.4 7.258 5.311 2.179 0 0 0 0 0 0

3.0 9.487 7.809 4.289 1.571 0 0 0 0 0

3.6 10.917 9.579 5.919 2.880 0.991 0 0 0 0

4.2 11.092 10.156 6.678 3.670 1.659 0.5421 0 0 0

4.8 9.628 9.052 6.219 3.634 1.879 0.8256 0.2621 0 0

5.4 6.064 5.831 4.110 2.511 1.364 0.6734 0.2911 0.0897 0

6.0 0 0 0 0 0 0 0 0 0

Â ñëó÷àå âîññòàíîâëåíèè ôóíêöèè g(t, τ) íà ïðÿìûõ t = tk,
k = 1, . . . , N â âèäå ðÿäîâ ïî îðòîãîíàëüíûì ôóíêöèÿì, â ÷àñòíî-
ñòè òðèãîíîìåòðè÷åñêèì ôóíêöèÿì, ïîñëåäíèé ìåòîä ÿâëÿåòñÿ íàè-
áîëåå ýôôåêòèâíûì è ïî êà÷åñòâó âîññòàíîâëåíèÿ, è ïî îáúåìó âû-
÷èñëåíèé, ïîñêîëüêó íà âûõîäå ñèñòåìû ïîëó÷àåì êîýôôèöèåíòû
ðàçëîæåíèÿ âîññòàíàâëèâàåìîé ôóíêöèè.
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Ãëàâà 3

Èäåíòèôèêàöèÿ íåëèíåéíûõ

äèíàìè÷åñêèõ ñèñòåì

3.1. Èäåíòèôèêàöèÿ íåëèíåéíûõ ñèñòåì

ñ ïîìîùüþ ñïåöèàëüíî ïîäîáðàííûõ ñèãíàëîâ

Ðàññìîòðåí ìåòîä èäåíòèôèêàöèè íåëèíåéíûõ ñèñòåì, îïèñû-
âàåìûõ èíòåãðàëüíûìè óðàâíåíèÿìè äîñòàòî÷íî îáùåãî âèäà, ñ ïî-
ìîùüþ ñïåöèàëüíî âûáðàííûõ òåñòîâûõ ñèãíàëîâ. Ïîäðîáíî ðàñ-
ñìîòðåí ñëó÷àé ïðåäñòàâëåíèÿ ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ â âè-
äå ñòåïåííîãî ïîëèíîìà îòíîñèòåëüíî ïðåîáðàçóåìîãî âîçäåéñòâèÿ.

Ðàññìîòðèì íåëèíåéíûé äèíàìè÷åñêèé îáúåêò, ôóíêöèîíèðî-
âàíèå êîòîðîãî îïèñûâàåòñÿ èíòåãðàëüíûì óðàâíåíèåì

t∫
0

g(t− τ, x(τ))dτ = f(t), (3.1.1)

ãäå ôóíêöèÿ g(t, x) èìååò n ïðîèçâîäíûõ ïî ïåðåìåííîé x.
Â ñëó÷àå, êîãäà ÿäðî g(t, x) óðàâíåíèÿ (3.1.1) èìååò âèä

gn(t, x) =
n∑
k=1

gk(t)x
k(t), (3.1.2)

âîïðîñàì èäåíòèôèêàöèè êîýôôèöèåíòîâ {gk(t)} ïîñâÿùåí ðÿä ðà-
áîò, â êîòîðûõ, â îñíîâíîì èñïîëüçóåòñÿ ìåòîä ðÿäîâ Âîëüòåððà è
Âèíåðà (ñì. [78, 120, 138, 183, 222]). Èçëîæåíèå ìåòîäîâ èäåíòèôè-
êàöèè íåëèíåéíûõ ñèñòåì è äîñòàòî÷íî ïîäðîáíàÿ áèáëèîãðàôèÿ
ñîäåðæàòñÿ â ìîíîãðàôèÿõ [48,71] è ðàáîòàõ [16,17,20].

Ðàñïðîñòðàíèì îïèñàííûå â ïðåäûäóùåé ãëàâå ìåòîäû èäåí-
òèôèêàöèè ëèíåéíûõ îáúåêòîâ ïî íåñêîëüêèì òåñòîâûì ñèãíàëàì
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(÷àñòè÷íî ýòè ðåçóëüòàòû ïðåäñòàâëåíû â ðàáîòàõ [13, 15, 39]) íà
íåëèíåéíûå äèíàìè÷åñêèå îáúåêòû.

1. Íà÷íåì èññëåäîâàíèå ñ ðàññìîòðåíèÿ óðàâíåíèÿ

t∫
0

g1(t− τ)x(τ)dτ +

t∫
0

g2(t− τ)(x(τ))2dτ = f(t). (3.1.3)

Ïîäàäèì íà âõîä îáúåêòà, îïèñûâàåìîãî óðàâíåíèåì (3.1.3),
÷åòûðå âõîäíûõ ñèãíàëà:

xk(t) =

{
0, −∞ < t < 0;
1

2k−1e
−2t, 0 ≤ t <∞,

k = 1, 2, 3, 4.
Îòìåòèì, ÷òî âûáîð ýòèõ ñèãíàëîâ îïðåäåëåí èçëîæåííûì â

ïðåäûäóùåé ãëàâå ìåòîäîì èäåíòèôèêàöèè ëèíåéíûõ îáúåêòîâ, êî-
ãäà â êà÷åñòâå âõîäíûõ ñèãíàëîâ èñïîëüçîâàëèñü ôóíêöèè y1(t) è
y2(t), ñâÿçàííûå ìåæäó ñîáîé ñîîòíîøåíèåì

y2(t) =

∞∫
t

y1(τ)dτ.

Â ñàìîì äåëå, íàéäåì äâå ôóíêöèè z1(t) è z2(t) òàêèå, ÷òî

z2(t) =

∞∫
t

z1(τ)dτ, (3.1.4)

(z2(t))
2 =

∞∫
t

(z1(τ))
2dτ. (3.1.5)

Èç ñîîòíîøåíèé (3.1.4), (3.1.5) ñëåäóåò, ÷òî ∞∫
t

z1(τ)dτ

2

=

∞∫
t

(z1(τ))
2dτ. (3.1.6)

Äèôôåðåíöèðóÿ äâà ðàçà óðàâíåíèå (3.1.6) ïî ïåðåìåííîé t,
ïîñëåäîâàòåëüíî ïîëó÷àåì ïðè ïåðâîì äèôôåðåíöèðîâàíèè

−2

 ∞∫
t

z1(τ)dτ

 z1(t) = −(z1(t))
2,
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è ïîñëå ñîêðàùåíèÿ íà z1(t) (z1(t) ̸= 0) è äèôôåðåíöèðîâàíèÿ îêîí-
÷àòåëüíî èìååì

−2z1(t) = z′1(t). (3.1.7)

Â êà÷åñòâå z1(t) áåðåì âõîäíûå ñèãíàëû, íå îáðàùàþùèåñÿ â
íîëü â ðàññìàòðèâàåìîì èíòåðâàëå.

Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå (3.1.7), èìååì

z1(t) = ce−2t.

Ïîäàâàÿ íà âõîä îáúåêòà ïîñëåäîâàòåëüíî ÷åòûðå ñèãíàëà xk(t),
k = 1, 2, 3, 4, íà âûõîäå èìååì

f1(t) =

t∫
0

g1(t− τ)e−2τdτ +

t∫
0

g2(t− τ)e−4τdτ,

f2(t) =
1

2

t∫
0

g1(t− τ)e−2τdτ +
1

4

t∫
0

g2(t− τ)e−4τdτ,

f3(t) =
1

4

t∫
0

g1(t− τ)e−2τdτ +
1

16

t∫
0

g2(t− τ)e−4τdτ,

f4(t) =
1

8

t∫
0

g1(t− τ)e−2τdτ +
1

64

t∫
0

g2(t− τ)e−4τdτ. (3.1.8)

Ïðåäñòàâèì ñèñòåìó (3.1.8) â âèäå

f1(t) =

t∫
0

g1(t− τ)e−2τdτ +

t∫
0

g2(t− τ)e−4τdτ,

f2(t) =

t∫
0

g1(t− τ)

 ∞∫
0

e−2vdv −
τ∫

0

e−2vdv

 dτ+

+

t∫
0

g2(t− τ)

 ∞∫
0

e−4vdv −
τ∫

0

e−4vdv

 dτ,

f3(t) =
1

4

t∫
0

g1(t− τ)e−2τdτ +
1

16

t∫
0

g2(t− τ)e−4τdτ,

f4(t) =

t∫
0

g1(t− τ)

 ∞∫
0

1

4
e−2vdv −

τ∫
0

1

4
e−2vdv

 dτ+
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+

t∫
0

g2(t− τ)

 ∞∫
0

1

16
e−4vdv −

τ∫
0

1

16
e−4vdv

 dτ. (3.1.9)

Ïðèìåíèì ê ñèñòåìå óðàâíåíèé (3.1.9) ïðåîáðàçîâàíèå Ëàïëàñà:

F1(p)=G1(p)A1(p)+G2(p)A2(p);

F2(p)=
G1(p)K1

p
−G1(p)A1(p)

p
+
G2(p)K2

p
−G2(p)A2(p)

p
;

F3(p)=G1(p)A3(p)+G2(p)A4(p);

F4(p)=
G1(p)K3

p
−G1(p)A3(p)

p
+
G2(p)K4

p
+
G2(p)A4(p)

p
,

(3.1.10)

ãäå A1(p), A2(p), A3(p), A4(p) − ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèé

e−2t, e−4t,
1

4
e−2t,

1

16
e−4t

è

K1 =
1

2
, K2 =

1

4
, K3 =

1

8
, K4 =

1

64
.

Óìíîæàÿ âòîðîå è ÷åòâåðòîå óðàâíåíèÿ ñèñòåìû (3.1.10) íà p
è ñêëàäûâàÿ èõ ñ ïåðâûì è òðåòüèì óðàâíåíèÿìè, ïîëó÷àåì

F1(p) + pF2(p) =
1

2
G1(p) +

1

4
G2(p),

F3(p) + pF4(p) =
1

8
G1(p) +

1

64
G2(p).

(3.1.11)

Òàê êàê îïðåäåëèòåëü ñèñòåìû (3.1.11) îòëè÷åí îò íóëÿ, òî ýòà
ñèñòåìà îäíîçíà÷íî ðàçðåøèìà è

G1(p) =
32

3
F3(p) +

32

3
pF4(p)−

2

3
F1(p)−

2

3
pF2(p),

G2(p) =
16

3
F1(p) +

16

3
pF2(p)−

64

3
F3(p)−

64

3
pF4(p).

(3.1.12)

Ïðèìåíÿÿ ê (3.1.12) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, èìååì

g1(t) =
32

3
f3(t) +

32

3
f ′4(t)−

2

3
f1(t)−

2

3
f ′2(t),

g2(t) =
16

3
f1(t) +

16

3
f ′2(t)−

64

3
f3(t)−

64

3
f ′4(t).

(3.1.13)
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Ðàññìîòðèì ïðîñòîé ìîäåëüíûé ïðèìåð, èëëþñòðèðóþùèé èç-
ëîæåííûé ìåòîä.

Ïðèìåð 3.1.1. Ïóñòü èññëåäóåìîå óñòðîéñòâî îïèñûâàåòñÿ óðàâíå-
íèåì (3.1.3), ãäå

g1(t) =

{
e−t, t ≥ 0,
0, t < 0.

g2(t) =

{
e−5t, t ≥ 0,
0, t < 0,

Ïðè ïîäà÷å íà âõîä ôóíêöèé xk(t), k = 1, 2, 3, 4, âûõîäíûå
ñèãíàëû (ïðè t ≥ 0) ðàâíû

f1(t) = e−t − e−2t − e−4t − e−5t;

f2(t) =
e−t

2
− e−2t

2
− e−4t

2
− e−5t

2
;

f3(t) =
e−t

4
− e−2t

4
− e−4t

16
− e−5t

16
;

f4(t) =
e−t

8
− e−2t

8
− e−4t

64
− e−5t

64
.

Òðåáóåòñÿ îïðåäåëèòü g1(t) è g2(t), ðàñïîëàãàÿ çíà÷åíèÿìè
x1(t), . . ., x4(t) è f1(t), . . ., f4(t).

Ðåøåíèå. Ïî ôîðìóëàìè (3.1.13), èìååì g1(t)=e−t, g2(t)=e−5t,
÷òî è òðåáîâàëîñü ïîëó÷èòü.

2. Ðàññìîòðèì óðàâíåíèå (3.1.1) â ïðåäïîëîæåíèè, ÷òî ÿäðî
g(t, x) èìååò âèä (3.1.2). Ïîäàäèì íà âõîä îáúåêòà 2n ñèãíàëîâ:

xk(t) =

{
0, t < 0,

1

2k−1
e−2t, t ≥ 0,

k = 1, 2, . . . , 2n.

Òîãäà âûõîäíûå ñèãíàëû ðàâíû

fl(t) =
n∑
k=1

t∫
0

gk(t− τ)xkl (τ)dτ, l = 1, 2, . . . , 2n. (3.1.14)

Ïðåäñòàâèì ñèãíàë x2k(t) (k = 1, 2, . . . , n) â âèäå

x2k(t) =
1

22k−1
e−2t =

∞∫
t

x2k−1(τ)dτ =
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=

∞∫
0

x2k−1(τ)dτ −
t∫

0

x2k−1(τ)dτ. (3.1.15)

Ïîäñòàâèì âûðàæåíèå (3.1.15) â 2k(k = 1, 2, . . . , n) óðàâíåíèé ñè-
ñòåìû (3.1.14). Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó

n∑
k=1

t∫
0

gk(t− τ)xk2l−1(τ)dτ = f2l−1(t),

n∑
k=1

t∫
0

gk(t−τ)

 ∞∫
0

x2l−1(v)dv−
τ∫

0

x2l−1(v)dv

k

dτ=f2l(t), (3.1.16)

l = 1, 2, . . . , n.

Ïðèìåíÿÿ ê ñèñòåìå óðàâíåíèé (3.1.16) ïðåîáðàçîâàíèå Ëà-
ïëàñà, óìíîæàÿ ÷åòíûå óðàâíåíèÿ íà p, ðåøàåì ïîëó÷åííóþ ñèñòå-
ìó óðàâíåíèé îòíîñèòåëüíî Gi(p) (i = 1, 2, . . . , n). Åäèíñòâåííîñòü
ðåøåíèÿ ñëåäóåò èç òîãî, ÷òî áëàãîäàðÿ ñîîòâåòñòâóþùåìó ïîäáî-
ðó êîýôôèöèåíòîâ 1/2k−1 ôóíêöèé xk(t) îïðåäåëèòåëü ïîëó÷àåìîé
ñèñòåìû îòëè÷åí îò íóëÿ. Ïðèìåíÿÿ çàòåì îáðàòíîå ïðåîáðàçîâà-
íèå Ëàïëàñà, ïîëó÷àåì àíàëèòè÷åñêîå âûðàæåíèå äëÿ âû÷èñëåíèÿ
ôóíêöèé gi(t), i = 1, 2, . . . , n. Ñîîòâåòñòâóþùèå âûðàæåíèÿ íå âû-
ïèñûâàþòñÿ â ÿâíîì âèäå èç-çà èõ ãðîìîçäêîñòè.

3. Ðàññìîòðèì óðàâíåíèå (3.1.1). Ïóñòü ÿäðî g(t, x) èìååò ïðî-
èçâîäíûå äî (n + 1) ïîðÿäêà ïî ïåðåìåííîé x. Ðàçëîæèì g(t, x) ïî
ôîðìóëå Òåéëîðà:

g(t, x) =
n∑
k=0

gk(t, 0)x
k(t)

k!
+ rn+1(t, x),

ãäå gk(t, 0) =
∂kg(t, x)

∂xk
|x=0.

Áóäåì ñ÷èòàòü, ÷òî

max
0≤t<∞, 0≤Θ≤1

|gn+1(t,Θ)| ≤ 1, max
0≤t<∞

|x(t)| ≤ 1,

òîãäà
max
0≤t<∞

|rn+1(t, x(t))| ≤ 1/(n+ 1)!.
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Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî ïðè îäíîì è òîì æå âõîäíîì
ñèãíàëå x(t) ïðè ïåðåõîäå îò (3.1.1) ê óðàâíåíèþ

t∫
0

gn(t− τ)x(τ)dτ = fn(t)

ïîãðåøíîñòü â îïðåäåëåíèè ïðàâîé ÷àñòè ïðè 0 ≤ t ≤ 1 ðàâíà

max
t

|f(t)− fn(t)| ≤ 1/(n+ 1)!.

Òàê êàê ñèñòåìà ëèíåéíûõ óðàâíåíèé, èç êîòîðîé ïî âòîðî-
ìó àëãîðèòìó îïðåäåëÿþòñÿ ôóíêöèè Gi(p) (i = 1, 2, . . . , n), îä-
íîçíà÷íî ðàçðåøèìà, òî çíà÷åíèÿ Gi(p) îïðåäåëÿþòñÿ ñ òî÷íîñòüþ
Ai/(n+1)!, ãäå êîíñòàíòû Ai (i = 1, 2, . . . , n) îïðåäåëÿþòñÿ êîýôôè-
öèåíòàìè ýòîé ñèñòåìû. Ïåðåõîä îò Gi(p) ê gi(t) äàåò ïîãðåøíîñòü
Bi/(n+1)! (i = 1, 2, . . . , n). Òàêèì îáðàçîì, ïðè äîñòàòî÷íî áîëüøèõ
n ïîãðåøíîñòü âîññòàíîâëåíèÿ ÿäðà ïî ôîðìóëå

g(t, x) =
n∑
k=0

g̃k(t, 0)
(x(t))k

k!
,

ãäå g̃k(t, 0) − ôóíêöèè, îïðåäåëåííûå ïî ìåòîäó, èçëîæåííîìó â
ïóíêòå 2, ðàâíà Ci/(n+ 1)! (i = 1, 2, . . . , n).

4. Ìîäåëèðîâàíèå âõîäíûõ ôóíêöèé âèäà

xk(t) =

{
0, −∞ < t < 0,
1

2k−1
e−2t, 0 ≤ t <∞,

äîñòàòî÷íî ïðîñòî ïðè èññëåäîâàíèè ýëåêòðè÷åñêèõ öåïåé, íî ÷ðåç-
âû÷àéíî ñëîæíî ïðè èññëåäîâàíèè ìåõàíè÷åñêèõ îáúåêòîâ. Â ýòîì
ñëó÷àå ïðè èäåíòèôèêàöèè íåëèíåéíûõ ìåõàíè÷åñêèõ ñèñòåì, îïè-
ñûâàåìûõ óðàâíåíèÿìè âèäà (3.1.1), åñòåñòâåííî âçÿòü â êà÷åñòâå
âõîäíûõ ñèãíàëîâ ôóíêöèè

xk(t) =

{
0, −∞ < t < 0,
1

2k−1
φ(t), 0 ≤ t <∞,

k = 1, 2, . . . , n, ãäå φ(t) − ïðîèçâîëüíàÿ, äîñòàòî÷íî ïðîñòî ðåà-
ëèçóåìàÿ ôóíêöèÿ. Ïîäàâàÿ íà âõîä èäåíòèôèöèðóåìîãî îáúåêòà
ñèãíàëû xk(t) (k = 1, 2, . . . , n), ïîëó÷àåì ñèñòåìó óðàâíåíèé

n∑
k=1

1

2(l−1)k

t∫
0

gk(t− τ)(φ(τ))kdτ = fl(t),

l = 1, 2, . . . , n.

(3.1.17)
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Îïðåäåëèòåëü ýòîé ñèñòåìû

∆ =

∣∣∣∣∣∣∣∣
1 1 · · · 1
1
2

1
22 · · · 1

2n

· · ·
1

2n−1
1

2(n−1)2 . . . 1
2(n−1)n

∣∣∣∣∣∣∣∣
ðàâåí [137, ïðèìåð 343]:

∆ = (−1)n−1Πn
i=1

1

2i
Πn>i>k≥1

(
1

2i
− 1

2k

)[ n∑
i=1

1

2if i(2i)

]
,

ãäå f(x) = (x− x1)(x− x2) . . . (x− xn), xk =
(
1
2

)k
, k = 1, 2, . . . , n, è,

ñëåäîâàòåëüíî, ∆ ̸= 0.
Èç òåîðåìû Êðàìåðà ñëåäóåò, ÷òî ñèñòåìà (3.1.17) îäíîçíà÷-

íî ðàçðåøèìà. Ðàçðåøàÿ åå îòíîñèòåëüíî èíòåãðàëîâ, ïîëó÷àåì n
èíòåãðàëüíûõ óðàâíåíèé:

t∫
0

gk(t− τ)(φ(τ))kdτ = ψk(t), k = 1, 2, . . . , n. (3.1.18)

Äëÿ ðåøåíèÿ êàæäîãî èç óðàâíåíèé (3.1.18) ìîæíî âîñïîëüçî-
âàòüñÿ äâóìÿ ìåòîäàìè.

Âî-ïåðâûõ, ïðèìåíÿÿ ê êàæäîìó óðàâíåíèþ ñèñòåìû (3.1.18)
ïðåîáðàçîâàíèå Ëàïëàñà, èìååì

Gk(p)L(φ
k(t)) = ψk(p), k = 1, 2, . . . , n, (3.1.19)

ãäå L(φ) − ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè φ.
Ðàçðåøàÿ êàæäîå èç óðàâíåíèé, âõîäÿùèõ â (3.1.19), îòíîñè-

òåëüíî Gk(p) è ïðèìåíÿÿ ê Gk(p) îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà,
âû÷èñëÿåì gk(t), k = 1, 2, . . . , n.

Âî-âòîðûõ, äëÿ ðåøåíèÿ êàæäîãî èç óðàâíåíèé, âõîäÿùèõ â
(3.1.18), ìîæíî âîñïîëüçîâàòüñÿ (ïðè âûïîëíåíèè óñëîâèÿ A, çàêëþ-
÷àþùåãîñÿ â òîì, ÷òî çíà÷åíèÿ ôóíêöèé Φk(ω), ÿâëÿþùèõñÿ ïðåîá-
ðàçîâàíèåì Ôóðüå ôóíêöèé φk(t), ðàñïîëîæåíû âíóòðè åäèíè÷íîé
îêðóæíîñòè ñ öåíòðîì â òî÷êå (1, 0)), èòåðàöèîííûì ïðîöåññîì

gm+1
k (t) = αmg

m
k (t)−

−(1− αm)

gmk (t)− t∫
0

gmk (t− τ)φk(τ)dτ − ψk(t)

 ,

k = 1, 2, . . . , n,m = 0, 1, . . . , ãäå 0 < a < αm < b < 1.

(3.1.20)
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Ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (3.1.20) â ìåòðèêå ïðî-
ñòðàíñòâà L2(−∞,∞) äîêàçàíà â [13]. Òàì æå óêàçàíû ñïîñîáû ïî-
ñòðîåíèÿ èòåðàöèîííûõ ïðîöåññîâ â ñëó÷àÿõ, êîãäà óñëîâèå A íàðó-
øàåòñÿ.

3.2. Èäåíòèôèêàöèè íåëèíåéíûõ ñèñòåì

ñ ïîìîùüþ ãàðìîíè÷åñêèõ ñèãíàëîâ

Ðàññìàòðèâàåòñÿ ìåòîä èäåíòèôèêàöèè íåëèíåéíûõ èçìåðè-
òåëüíûõ ïðåîáðàçîâàòåëåé, îïèñûâàåìûõ íåëèíåéíûìè óðàâíåíèÿ-
ìè â ñâåðòêàõ. Â ÷àñòíîñòè, òàêèìè óðàâíåíèÿìè îïèñûâàþòñÿ ïðå-
îáðàçîâàòåëè, ñîñòîÿùèå èç ïàðàëëåëüíî ñîåäèíåííûõ áëîêîâ, ñî-
äåðæàùèõ ïîñëåäîâàòåëüíî ñîåäèíåííûå áåçûíåðöèîííûé íåëèíåé-
íûé ïðåîáðàçîâàòåëü è ëèíåéíîå èíåðöèîííîå çâåíî. Èäåíòèôèêà-
öèÿ ïðîâîäèòñÿ ïîäà÷åé íà âõîä ïîñëåäîâàòåëüíîñòè ñèíóñîèäàëü-
íûõ ñèãíàëîâ. Ìåòîä ìîæåò áûòü èñïîëüçîâàí ïðè ñòåíäîâûõ èñïû-
òàíèÿõ è ïðè ýêñïëóàòàöèè îáúåêòà. Â ïîñëåäíåì ñëó÷àå ïðåäïîëà-
ãàåòñÿ, ÷òî âõîäíîé ñèãíàë äîñòàòî÷íî ìåäëåííî èçìåíÿåòñÿ.

Ðàññìîòðèì äèíàìè÷åñêèé îáúåêò, ôóíêöèîíèðîâàíèå êîòîðî-
ãî îïèñûâàåòñÿ èíòåãðàëüíûì óðàâíåíèåì

t∫
0

g(t− τ, x(τ))dτ = f(t), (3.2.1)

ãäå ÈÏÔ g(t, x) èìååò n ïðîèçâîäíûõ ïî ïåðåìåííîé x.
Â ñëó÷àå, êîãäà ÿäðî g(t, x) óðàâíåíèÿ (3.2.1) èìååò âèä

g(t, x) =
n∑
k=1

gk(t)x
k(t), (3.2.2)

âîïðîñàì èäåíòèôèêàöèè êîýôôèöèåíòîâ gk ïîñâÿùåí ðÿä ðàáîò, â
êîòîðûõ â îñíîâíîì èñïîëüçóåòñÿ ìåòîä ðÿäîâ Âîëüòåððà. Èçëîæå-
íèå ìåòîäîâ èäåíòèôèêàöèè ëèíåéíûõ è íåëèíåéíûõ ñèñòåì è äî-
ñòîòî÷íî ïîëíàÿ áèáëèîãðàôèÿ ñîäåðæàòñÿ â ìîíîãðàôèÿõ [1, 120,
138,154].

Èäåíòèôèêàöèÿ íåëèíåéíûõ óðàâíåíèé (3.2.1) ïðè ÿäðàõ âèäà
(3.2.2) ñ ïîìîùüþ 2n ñïåöèàëüíûõ ñèãíàëîâ îïèñàíà â ðàáîòå [12].

Ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ ïîñòðîåíèå ìåòîäîâ èäåí-
òèôèêàöèè ñ ïîìîùüþ ïðîñòî ðåàëèçóåìûõ íà ïðàêòèêå ñèãíàëîâ
(íàïðèìåð, ñèíóñîèä) èëè ïî îäíîìó âõîäíîìó ñèãíàëó ñî ñïåêòðîì,
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ñîäåðæàùèì ãàðìîíèêè ak sin(kt+ θk), ó êîòîðûõ ak ̸= 0, k = 0, 1 ...
N , ãäå N � äîñòàòî÷íî áîëüøîå öåëîå ÷èñëî.

3.2.1. Ëèíåéíûå ñèñòåìû

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó, ôóíêöèîíèðîâàíèå êîòîðîé
îïèñûâàåòñÿ óðàâíåíèåì

t∫
0

g(t− τ)x(τ)dτ = f(t), (3.2.3)

ãäå g(t) − ôóíêöèÿ óäîâëåòâîðÿþùàÿ óñëîâèÿì êàóçàëüíîñòè, ò.å.
g(t) = 0 ïðè t ≤ 0.

Âíà÷àëå áóäåì ñ÷èòàòü, ÷òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
g(t) îòëè÷íà îò íóëÿ íà ñåãìåíòå [0, a] ⊂ [0, 2π] è ðàâíà íóëþ âî
âñåõ îñòàëüíûõ òî÷êàõ ÷èñëîâîé îñè. Ïîëüçóÿñü ñâîéñòâîì ñâåðòêè,
ïðåîáðàçóåì óðàâíåíèå (3.2.3) ê âèäó

t∫
0

x(t− τ)g(τ)dτ = f(t). (3.2.4)

Äëÿ îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t) ïîäà-
äèì íà âõîä ïîñëåäîâàòåëüíîñòü ñèíóñîèäàëüíûõ ñèãíàëîâ. Êàê ïðà-
âèëî [68, 71, 168], äëÿ îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíê-
öèè èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ, îïèñûâàåìîãî óðàâíåíèåì â
ñâåðòêàõ, íà âõîä ïîäàþò δ-îáðàçíûå ñèãíàëû. Îäíàêî èñïîëüçîâà-
íèå ýòèõ ñèãíàëîâ âûçûâàåò áîëüøóþ ïîãðåøíîñòü. Â ðàáîòå [13]
ïîêàçàíî, ÷òî ïðè ïîäà÷å íà âõîä ñòóïåí÷àòîãî ñèãíàëà, âîçìóùåí-
íîãî àääèòèâíîé ïîìåõîé, ÿâëÿþùåéñÿ ñèíóñîèäîé ñ àìïëèòóäîé ε
(ε − êàê óãîäíî ìàëîå ÷èñëî) è ÷àñòîòîé ω, ïîãðåøíîñòü âîññòàíîâ-
ëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ðàâíà Aωε, ãäå A − const.
Ýòà ïîãðåøíîñòü ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè ω → ∞ è ïðè ëþ-
áîì ε.

Àíàëîãè÷íàÿ ñèòóàöèÿ âîçíèêàåò è ïðè èñïîëüçîâàíèè δ-oá-
ðàçíûõ ñèãíàëîâ.

Ïîäñòàâëÿÿ âìåñòî x(t) ôóíêöèþ xk(t), ãäå xk(t) = sin kt, åñëè
t ≥ 0; xk(t) = 0, åñëè t < 0, k = 1, 2, . . . , N, èìååì

sin kt

t∫
0

g(τ) cos kτdτ − cos kt

t∫
0

g(τ) sin kτdτ = fk(t),

k = 1, 2, . . . , N.

(3.2.5)
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Ïðè t ≥ 2π óðàâíåíèå (3.2.5) ïðèíèìàåò âèä

sin kt

2π∫
0

g(τ) cos kτdτ − cos kt

2π∫
0

g(τ) sin kτdτ = fk(t),

k = 1, 2, . . . , N.

(3.2.6)

Ðàññìîòðèì ñèñòåìó (3.2.6) ïðè 2π ≤ t ≤ 4π. Ïðîäîëæèì
ôóíêöèþ fk(t) ñ ñåãìåíòà [2π, 4π] ïåðèîäè÷åñêè ñ ïåðèîäîì 2π íà
âñþ ÷èñëîâóþ îñü. Ïîëó÷åííóþ â ðåçóëüòàòå ôóíêöèþ îáîçíà÷èì
÷åðåç f ∗k (t), k = 1, . . . , N. Ðàçëîæèì ôóíêöèþ f ∗k (t) â ðÿä Ôóðüå:

f ∗k (t) =
1

2
ak0 +

∞∑
l=1

(akl cos lt+ bkl sin lt).

Èç ðàçëîæåíèÿ (3.2.6) âèäíî, ÷òî

akk = −
2π∫
0

g(τ) sin kτdτ, bkk =

2π∫
0

g(τ) cos kτdτ. (3.2.7)

Ôîðìóëû (3.2.7) îïðåäåëÿþò êîýôôèöèåíòû Ôóðüå ôóíêöèè
g(t). Ïóñòü ðàçëîæåíèå ôóíêöèè g(t) â ðÿä Ôóðüå èìååò âèä

g(t) =
1

2
g0 +

∞∑
k=1

(gk cos kt+ g′k sin kt). (3.2.8)

Èç ôîðìóë (3.2.7), (3.2.8) ñëåäóåò, ÷òî

gk =
1

π
bkk, g

′
k = −1

π
akk, k = 1, 2, . . .

Îñòàëîñü îïðåäåëèòü g0. Ïîäàäèì íà âõîä îáúåêòà ñèãíàë x0(t) = 1
ïðè 0 ≤ t ≤ 6π, x0(t) = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ t.

Ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë îáîçíà÷èì ÷åpåç f0(t).

Â ðåçóëüòàòå ïðè t = 2π èìååì
2π∫
0

g(τ)dτ = f(2π). Îòñþäà

ñëåäóåò, ÷òî g0 = 1
πf(2π). Ïîñëå òîãî êàê âû÷èñëåíû êîýôôèöèåíòû

Ôóðüå gk è g′k (k = 0, 1, . . . , N) ôóíêöèè g(t), ñàìó ôóíêöèþ g(t)
ìîæíî âû÷èñëèòü ïî ôîðìóëå

g(t) ≈ g0
2
+

N∑
k=1

(gk cos kt+ g′k sin kt).
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Çàìå÷àíèÿ 3.2.1. 1. Äëÿ óìåíüøåíèÿ âëèÿíèÿ ïåðåõîäíûõ ïðî-
öåññîâ ìîæíî ïðè îïðåäåëåíèè ôóíêöèè f ∗k (t) âçÿòü çà èñõîäíóþ
ôóíêöèþ fk(t) ïðè 2rπ ≤ t ≤ 2(r+1)π, ãäå r − äîñòàòî÷íî áîëüøîå
öåëîå ÷èñëî.

2. Âûøå äëÿ âû÷èñëåíèÿ g0 òàêæå áûëà èñïîëüçîâàíà ñòó-
ïåí÷àòàÿ ôóíêöèÿ. Îäíàêî ïîãðåøíîñòü îò åå èñïîëüçîâàíèÿ â
èçëàãàåìîì ìåòîäå çíà÷èòåëüíî ìåíüøå, ÷åì â èçâåñòíûõ.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà ôóíêöèÿ g(t) îòëè÷íà îò íó-
ëÿ íà ñåãìåíòå [0, a], ãäå a > 2π. Ïóñòü l − íàèìåíüøåå öåëîå ÷èñëî
òàêîå, ÷òî [0, a] ⊂ [0, 2lπ]. Ïðîäîëæèì ôóíêöèþ g(t) íóëåì íà èí-
òåðâàë (a, 2lπ] è çàòåì ñ ñåãìåíòà [0, 2lπ] ïpîäîëæèì ñ ïåpèîäîì 2lπ
íà âñþ ÷èñëîâóþ îñü. Ïðîäîëæåííóþ òàêèì îáðàçîì ôóíêöèþ îáî-
çíà÷èì ÷åðåç g(t).

Íàéäåì êîýôôèöèåíòû Ôóðüå ôóíêöèè g(t).
Ïîäàäèì íà âõîä ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (3.2.3),

ïîñëåäîâàòåëüíîñòü ñèãíàëîâ xk(t) = sin kt
l ïðè 0 ≤ t; xk(t) = 0 ïðè

t < 0, k = 1, 2, . . .
Ïîâòîðÿÿ îïèñàííûå âûøå âûêëàäêè, ïðèõîäèì ïðè t ≥ 2lπ ê

ñèñòåìå óðàâíåíèé

sin
kt

l

2lπ∫
0

g(τ) cos
kτ

l
dτ − cos

kt

l

2lπ∫
0

g(τ) sin
kτ

l
dτ = fk(t),

k = 1, 2, . . . , N.

Ïðîäîëæàÿ ôóíêöèþ fk(t) ñ ñåãìåíòà [2lπ, 4lπ] íà ÷èñëîâóþ
îñü è ïîâòîðÿÿ ïðèâåäåííûå â ïðåäûäóùåì â ïóíêòå âûêëàäêè, íà-
õîäèì êîýôôèöèåíòû Ôóðüå gk è g′k(k = 1, 2, . . . , ) ôóíêöèè g(t).
Êîýôôèöèåíò g0 íàõîäèòñÿ ïðè ïîäà÷å íà âõîä ñèãíàëà x0(t) = 1
ïðè 0 ≤ t ≤ 2lrπ, x0(t) = 0 ïðè îñòàëüíûõ çíà÷åíèÿõ t, ãäå r −
äîñòàòî÷íî áîëüøîå ÷èñëî.

Ðàññìîòðèì àëãîðèòì ïðèáëèæåííîãî âû÷èñëåíèÿ ôóíêöèè
g(t) ïî îäíîìó âõîäíîìó ñèãíàëó.

Äëÿ îïðåäåëåííîñòè îñòàíîâèìñÿ íà ñëó÷àå, êîãäà ôóíêöèÿ
g(t) îòëè÷íà îò íóëÿ íà ñåãìåíòå [0, 2π]. Ðàñïðîñòðàíåíèå íà ñëó-
÷àé, êîãäà ôóíêöèÿ îòëè÷íà îò íóëÿ íà ñåãìåíòå [0, a], ãäå a > 2π,
ïpîâîäèòñÿ òàê æå, êàê îòìå÷åíî â çàìå÷àíèè.

Ïóñòü âõîäíîé ñèãíàë ñèñòåìû x(t) îïðåäåëÿåòñÿ âûðàæåíèåì
x(t) = φ(t) ïðè 0 ≤ t ≤ 2mπ, x(t) = 0 ïðè îñòàëüíûõ çíà÷åíè-
ÿõ t, ãäå φ(t) − ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 2π ôóíêöèÿ, êîòîðàÿ
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ðàçëàãàåòñÿ â ðÿä Ôóðüå: φ(t) =
a0
2
+

∞∑
k=1

(ak cos kt+ bk sin kt), â êî-

òîðîì äëÿ äîñòàòî÷íî áîëüøîãî N îòëè÷íû îò íóëÿ êîýôôèöèåíòû
ak, k = 0, 1, 2, . . . , N, èëè êîýôôèöèåíòû a0, bk, k = 1, 2, . . . , N ; m �
äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî. Ïðåäïîëîæèì äëÿ îïðåäå-
ëåííîñòè, ÷òî âçÿòà ôóíêöèÿ φ(t), ðàçëîæåíèå â ðÿä Ôóðüå êîòîðîé

èìååò âèä φ(t) =
a0
2
+

N∑
k=1

bk sin kt.

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (3.2.3) è ïðîäåëûâàÿ âû-
êëàäêè, îïèñàííûå âûøå, ïðèõîäèì ïðè 2π ≤ t ≤ 2mπ ê âûðàæåíèþ

a0
2

2π∫
0

g(τ)dτ +
N∑
k=1

bk sin kt 2π∫
0

g(τ) cos kτdτ−

− cos kt

2π∫
0

g(τ) sin kτdτ

 = f(t). (3.2.9)

Ïðîäîëæèì ôóíêöèþ f(t) ñ ñåãìåíòà [2π, 4π] ïåðèîäè÷åñêè, ñ
ïåðèîäîì 2π, íà ÷èñëîâóþ îñü. Ïîëó÷åííóþ â ðåçóëüòàòå ôóíêöèþ
îáîçíà÷èì ÷åðåç f ∗(t). Ðàçëîæèì ôóíêöèþ f ∗(t) â ðÿä Ôóðüå:

f ∗(t) =
f0
2
+

N∑
k=1

(fk cos kt+ f ′k sin kt). (3.2.10)

Èç ðàçëîæåíèé (3.2.9) è (3.2.10) èìååì

2π∫
0

g(τ)dτ =
f0
a0
, ..., (3.2.11)

2π∫
0

g(τ) cos kτdτ =
f ′k
bk
,

2π∫
0

g(τ) sin kτdτ =
fk
bk
, k = 1, 2, . . . , N.

(3.2.12)
Èç âûðàæåíèé (3.2.11), (3.2.12) ñëåäóåò, ÷òî êîýôôèöèåíòû

Ôóðüå ôóíêöèè g(t) ðàâíû

g0 =
f0
πa0

, gk =
f ′k
πbk

, g′k = − fk
πbk

, k = 1, 2, . . . , N.
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Îòñþäà ïîëó÷àåì ðàçëîæåíèå äëÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè:

g(t) =
g0
2
+

N∑
k=1

(gk cos kt+ g′k sin kt).

3.2.2. Èäåíòèôèêàöèÿ íåëèíåéíûõ ñèñòåì

3.2.2.1. Íåëèíåéíîñòü âòîðîãî ïîðÿäêà

Èññëåäîâàíèå èäåíòèôèêàöèè íåëèíåéíûõ ïðåîáðàçîâàòåëåé
íà÷íåì ñ ðàññìîòðåíèÿ ïðåîáðàçîâàòåëÿ, îïèñûâàåìîãî óðàâíåíèåì

t∫
0

g1(t− τ)x(τ)dτ +

t∫
0

g2(t− τ)x2(τ)dτ = f(t). (3.2.13)

Ïðåäïîëîæèì, ÷òî ôóíêöèè g1(t) è g2(t) îòëè÷íû îò íóëÿ íà
íåêîòîðîì ñåãìåíòå [a, b] òàêîì, ÷òî [a, b] ⊂ [0, 2π], è ðàâíû íóëþ
âñþäó âíå ýòîãî ñåãìåíòà. Åñëè ñåãìåíò [a, b] ⊂ [0, 2π], òî ïðîäîëæèì
ôóíêöèè g1(t) è g2(t) íóëåì íà ñåãìåíòå [0, 2π]. Ïîäàäèì íà âõîä
ñèñòåìû ïîñëåäîâàòåëüíîñòü ôóíêöèé

xk(t) =

{
sin kt ïðè t ≥ 0,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ t,

k = 1, 2, . . . , N.

Âîñïîëüçîâàâøèñü ôîðìóëîé ñâåðòêè, ïðåäñòàâèì (3.2.13) â
âèäå

sin kt

t∫
0

g1(τ) cos kτdτ − cos kt

t∫
0

g1(τ) sin kτdτ+

+
1

2

t∫
0

g2(τ)dτ −
cos 2kt

2

t∫
0

g2(τ) cos 2kτdτ−

−sin 2kt

2

t∫
0

g2(τ) sin 2kτdτ = fk(t), k = 1, 2, . . . , N. (3.2.14)

Ïðè t ≥ 2π âûðàæåíèå (3.2.14) ïðèíèìàåò âèä

sin kt

2π∫
0

g1(τ) cos kτdτ − cos kt

2π∫
0

g1(τ) sin kτdτ+
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+
1

2

2π∫
0

g2(τ)dτ − cos 2kt

2π∫
0

g2(τ) cos 2kτdτ−

− sin 2kt

2π∫
0

g2(τ) sin 2kτdτ = fk(t), k = 1, 2, . . . , N. (3.2.15)

Ðàñïðîñòðàíèì ôóíêöèþ fk(t), k = 1, 2 . . . , N, ñ ñåãìåíòà [2π, 4π]
ïåðèîäè÷åñêè ñ ïåðèîäîì 2π íà ÷èñëîâóþ îñü. Ïîëó÷åííóþ â ðåçóëü-
òàòå ôóíêöèþ îáîçíà÷èì ÷åðåç f ∗k (t).

Åå ðàçëîæåíèå â ðÿä Ôóðüå èìååò âèä

f ∗k (t) =
fk0
2

+
2n∑
l=1

(fkl cos lt+ f
k

l sin lt), k = 1, 2 . . . , N. (3.2.16)

Èç (3.2.15), (3.2.16) èìååì

g1k =
1

π

2π∫
0

g1(t) cos ktdt =
1

π
f
k

k,

g1k =
1

π

2π∫
0

g1(t) sin ktdt = −1

π
fkk ,

g20 =
1

π

2π∫
0

g2(t)dt =
1

π
fk0 ; k = 1, 2, . . . , N, (3.2.17)

g22k =
1

π

2π∫
0

g2(t) cos 2ktdt = −1

π
fk2k,

g22k =
1

π

2π∫
0

g2(t) sin 2ktdt = −1

π
f
k

2k, k = 1, 2, . . . , N. (3.2.18)

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ g2k, g
2
k, k=1, 3, . . . , 2v+1, v=[N/2],

íàäî íà âõîä ñèñòåìû ïîäàòü ñèãíàëû

xk(t) =

{
sin kt

2 ïðè t ≥ 0,
0 ïðè t ≤ 0,

k = 1, 3, . . . , 2v + 1, v = [N/2].

Íàïîìíèì, ÷òî [a] − öåëàÿ ÷àñòü ÷èñëà a.
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Ïîâòîðÿÿ ïðîâåäåííûå âûøå âûêëàäêè, ïîëó÷àåì äëÿ g2k, g
2
k,

k = 1, 3, . . . , 2v + 1, ôîðìóëû, àíàëîãè÷íûå ôîðìóëàì (3.2.17),
(3.2.18).

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòà g10 íà âõîä ñèñòåìû ïîäàåì
ñòóïåí÷àòûé ñèãíàë

xk(t) =

{
1 ïðè t ≥ 0,
0 ïðè t < 0.

Ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë îáîçíà÷èì ÷åpåç f0(t).
Â ðåçóëüòàòå ïðè t ≥ 2π èìååì

g10 =
1

π

2π∫
0

g1(t)dt =
1

π
f0(t)− g20.

Â ðåçóëüòàòå îïèñàííûõ äåéñòâèé îêàçàëèñü âû÷èñëåííûìè
êîýôôèöèåíòû Ôóðüå ôóíêöèé g1(t) è g2(t), ÷òî ïîçâîëÿåò âîññòà-
íîâèòü ýòè ôóíêöèè â âèäå îòðåçêîâ ðÿäîâ Ôóðüå.

3.2.2.2. Íåëèíåéíîñòü òðåòüåãî ïîðÿäêà

Òàê êàê ðàññìîòðåíèå â îáùåì âèäå íåëèíåéíûõ ïðåîáðàçîâà-
òåëåé ñ íåëèíåéíîñòÿìè n ïîpÿäêà çàòðóäíèòåëüíî, òî íèæå îãðà-
íè÷èâàåìñÿ ïðåîáðàçîâàòåëÿìè ñ íåëèíåéíîñòÿìè òðåòüåãî ïîðÿäêà.
Èç ïðîâåäåííûõ âûêëàäîê ëåãêî ïðîñëåäèòü çà îáùèì àëãîðèòìîì.

Ðàññìîòðèì íåëèíåéíûé ïðåîáðàçîâàòåëü

t∫
0

g1(t− τ)x(τ)dτ +

t∫
0

g2(t− τ)x2(τ)dτ+

+

t∫
0

g3(t− τ)x3(τ)dτ = f(t). (3.2.19)

Ïîäàäèì íà âõîä ñèñòåìû (3.2.19) ïîñëåäîâàòåëüíîñòü ñèãíà-
ëîâ:

x0k(t) =

{
sin kt ïðè t ≥ 0,
0 ïðè t < 0,

x1k(t) =

{
1
2 sin kt ïðè t ≥ 0,
0 ïðè t < 0.
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Â ðåçóëüòàòå ïðè t > 2π ïîëó÷àåì ñèñòåìó

sin kt

2π∫
0

g1(τ) cos kτdτ − cos kt

2π∫
0

g1(τ) sin kτdτ+

+
1

2

2π∫
0

g2(τ)dτ −
cos 2kt

2

2π∫
0

g2(τ) cos 2kτdτ−

−sin 2kt

2

2π∫
0

g2(τ) sin 2kτdτ +
3

4
sin kt

2π∫
0

g3(τ) cos kτdτ−

−3

4
cos kt

2π∫
0

g3(τ) sin kτdτ −
1

4
sin 3kt

2π∫
0

g3(τ) cos 3kτdτ+

+
1

4
cos 3kt

2π∫
0

g3(τ) sin 3kτdτ = fk(t), (3.2.20)

1

2
sin kt

2π∫
0

g1(τ) cos kτdτ −
1

2
cos kt

2π∫
0

g1(τ) sin kτdτ+

+
1

8

2π∫
0

g2(τ)dτ −
1

4
cos 2kt

2π∫
0

g2(τ) cos 2kτdτ−

−1

4
sin 2kt

2π∫
0

g2(τ) sin 2kτdτ +
3

25
sin kt

2π∫
0

g3(τ) cos kτdτ−

− 3

25
cos kt

2π∫
0

g3(τ) sin kτdτ−

− 1

25
sin 3kt

2π∫
0

g3(τ) cos 3kτdτ+

+
1

25
cos 3kt

2π∫
0

g3(τ) sin 3kτdτ = f ∗k (t). (3.2.21)

Îáîçíà÷èâ ak(k=0, 1, . . ., ), bk(k=1, 2, . . ., ) è a∗k(k=0, 1, . . .),
b∗k(k=1, 2, . . . ) � êîýôôèöèåíòû Ôóðüå ôóíêöèé, ïîëó÷åííûõ ïåðè-
îäè÷åñêèì (ñ ïåðèîäîì 2π) ïðîäîëæåíèåì ôóíêöèé fk(t) è f ∗k (t) íà
÷èñëîâóþ îñü, èç óðàâíåíèé (3.2.20) è (3.2.21) èìååì
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ak = −
2π∫
0

g1(τ) sin kτdτ −
3

4

2π∫
0

g3(τ) sin kτdτ,

a∗k = −1

2

2π∫
0

g1(τ) sin kτdτ −
3

25

2π∫
0

g3(τ) sin kτdτ, (3.2.22)

bk =

2π∫
0

g1(τ) cos kτdτ +
3

4

2π∫
0

g3(τ) cos kτdτ,

b∗k = −1

2

2π∫
0

g1(τ) cos kτdτ +
3

25

2π∫
0

g3(τ) cos kτdτ. (3.2.23)

Òàê êàê îïðåäåëèòåëè ñèñòåì óðàâíåíèé (3.2.22) è (3.2.23) îò-
ëè÷íû îò íóëÿ, òî èç ýòèõ óðàâíåíèé îäíîçíà÷íî îïðåäåëÿþòñÿ
ôóíêöèîíàëû

2π∫
0

g3(τ) sin kτdτ,

2π∫
0

g1(τ) sin kτdτ,

2π∫
0

g3(τ) cos kτdτ,

2π∫
0

g1(τ) cos kτdτ,

k = 1, 2, . . . , N.

Ôóíêöèîíàëû
2π∫
0

g2(τ)dτ ;

2π∫
0

g2(τ) sin 2kτdτ,

2π∫
0

g2(τ) cos 2kτdτ, k = 1, 2, . . . , [N/2];

2π∫
0

g3(τ) sin 3kτdτ,

2π∫
0

g3(τ) cos 3kτdτ, k = 1, . . . , [N/3],

îïðåäåëÿþòñÿ èç óðàâíåíèÿ (3.2.20).
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Äëÿ íàõîæäåíèÿ ôóíêöèîíàëîâ

2π∫
0

g1(τ)dτ è

2π∫
0

g3(τ)dτ

ïîäàåì íà âõîä ñèñòåìû ñèãíàëû

x0(t) =

{
1 ïðè t ≥ 0,
0 ïðè t < 0;

x10(t) = x0(t)/2

è èç ïîëó÷àþùåéñÿ â ðåçóëüòàòå ñèñòåìû óðàâíåíèé íàõîäèì ýòè
ôóíêöèîíàëû.

Äëÿ âû÷èñëåíèÿ ôóíêöèîíàëîâ

2π∫
0

g2(τ) sin kτdτ,

2π∫
0

g2(τ) cos kτdτ, k = 1, 3, . . .

ïîäàäèì íà âõîä ñèñòåìû ñèãíàëû

xk(t) =

{
sin k

2t ïðè t ≥ 0,
0 ïðè t < 0,

k = 1, 3, . . . ,

è ïîâòîðèì íåîäíîêðàòíî îïèñàííûå âûøå äåéñòâèÿ.
Â ðåçóëüòàòå îïèñàííîé ïðîöåäóðû îêàçàëèñü âû÷èñëåííûìè

êîýôôèöèåíòû Ôóðüå ôóíêöèé g1(t), g2(t), g3(t) è òåì ñàìûì âîññòà-
íîâëåíû ñàìè ôóíêöèè.

Çàìå÷àíèå 3.2.1. Ðàññìîòðåíèå ñëó÷àåâ, êîãäà ôóíêöèè g1(t), g2(t),
g3(t) îòëè÷íû îò íóëÿ íà ñåãìåíòå [a, b], âêëþ÷àþùåì â ñåáÿ ñåã-
ìåíò [0, 2π], ïðîâîäèòñÿ àíàëîãè÷íî.

3.2.2.3. Òî÷íîñòü ìåòîäà

Èññëåäîâàíèå òî÷íîñòè èçëîæåííûõ âûøå àëãîðèòìîâ íà÷íåì
ñ ëèíåéíîãî ñëó÷àÿ. Äëÿ ïîëó÷åíèÿ ñîîòâåòñòâóþùèõ îöåíîê íåîá-
õîäèìà ïðåäâàðèòåëüíàÿ èíôîðìàöèÿ î ãëàäêîñòè ôóíêöèè g(t).Îò-
ìåòèì ñðàçó, ÷òî ïðîñòîãî óòâåðæäåíèÿ, ÷òî ôóíêöèÿ g(t) íåïðåðûâ-
íà, íåäîñòàòî÷íî äàæå äëÿ óòâåðæäåíèÿ î ñõîäèìîñòè ìåòîäà, òàê
êàê èçâåñòíû ïðèìåðû íåïðåðûâíûõ ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ
íå ñõîäÿòñÿ ê ñàìèì ôóíêöèÿì (ïîäðîáíîñòè ñì. íàïðèìåð, â [6]).
Òàêèì îáðàçîì, áóäåì èññëåäîâàòü òî÷íîñòü ìåòîäà ïðè ïðåäïîëî-
æåíèÿõ, ÷òî:
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1) ôóíêöèÿ g(t)∈Hα(A), ò.å. g(t), îïðåäåëåííàÿ íà ñåãìåíòå
[a, b], óäîâëåòâîðÿåò íåðàâåíñòâó | g(t1)−g(t2) | ≤A | t1−t2 |α;

2) ôóíêöèÿ g(t) ∈ W r(A), ò.å. ôóíêöèÿ g(t) íà ñîîòâåòñòâó-
þùåì ñåãìåíòå [a, b] èìååò (r − 1) íåïðåðûâíóþ ïðîèçâîäíóþ è
êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ ïîðÿäêà r, óäîâëåòâîðÿþùóþ
íåðàâåíñòâó maxt | g(r)(t) |≤ A.

Ïóñòü âíà÷àëå g(t) ∈ Hα(1). Îáîçíà÷èì ÷åðåç SN(t) N -þ ÷àñò-
íóþ ñóììó ðÿäà Ôóðüå ôóíêöèè g(t):

SN(t) =
a0
2
+

N∑
k=0

ak cos kt+ bk sin kt,

ãäå ak, k = 0, 1, . . . , N, bk, k = 1, 2 . . . , N, � êîýôôèöèåíòû Ôóðüå
ôóíêöèè g(t). Èçâåñòíî [88, ñ. 179], ÷òî íà êëàññå Hα(1) ñïðàâåäëèâà
îöåíêà

max
t

| g(t)− SN(t) |∼ (4π−2)N−α lnN.

Åñëè g(t) ∈ W r(1), òî [88, ñ. 180] èçâåñòíà îöåíêà

max
t

| g(t)− SN(t) |∼ N−r(8π−2k(e−r/N),

ãäå k(x) =
π/2∫
0

(1 − x2 sin2 t)1/2dt � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë

ïåðâîãî ðîäà.
Èç ýòèõ îöåíîê ñëåäóåò, ÷òî äëÿ âû÷èñëåíèÿ g(t) ñ òî÷íîñòüþ

ε äîñòàòî÷íî âçÿòü N = A[( ln|ε|ε )1/α] â ñëó÷àå, êîãäà g(t) ∈ Hα(1)

è N = A
[
( ln|ε|ε )1/r

]
â ñëó÷àå, êîãäà g(t) ∈ W r(1). Öåëûå ÷èñëà N

îïðåäåëÿþò ÷èñëî âõîäíûõ ñèãíàëîâ xk = sin kt, k = 1, 2, . . . , N,
êîòîðûå íóæíî ïîäàòü íà âõîä ñèñòåìû äëÿ ïîëó÷åíèÿ çàäàííîé
òî÷íîñòè ε. Â ñëó÷àå, åñëè íà âõîä ïîäàåòñÿ îäèí âõîäíîé ñèãíàë,
òî îí äîëæåí ñîäåðæàòü âñå ãàðìîíèêè äî N -ãî ïîðÿäêà.

3.3. Èäåíòèôèêàöèÿ èçìåðèòåëüíûõ

ïðåîáðàçîâàòåëåé â ïðîöåññå ýêñïëóàòàöèè

Èçëîæåííûé âûøå ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿ èäåíòè-
ôèêàöèè èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé â ïðîöåññå ýêñïëóàòàöèè
ïóòåì ïîäà÷è íà âõîä ïðåîáðàçîâàòåëÿ äîïîëíèòåëüíîãî òåñòîâîãî
ñèãíàëà. Â ñëó÷àå, åñëè âõîäíîé ñèãíàë ìîæíî ñ÷èòàòü ñòàöèîíàð-
íûì ïî ñðàâíåíèþ ñ àääèòèâíî äîáàâëåííûì òåñòîâûì ñèãíàëîì,
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ñïðàâåäëèâû ïðîâåäåííûå âûøå ðàññóæäåíèÿ. Â ñëó÷àå, åñëè âõîä-
íîé ñèãíàë èçìåíÿåòñÿ äîñòàòî÷íî áûñòðî, òî â êà÷åñòâå àääèòèâ-
íîãî òåñòîâîãî ñèãíàëà íóæíî èñïîëüçîâàòü èìïóëüñíûé ñèãíàë è
ñïåöèàëüíûå ìåòîäû îáðàáîòêè âûõîäíîãî ñèãíàëà, îñíîâàííûå íà
àíàëèòè÷åñêîì ïðîäîëæåíèè.

Ðàññìîòðèì ìîäåëüíûå ïðèìåðû. Âíà÷àëå ðàññìîòðèì èäåí-
òèôèêàöèþ ïàðàìåòðîâ ëèíåéíîãî ïðåîáðàçîâàòåëÿ.

Ïðèìåð 3.3.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì

t∫
0

g(t− τ)x(τ)dτ = f(t), (3.3.1)

ãäå

g(t) =


t ïðè 0 ≤ t ≤ 1,
1− t ïðè 1 ≤ t ≤ 2,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ t.

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ g(t).

Ðåøåíèå. Ïîäàäèì íà âõîä ïðåîáðàçîâàòåëÿ ïåpèîäè÷åñêèé
ñèãíàë x(t) = π2−t2,−π ≤ t ≤ π. Ðÿä Ôóðüå ôóíêöèè x(t) ðàâåí [72,
ñ. 269]:

x(t) =
2

3
π2 + 4

∞∑
n=1

(−1)n+1

n2
cosnt.

Îòìåòèì, ÷òî ìîæíî òàêæå âîñïîëüçîâàòüñÿ ëåãêî ðåàëèçóå-
ìîé ôóíêöèåé x1(t) = t sin t, −π ≤ t ≤ π. Ðÿä Ôóðüå ýòîé ôóíêöèè
ðàâåí [72, ñ. 270]:

x1(t) = 1− 1

2
cos t+ 2

∞∑
n=2

(−1)n+1

n2 − 1
cosnt.

Âûõîäíîé ñèãíàë f(t) ïðè ïîäà÷å íà âõîä ñèãíàëà x(t) ðàâåí

f(t) =
2

3
π2

2π∫
0

g(τ)dτ+

+4
∞∑
n=1

(−1)n+1

n2

cosnt

2π∫
0

g(τ) cosnτdτ + sinnt

2π∫
0

g(τ) sinnτdτ

 .
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Äèñêðåòèçèðóÿ âûõîäíîé ñèãíàë f(t) ïî óçëàì tk = 4π+ 2kπ
2N+1 ,

ãäå N − äîñòàòî÷íî áîëüøîå öåëîå ÷èñëî, èìååì

2π∫
0

g(τ)dτ =
3

2π2(2N + 1)

2N∑
k=0

f(tk),

2π∫
0

g(τ) sin lτdτ = (−1)l+1 l2

2(2N + 1)

2N∑
k=0

f(tk) sin ltk,

2π∫
0

g(τ) cos lτdτ = (−1)l+1 l2

2(2N + 1)

2N∑
k=0

f(tk) cos ltk,

ãäå l = 1, 2, . . .
Òàêèì îáðàçîì, ïîëó÷åíû êîýôôèöèåíòû Ôóðüå ôóíêöèè g(t).

Ïðèìåð 3.3.2. Ðàññìîòðèì íåëèíåéíûé èçìåðèòåëüíûé ïðåîáðàçî-
âàòåëü, ôóíêöèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì

3∑
k=1

t∫
0

gk(t− τ)xk(τ)dτ = f(t),

ãäå

g1(t) =


t ïðè 0 ≤ t ≤ 1,
1− t ïðè 1 ≤ t ≤ 2,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ t;

g2(t) =

{
sin t ïðè 0 ≤ t ≤ π,

0 ïðè îñòàëüíûõ çíà÷åíèÿõ t;

g3(t) =

{
1−(t−1)2

2 ïðè 0 ≤ t ≤ 2,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ t.

Òðåáóåòñÿ ïî ðåàêöèè ïðåîáðàçîâàòåëÿ íà òåñòîâûå ñèãíàëû
îïðåäåëèòü ôóíêöèè gi(t), i = 1, 2, 3, ñ òî÷íîñòüþ 10−1.

Ôóíêöèè gi(t) ∈ H1(1), i = 1, 2, 3. Ïðåäïîëîæèì, ÷òî ýòà èí-
ôîðìàöèÿ èçâåñòíà çàðàíåå. Â ýòîì ñëó÷àå äîñòàòî÷íî ïîëîæèòü
N = 6 äëÿ äîñòèæåíèÿ òî÷íîñòè 10−1.

Ðåøåíèå. Ïîäàäèì íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ
îäèí èç ñèãíàëîâ xk(t) = sin kt, k = 1, 2, . . . , 6. Âûõîäíîé ñèãíàë
èìååò âèä
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fk(t) = sin kt

2π∫
0

g1(τ) cos kτdτ − cos kt

2π∫
0

g1(τ) sin kτdτ+

+
1

2

2π∫
0

g2(τ)dτ −
1

2
cos 2kt

2π∫
0

g2(τ) cos 2kτdτ−

−1

2
sin 2kt

2π∫
0

g2(τ) sin 2kτdτ+

+
3

4
sin kt

2π∫
0

g3(τ) cos kτdτ −
3

4
cos kt

2π∫
0

g3(τ) sin kτdτ−

−1

4
sin 3kt

2π∫
0

g3(τ) cos 3kτdτ +
1

4
cos 3kt

2π∫
0

g3(τ) sin 3kτdτ.

Äèñêðåòèçèðóåì ôóíêöèþ fk(t) ïî óçëàì tl = 2π +
2lπ

2N1 + 1)
,

l = 0, 1, . . . , N1, N1 ≥ 3N.
Ïóñòü k = 1. Ó÷èòûâàÿ, ÷òî òðèãîíîìåòðè÷åñêàÿ ñèñòåìà

1, sin t, cos t, . . . , sinnt, cosnt, . . . ,

îðòîãîíàëüíà

 2π∫
0

sin kt sin ltdt = 0 ïðè k ̸= l è ò.ä.

, èìååì ïðèáëè-
æåííûå ñîîòíîøåíèÿ:

2π∫
0

g2(τ)dτ =
2

2N1 + 1

2N1+1∑
l=0

fk(tl),

2π∫
0

g2(τ) sin 2kτdτ = − 4

2N1 + 1

2N1∑
l=0

fk(tl) sin 2ktl,

2π∫
0

g2(τ) cos 2kτdτ = − 4

2N1 + 1

2N1∑
l=0

fk(tl) cos 2ktl,
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2π∫
0

g3(τ) sin 3kτdτ =
8

2N1 + 1

2N1∑
l=0

fk(tl) sin 3ktl,

2π∫
0

g3(τ) cos 3kτdτ = − 8

2N1 + 1

2N1∑
l=0

fk(tl) cos 3ktl,

ãäå k = 1, 2, . . .
Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ Ôóðüå

2π∫
0

g1(τ) sin kτdτ,

2π∫
0

g3(τ) sin kτdτ

íóæíî íàðÿäó ñ ñèãíàëîì xk(t) ïîäàòü íà âõîä ñèãíàë x1k(t) =
1
2xk(t)

è ðåøèòü ñèñòåìó óðàâíåíèé:

−
2π∫
0

g1(τ) sin kτdτ −
3

4

∫ 2π

0

g3(τ) sin kτdτ =
2

2N1 + 1

2N1∑
l=0

fk(tl) cos ktl

−1

2

2π∫
0

g1(τ) sin kτdτ −
3

25

2π∫
0

g3(τ) sin kτdτ
2

2N1 + 1

2N1∑
l=0

f 1k (tl) cos ktl,

ãäå f 1k (t) − ðåàêöèÿ ïðåîáðàçîâàòåëÿ íà âõîäíîé ñèãíàë x1k(t).
Àíàëîãè÷íûì îáðàçîì âû÷èñëÿþòñÿ êîýôôèöèåíòû Ôóðüå:

2π∫
0

g1(τ) cos kτdτ,

2π∫
0

g3(τ) cos kτdτ.

Àíàëîãè÷íî, ïðè ïîäà÷å íà âõîä ñèãíàëîâ zk(t) = sin
(
kt
2

)
îïðå-

äåëÿþòñÿ êîýôôèöèåíòû Ôóðüå:

2π∫
0

g2(τ) sin kτdτ,

2π∫
0

g2(τ) cos kτdτ.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà
2π∫
0

g1(τ)dτ íà âõîä ïðåîáðàçîâàòåëÿ

ïîäàåòñÿ åäèíè÷íûé ñêà÷îê. Ìîæíî òàêæå èñïîëüçîâàòü âõîäíûå
ñèãíàëû, îïèñàííûå â ïðåäûäóùåì ïðèìåðå.
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3.4. Èäåíòèôèêàöèè íåëèíåéíûõ

ìíîãîìåðíûõ ñèñòåì

Â ïðîöåññå ðàçðàáîòêè è ïðè ýêñïëóàòàöèè íåëèíåéíûõ ñèñòåì
âîçíèêàåò çàäà÷à èäåíòèôèêàöèè èõ ýëåìåíòîâ. Ðàçëè÷íûì àñïåê-
òîì ýòîé ïðîáëåìû ïîñâÿùåíî áîëüøîå ÷èñëî ïóáëèêàöèé. Îñíîâ-
íûå ìåòîäû èäåíòèôèêàöèè íåëèíåéíûõ ñèñòåì è ïîäðîáíàÿ áèá-
ëèîãðàôèÿ ñîäåðæàòñÿ â ìîíîãðàôèÿõ [48,71,120,167,168].

Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ ìåòîä èäåíòèôèêàöèè íåëè-
íåéíûõ èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé, îïèñûâàåìûõ íåëèíåéíû-
ìè óðàâíåíèÿìè â ñâåðòêàõ. Â ÷àñòíîñòè, òàêèìè óðàâíåíèÿìè îïè-
ñûâàþòñÿ ïðåîáðàçîâàòåëè, ñîñòîÿùèå èç ëèíåéíîãî èíåðöèîííîãî
çâåíà è ïàðàëëåëüíî ñîåäèíåííûõ íåëèíåéíûõ áëîêîâ. Èäåíòèôè-
êàöèÿ ïðîâîäèòñÿ ïîäà÷åé íà âõîä íåñêîëüêèõ ëåãêî ðåàëèçóåìûõ
ôóíêöèé. Èçëîæåíèå ïðîâîäèòñÿ äëÿ ìíîãîìåðíîãî ñëó÷àÿ.

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, ôóíêöèîíèðîâàíèå êîòî-
ðîé îïèñûâàåòñÿ óðàâíåíèåì

N∑
k=1

ak

 ∞∫
−∞

. . .

∞∫
−∞

g(t1−τ1, . . ., tl−τl)x(τ1, . . ., τl)dτ1. . .dτl

k

=

= f(t1, . . . , tl), ãäå a1 = 1. (3.4.1)

Óñëîâèå a1 = 1 ïðåäñòàâëÿåòñÿ åñòåñòâåííûì, òàê êàê âñåãäà
ìîæíî ââåñòè àïïàðàòíóþ ôóíêöèþ g1(t1, . . . , tl) = a1g(t1, . . . , tl) è
óäîâëåòâîðèòü ýòîìó óñëîâèþ.

Çäåñü x(t1, . . . , tl) � âõîäíîé ñèãíàë, f(t1, . . . , tl) � âûõîäíîé
ñèãíàë, g(t1, . . . , tl) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ (àïïàðàòíàÿ
ôóíêöèÿ).

Îòìåòèì, ÷òî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà àïïàðàòíàÿ ôóíê-
öèÿ g(t1, . . . , tl) íå îáÿçàòåëüíî óäîâëåòâîðÿåò óñëîâèÿì êàóçàëüíî-
ñòè [151].

Ñòàâèòñÿ çàäà÷à: ðàñïîëàãàÿ ðåàêöèÿìè óñòðîéñòâà, îïèñûâà-
åìîãî óðàâíåíèåì (3.4.1), íà N âõîäíûõ ñèãíàëîâ, îïðåäåëèòü íåèç-
âåñòíûå êîýôôèöèåíòû ak(k = 2, . . . , N) è ôóíêöèþ g(t1, . . . , tk) (â
äàëüíåéøåì äëÿ êðàòêîñòè áóäåì ïèñàòü ïðîñòî ¾ðåàêöèÿìè óñòðîé-
ñòâà (3.4.1)¿).

Îáîçíà÷èì ÷åðåç φ(t1, . . . , tl) äîñòàòî÷íî ïðîñòî ðåàëèçóåìóþ
ôèíèòíóþ ôóíêöèþ ñ íîñèòåëåì [0, T ]l.
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Ïîäàäèì íà âõîä óñòðîéñòâà (3.4.1) ñåðèþ âõîäíûõ ñèãíàëîâ:

xm(t1, . . . , tl) =
1

2m
φ(t1, . . . , tl),m = 0, 1, . . . , N − 1.

Â påçóëüòàòå ïîëó÷àåì ñèñòåìó íåëèíåéíûõ àëãåápàè÷åñêèõ
ópàâíåíèé:

N∑
k=1

1

2mk
ak

 ∞∫
−∞

. . .

∞∫
−∞

g(t1−τ1, . . . , tl−τl)φ(τ1, . . . , τl)dτ1 . . . dτl

k

=

= ψn(t1, . . . , tl), m = 0, 1, . . . , N − 1. (3.4.2)

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè:

zk(t1, . . . , tl) =

= ak

 ∞∫
−∞

. . .

∞∫
−∞

g(t1 − τ1, . . . , tl − τl)φ(τ1, . . . , τl)dτ1. . . . .dτl

k

,

k = 1, 2, . . . , N.

Òîãäà ñèñòåìà óðàâíåíèé (3.4.2) ìîæåò áûòü ïðåäñòàâëåíà â
âèäå

N∑
k=1

2−kmzk(t1, . . . , tl) = ψm(t1, . . . , tl), m = 0, 1, . . . , N − 1. (3.4.3)

Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí [137, ïðèìåð 343]:

λ = (−1)N−1
N∏
i=1

2−i
∏

1≤k<i≤N

(2−i − 2−k)

[
N∑
i=1

2−i(f(2i))−i

]
,

ãäå f(x) = (x− x1), . . . , (x− xN), xk = 2−k, k = 1, 2, . . . , N, è, ñëåäî-
âàòåëüíî, λ ̸= 0.

Ïî òåîðåìå Êðàìåðà ñèñòåìà (3.4.3) èìååò åäèíñòâåííîå ðåøå-
íèå:

zk(t1, . . . , tl) = γk(t1, . . . , tN), k = 1, . . . , N. (3.4.4)

Òàê êàê

z1(t1, . . . , tl) =

∞∫
−∞

. . .

∞∫
−∞

g(t1 − τ1, . . . , tl − τl)φ(τ1, . . . , τl)dτ1 . . . dτl,

. . .
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zk(t1, . . . , tl) =

= ak

 ∞∫
−∞

. . .

∞∫
−∞

g(t1 − τ1, . . . , tl − τl)φ(τ1, . . . , τl)dτ1 . . . dτl

k

,

k = 2, . . . , N,

òî

ak =
zk(t1, . . . , tl)

(z1(t1, . . . , tl))k
γk(t1, . . . , tl)

γ1(t1, . . . , tl))k
, k = 2, . . . , N.

Ïîñëå òîãî êàê îïðåäåëåíû êîýôôèöèåíòû ak, k = 1, . . . , N ,
ïðèñòóïèì ê îïðåäåëåíèþ ôóíêöèè g(t1, . . . , tl).

Äëÿ ýòîãî ïðåäëàãàåòñÿ äâà ïðèáëèæåííûõ èòåðàöèîííûõ ìå-
òîäà: ïåðâûé èç íèõ ïðåäíàçíà÷åí äëÿ âû÷èñëåíèé âî âðåìåííîé
îáëàñòè, à âòîðîé � ÷àñòîòíîé.

Íà÷íåì ñ ÷àñòîòíîãî ìåòîäà. Ðàññìîòðèì óðàâíåíèå

∞∫
−∞

. . . . .

∞∫
−∞

g(t1 − τ1, . . . , tl − τl)φ(τ1, . . . , τl)dτ1 . . . dτl =

= γ1(t1, . . . , tl). (3.4.5)

Ïðèìåíèì ê óðàâíåíèþ (3.4.5) ïðåîáðàçîâàíèå Ôóðüå. Â ðå-
çóëüòàòå ïîëó÷àåì óðàâíåíèå

G(ω1, . . . , ωl)Ψ(ω1, . . . , ωl) = Γ(ω1, . . . , ωl), (3.4.6)

ãäå G(ω1, . . . , ωl),Ψ(ω1, . . . , ωl),Γ(ω, . . . , ωl) − ïðåîáðàçîâàíèÿ Ôó-
ðüå ôóíêöèé g(t1, . . . , tl), φ(t1, . . . , tl), γ1(t1, . . . , tl) ñîîòâåòñòâåííî.

Ïóñòü h − íåîòðèöàòåëüíîå ÷èñëî, M − ïîëîæèòåëüíîå öåëîå
÷èñëî. Óðàâíåíèå (3.4.6) áóäåì ðåøàòü íà ñåòêå Ω = (ωk11 , . . . , ω

kl
l ),

ãäå ωkii = kih, ki = −M, . . . ,−1, 0, 1, . . . ,M, i = 1, 2 . . . , l.
Äëÿ îïðåäåëåíèÿ çíà÷åíèé Ψ(ω1, . . . , ωl) â óçëàõ ñåòêè Ω èñ-

ïîëüçóåì ñëåäóþùèé èòåðàöèîííûé ìåòîä.
Çàôèêñèðóåì ïðîèçâîëüíûé óçåë (ωkl1 , . . . , ω

kl
l ).Ïóñòü ôóíêöèÿ

Ψ(ωk11 , . . . , ω
kl
l ) ̸= 0. Òîãäà ñóùåñòâóåò êîìïëåêñíîå ÷èñëî αk1,...,kl òà-

êîå, ÷òî
arg(αk1,...,klΨ(ωk11 , . . . , ω

kl
l )) = 0,

αk1,...,klΨ(ωk11 , . . . , ω
kl
l ) = q, 0 < q < 1.

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ G(ωk11 , . . . , ω
kl
l ) ïðèìåíÿåòñÿ èòåðà-

öèîííûé ìåòîä
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Gm+1(ω
k1
1 , . . . , ω

kl
l ) = Gm(ω

k1
1 , . . . , ω

kl
l )−

−αk1,...,kl(Ψ(ωk11 , . . . , ω
kl
l )Gm(ω

k1
1 , . . . , ω

kl
l )− γ1(ω

k1
1 , . . . , ω

kl
l )). (3.4.7)

Äîêàæåì ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (3.4.7).
Íåòðóäíî âèäåòü, ÷òî

| Gm+1(ω
k1
1 , . . . , ω

kl
l )−Gm(ω

k1
1 , . . . , w

kl
l ) |=

=| Gm(ω
k1
1 , . . . , ω

kl
l )−Gm−1(ω

k1
1 , . . . , ω

kl
l )−

−αk1,...,klΦ(ω
k1
1 , . . . , ω

kl
l )
(
Gm(ω

k1
1 , . . . , ω

kl
l )−Gm−1(ω

k1
1 , . . . , ω

kl
l )
)
| =

= | 1−αk1,...,klΦ(ω
k1
1 , ..., ω

kl
l ) || Gm(ω

k1
1 , ..., ω

kl
l )−Gm−1(ω

k1
1 , ..., ω

kl
l ) |≤

≤ q | Gm(ω
k1
1 , . . . , ω

kl
l )−Gm−1(ω

k1
1 , . . . , ω

kl
l ) |≤

≤ qm | G1(ω
k1
1 , . . . , ω

kl
l )−G0(ω

k1
1 , . . . , ω

kl
l ) | .

Èç ïîëó÷åííîãî íåðàâåíñòâà ñëåäóåò, ÷òî âûïîëíåíû óñëîâèÿ òåîðå-
ìû Áàíàõà î íåïîäâèæíîé òî÷êå (ñì. ðàçä. 1.3.1) è, ñëåäîâàòåëüíî,
èòåðàöèîííûé ïðîöåññ (3.4.7) ñõîäèòñÿ.

Â ñëó÷àå, åñëè Ψ(ωk11 , . . . , ω
kl
l ) = 0, òî çíà÷åíèÿ G(ωk11 , . . . , ω

kl
l )

íå âû÷èñëÿþòñÿ. Èçâåñòíî [165], ÷òî åñëè óðàâíåíèå (3.4.5) èìååò
åäèíñòâåííîå ðåøåíèå, òî ôóíêöèÿ Ψ(ω1, . . . ωl) ìîæåò îáðàùàòüñÿ
â íóëü òîëüêî â êîíå÷íîì ÷èñëå òî÷åê.

Âû÷èñëèâ ïî ôîðìóëå (3.4.7) çíà÷åíèåG(ω1, . . . ωl) â óçëàõ ñåò-
êè Ω, ôóíêöèþ g(t1, . . . , tl) âû÷èñëÿåì ïî ôîðìóëå

g(t1, . . . , tl) =

=
hl

(2π)l/2

M−1∑
k1=−M

· · ·
M−1∑
kl−M

G(ωk11 , . . . , ω
kl
l )e

−ih(k1t1+···+kltl) +Rl(g).

Ðàññìîòðèì ïåðâûé ìåòîä. Äëÿ ïðîñòîòû îáîçíà÷åíèé îãðàíè-
÷èìñÿ ñëó÷àåì, êîãäà l = 2.

Îáîçíà÷èì ÷åðåç Φ(ω1, ω2), G(ω1, ω2),Γ(ω1, ω2) ïðåîáðàçîâàíèÿ
Ôóðüå ôóíêöèé φ(t1, t2), g(t1, t2), γ(t1, t2).

Ââåäåì óñëîâèå A, êîòîðîå çàêëþ÷àåòñÿ â ñëåäóþùåì:
1) ìíîæåñòâî çíà÷åíèé ôóíêöèé Φ(ω1, ω2) ïðè èçìåíåíèè àð-

ãóìåíòîâ (ω1, ω2) â îáëàñòè −∞ < ω1, ω2 < ∞ ðàñïîëîæåíî âíóòðè
óãëà ðàñòâîðà, ìåíüøåãî π, ñ âåðøèíîé â íà÷àëå êîîðäèíàò;

2) ôóíêöèÿ Φ(ω1, ω2) ̸= 0 ïðè êîíå÷íûõ çíà÷åíèÿõ ω1 è ω2.
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Èç óñëîâèÿ A ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå êîìïëåêñíîå ÷èñëî
α, ïðè êîòîðîì

max|ωi|≤∞,i=1,2 | 1− αΦ(ω1, ω2) |= q ≤ 1.

Îòñþäà ñëåäóåò,÷òî ñóùåñòâóåò äîñòàòî÷íî áîëüøîå ÷èñëî T ïðè
êîòîðîì âûïîëíÿåñÿ íåðàâåíñòâî

max|ωi|≤T,i=1,2 | 1− αΦ(ω1, ω2) |= q < 1. (3.4.8)

Ïóñòü ôóíêöèÿ Γ(ω1, ω2) ôèíèòíà è åå íîñèòåëü ðàñïîëîæåí â
êâàäðàòå [−T, T ;−T, T ].

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ

gn+1(t1, t2) = gn(t1, t2)−

−α
∞∫

−∞

∞∫
−∞

φ(t1 − τ1, t2 − τ2)gn(τ1, τ2)dτ1dτ2 + αγ1(t1, t2)),

âçÿâ â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ôóíêöèþ g0(t1, t2), ñïåêòð
êîòîðîé ðàñïîëîæåí â êâàäðàòå [−T, T ;−T, T ].
Òåîðåìà 3.4.1. Ïóñòü âûïîëíåíî óñëîâèå A, ôóíêöèÿ Γ(ω1, ω2) ôè-
íèòíà è ñïðàâåäëèâî íåðàâåíñòâî (3.4.8). Ïîñëåäîâàòåëüíûå ïðè-
áëèæåíèÿ gn+1(t1, t2) ñõîäÿòñÿ ê àïïàðàòíîé ôóíêöèè g(t1, t2) â
ìåòðèêå ïðîñòðàíñòâà L2((−∞,∞)2) ñ òî÷íîñòüþ

∥ g(t1, t2)− gn+1(t1, t2) ∥= C(qn+1 + ε),

ãäå

ε =

−T∫
−∞

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

∞∫
T

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2+

+

∫ T

−T

T∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

T∫
−T

∞∫
−T

| G(ω1, ω2) |2 dω1dω2.

Ïðåäïîëîæèì, ÷òî óñëîâèå A íå âûïîëíÿåòñÿ. Ðàçîáüåì ïëîñ-
êîñòü (ω1, ω2) íà êîíå÷íîå ÷èñëî ïðÿìîóãîëüíèêîâ Λkl = [vk, vk+1;
wl, wl+1], k = 1, 2, . . . , N1, l = 1, 2, . . . , N2 (ïðè÷åì v1, vN1

,w1, wN1

ïðèíèìàþò çíà÷åíèÿ, ðàâíûå ±∞), òàêèì îáðàçîì, ÷òîáû ïðè èçìå-
íåíèè àðãóìåíòîâ (ω1, ω2) â ïðÿìîóãîëüíèêå Λkl çíà÷åíèÿ G(ω1, ω2)
áûëè ðàñïîëîæåíû âíóòðè (è, âîçìîæíî, â âåðøèíå) óãëà ðàñòâîðà,
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ìåíüøåãî π, ñ âåðøèíîé â íà÷àëå êîîðäèíàò ïëîñêîñòè êîìïëåêñíîé
ïåðåìåííîé.

Îáîçíà÷èì ÷åðåç Ekl(ω1, ω2) õàðàêòåðèñòè÷åñêóþ ôóíêöèþ îá-
ëàñòè Λkl, ò.å.

Ekl(ω1, ω2) = 0, åñëè (ω1, ω2) /∈ Λkl,

è
Ekl(ω1, ω2) = 1, åñëè (ω1, ω2) ∈ Λkl.

Îáîçíà÷èì ÷åðåç Γkl(ω1, ω2) ôóíêöèþ Γ(ω1, ω2)Ekl(ω1, ω2), à
÷åðåç γkl(t1, t2) − ïðîîáðàç ôóíêöèè Γkl(ω1, ω2).

Êàæäîìó ïðÿìîóãîëüíèêó Λkl ïîñòàâèì â ñîîòâåòñòâèå òàêîå
êîìïëåêñíîå ÷èñëî αkl, ïðè êîòîðîì

sup
(ω1,ω2)∈Λkl

| 1− αklΦ(ω1, ω2) |≤ qkl ≤ 1.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü

gn+1,kl(t1, t2) = βngn,kl(t1, t2) + (1− βn)gn,kl(t1, t2)−

−αkl

∞∫
−∞

∞∫
−∞

φ(t1 − τ1, t2 − τ2)gn,kl(τ1, t2)dτ1dτ2+

+αklγkl(t1, t2)), k = 1, . . . , N1, l = 1, 2, . . . , N2, (3.4.9)

ãäå 0 < β∗ < βn < β∗ < 1.
Íèæå áóäåò äîêàçàíî, ÷òî gn,kl(t1, t2) � ïîñëåäîâàòåëüíîñòè

ôóíêöèé ñõîäÿòñÿ â ìåòðèêå ïðîñòðàíñòâà L2(−∞,∞;−∞,∞) ê
ôóíêöèÿì g∗kl(t1, t2), k=0, 1, ..., N1, l=0, 1, ..., N2.

Ïóñòü g∗(t1, t2)=
N1∑
k=0

N2∑
l=0

g∗kl(t1, t2).

Òåîðåìà 3.4.2. Ïóñòü g(t1, t2)− àïïàðàòíàÿ ôóíêöèÿ, òîãäà

g(t1, t2) = g∗(t1, t2).

Ïðåäûäóùåå óòâåðæäåíèå ìîæíî óñèëèòü. Ïóñòü T − äîñòà-
òî÷íî áîëüøîå ÷èñëî, ïðè êîòîðîì âûïîëíÿåñÿ íåðàâåíñòâî

−T∫
−∞

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

∞∫
T

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2+
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+

T∫
−T

−T∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

T∫
−T

∞∫
T

| G(ω1, ω2) |2 dω1dω2 ≤ ε.

Ðàçîáüåì ïëîñêîñòü (ω1, ω2) íà êîíå÷íîå ÷èñëî ïðÿìîóãîëüíè-
êîâ Λkl = [vk, vk+1;wl, wl+1], k = 1, 2, . . . , N1, l = 1, 2, . . . , N2, ïðè÷åì
v1, vN1

, w1, wN1
ïðèíèìàþò çíà÷åíèÿ, ðàâíûå ±T, òàêèì îáðàçîì,

÷òîáû ïðè èçìåíåíèè àðãóìåíòîâ (ω1, ω2) â ïðÿìîóãîëüíèêå Λkl çíà-
÷åíèÿ G(ω1, ω2) áûëè ðàñïîëîæåíû âíóòðè óãëà ðàñòâîðà, ìåíüøåãî
π, ñ âåðøèíîé â íà÷àëå êîîðäèíàò ïëîñêîñòè êîìïëåêñíîé ïåðåìåí-
íîé.

Êàæäîìó ïðÿìîóãîëüíèêó Λkl ñòàâèòñÿ â ñîîòâåòñòâèå òàêîå
êîìïëåêñíîå ÷èñëî αkl, ïðè êîòîðîì

sup
(ω1,ω2)∈Λkl

| 1− αklΦ(ω1, ω2) |≤ qkl < 1.

Ïóñòü q = maxqkl, òîãäà q < 1.
Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü

gn+1,kl(t1, t2) = gn,kl(t1, t2)−

−αkl

∞∫
−∞

∞∫
−∞

φ(t1 − τ1, t2 − τ2)gn,kl(τ1, t2)dτ1dτ2+

+αklγkl(t1, t2)), (3.4.10)

k = 1, . . . , N1, l = 1, 2, . . . , N2, n = 1, . . .

Íèæå áóäåò äîêàçàíî,÷òî ïîñëåäîâàòåëüíîñòü gn,kl(t1, t2) ñõîäèòñÿ â
ìåòðèêå ïðîñòðàíñòâà L2(−∞,∞;−∞,∞) ê ôóíêöèÿì g∗kl(t1, t2) è

g(t1, t2) =
N1−1∑
k=0

N2−1∑
l=0

g∗kl(t1, t2) + Cε, ãäå

ε =

−T∫
−∞

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

∞∫
T

∞∫
−∞

| G(ω1, ω2) |2 dω1dω2+

+

T∫
−T

T∫
−∞

| G(ω1, ω2) |2 dω1dω2 +

T∫
−T

∞∫
T

| G(ω1, ω2) |2 dω1dω2.

Ïóñòü g∗N1N2
(t1, t2) =

N1−1∑
k=0

N2−1∑
l=0

g∗kl(t1, t2).
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Òåîðåìà 3.4.3. Ïóñòü g(t1, t2)− àïïàðàòíàÿ ôóíêöèÿ, òîãäà

g(t1, t2) = g∗N1N2
(t1, t2) + Cε,

ãäå âåëè÷èíà ε îïðåäåëåíà âûøå.

Äîêàçàòåëüñòâî òåîðåìû 3.4.1.
Áëèçîñòü ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â ìåòðèêå ïðîñòðàí-

ñòâà L2(−∞,∞;−∞,∞) îöåíèâàåòñÿ íåðàâåíñòâîì

∥ gn+1(t1, t2)− gn(t1, t2) ∥=∥ (gn(t1, t2)− gn−1(t1, t2))−

−α
∞∫

−∞

∞∫
−∞

Ψ(t1 − τ1, t2 − τ2)(gn(τ1, τ2)− gn−1(τ1, τ2))dτ1dτ2 ∥=

=∥ Gn(ω1, ω2)−Gn−1(ω1, ω2)− αΨ(ω1, ω2)(Gn(ω1, ω2)−
−Gn−1(ω1, ω2)) ∥≤

≤ max
|ωi|≤T,i=1,2

| 1− αΨ(ω1, ω2) ∥ Gn(ω1, ω2)−Gn−1(ω1, ω2) ∥≤

≤ q ∥ Gn(ω1, ω2)−Gn−1(ω1, ω2) ∥≤ q ∥ gn(t1, t2)− gn−1(t1, t2) ∥ .

Èç ýòîãî íåðàâåíñòâà è òåîðåìû Áàíàõà î íåïîäâèæíîé òî÷êå
(ñì. ðàçä. 1.3) ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 3.4.2.
Âíà÷àëå äîêàæåì ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (3.4.9).

Â ìåòðèêå ïðîñòðàíñòâà L2(−∞,∞;−∞,∞) ñïðàâåäëèâà îöåíêà

∥ gn+1,kl(t1, t2)− gn,kl(t1, t2) ∥=

=| βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥ +

+ | 1− βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2)−

−αkl

∞∫
−∞

∞∫
−∞

φ(t1 − τ1, t2 − τ2)(gn,kl(τ1, τ2)− gn−1,kl(τ1, τ2))dτ1dτ2 ∥=
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=| βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥ +

+ | 1− βn |∥ (Gn,kl(ω1, ω2)−Gn−1,kl(ω1, ω2))−

−αklΨ(ω1, ω2)(Gn,kl(ω1, ω2)−Gn−1,kl(ω1, ω2)) ∥≤

≤| βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥ +

+ | 1− βn | max
(ω1,ω2)∈Λkl

| 1− αklΦ(ω1, ω2) | ×

× ∥ Gn,kl(ω1, ω2)−Gn−1,kl(ω1, ω2) ∥=

=| βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥ +

+ | 1− βn |∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥≤

≤∥ gn,kl(t1, t2)− gn−1,kl(t1, t2) ∥ .
Èç ýòîãî íåðàâåíñòâà è òåîðåìû 1.3.1 ( ðàçä. 1.3) ñëåäóåò ñõî-

äèìîñòü èòåðàöèîííîãî ïðîöåññà (3.4.9) ê ôóíêöèè g∗kl(t1, t2).
Ðàâåíñòâî

g(t1, t2) = g∗(t1, t2) =

N1∑
k=0

N2∑
l=0

g∗kl(t1, t2)

î÷åâèäíî.
Äîêàçàòåëüñòâî òåîðåìû 3.4.3.
Äîêàçàòåëüñòâî ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (3.4.10)

ïðîâîäèòñÿ òàê æå, êàê äîêàçàòåëüñòâî ñõîäèìîñòè èòåðàöèé (3.4.9),
èñïîëüçóÿ òåîðåìó Áàíàõà 1.3.1 ( ðàçä. 1.3). Çàâåðøàåòñÿ äîêàçà-
òåëüñòâî òåîðåìû ïðèìåíåíèåì èçâåñòíîé â òåîðèè èíòåãðàëà Ôóðüå
ôîðìóëîé

∥ F (ω1, ω2) ∥L2
=∥ f(t1, t2) ∥L2

,

ñâÿçûâàþùåé â ïðîñòðàíñòâå L2

(
−∞,∞)2

)
íîpìó ôóíêöèè f(t1, t2)

ñ íîpìîé åå ïðåîáðàçîâàíèÿ Ôóðüå F (ω1, ω2).
Ïðåäëîæåííûé ìåòîä ìîæåò áûòü èñïoëüçîâàí ïðè ñòåíäîâîé

èäåíòèôèêàöèè ðàçëè÷íûõ äèíàìè÷åñêèõ îáúåêòîâ, âêëþ÷àåìûõ â
ñèñòåìû óïðàâëåíèÿ, à òàêæå ïðè ïîâåðêå èçìåðèòåëüíûõ öåïåé.
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Ïðèìåð 3.4.1. Äàí íåëèíåéíûé ôèëüòð, îïèñûâàåìûé óðàâíåíèåì

∞∫
0

g(t− τ)x(τ)dτ + a2(

∞∫
0

g(t− τ)x(τ)dτ)2 = f(t), ãäå a2 = 4,

è èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ èìååò âèä

g(t) =


1

2
t, 0 ≤ t ≤ 1,

1

2
(2− t), 1 < t ≤ 2,

0, t > 0.

Òðåáóåòñÿ ïî ðåàêöèè íà äâà âõîäíûõ ñèãíàëà x(t) è x1(t) =
x(t)/2 îïðåäåëèòü êîýôôèöèåíò a2 è ôóíêöèþ g(t).

Ðåøåíèå. Ïðè ïîäà÷å íà âõîä ñèãíàëà

x(t) =

{
e−t, t ≥ 0,
0, t < 0,

âûõîäíîé ñèãíàë èìååò âèä

f(t) =



0, t ≤ 0,

e−2t + 2te−t − 3

2
e−t + t2 − 3

2
t+

1

2
, 0 ≤ t ≤ 1,

e−t
(
9

2
− 6t− 36

e
+

12

e

)
+ 9e−2t+

+

(
15

e
− 3

2
− 24

e2

)
t+

(
1− 4

e
+

4

e2

)
t2−

−9

e
+

36

e2
+

1

2
,

1 < t ≤ 2,

(
1− 4

e
+

6

e2
− 4

e3
+

1

e4

)
t2+

+

(
15

e
− 71

2e2
+

32

e3
− 10

e4
− 3

2

)
t+

+
1

2
− 9

e
+

87

2e2
− 60

e3
+

25

e4

2 < t ≤ ∞.
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Ïðè ïîäà÷å íà âõîä ñèãíàëà x1(t) = x(t)/2 âûõîäíîé ñèãíàë
ðàâåí

f1(t) =



0, t ≤ 0,

1

4

(
e−2t − e−t − t+ 2te−t + t2

)
, 0 ≤ t ≤ 1,

1

4
e−t
(
3 + 9e−t − 6t− 36

e
+

12t

e

)
− t2

e2
(e+ 1)+

+
3

e2
(3− 2t)− t

4

(
1− 14

e

)
+

+
1

4e

(
t2e− 6

)
,

1 < t ≤ 2,

− 1

2e

(
3− 7t+ 2t2

)
+

1

4e2
(
41− 35t+ 6t2

)
−

− 1

e3
(
15− 8t+ t2

)
+

1

4e4
(
25− 10t+ t2

)
−

− t

4
(1− t) ,

2 < t ≤ ∞.

Ââåäÿ îáîçíà÷åíèÿ

z1(t) =
∞∫
0

g(t− τ)x(τ)dτ,

z2(t) = a2

(∞∫
0

g(t− τ)x(τ)dτ

)2

,

(3.4.11)

ïðèõîäèì ê ñèñòåìå óðàâíåíèé
z1(t) + z2(t) = f(t),

2−1z1(t) + 4−1z2(t) = f1(t),

îòñþäà
z1 = 4f1 − f, z2 = 2f − 4f1,

òîãäà a2 =
z2
z21

= 4,
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z1(t) =



0, t < 0,

1

2
(t− 1) +

1

2
e−t, 0 ≤ t ≤ 1,

1

2
(t− 1) +

1

e
(3− t)− 3

2
e−t, 1 < t ≤ 2,

1

2
(t− 1) +

1

e
(3− t)− 1

2e
(5− t) , t > 2.

Èñïîëüçóÿ îáîçíà÷åíèÿ (3.4.11), ôóíêöèþ g(t) íàéäåì èç ðå-
øåíèÿ óðàâíåíèÿ

z1(t) =

∞∫
0

g(t− τ)e−τdτ.

Ðåøåíèåì äàííîãî óðàâíåíèÿ áóäåò ôóíêöèÿ

g(t) =


1
2t, 0 ≤ t ≤ 1,

1
2(2− t), 1 < t ≤ 2,

0, t > 0.

Â ðåçóëüòàòå ïîëó÷àåì, ÷òî èñêîìûå êîýôôèöèåíò a2 è ôóíê-
öèÿ g(t) ñîâïàäàþò ñ òî÷íûìè.

3.5. Ïðèáëèæåííûå ìåòîäû èäåíòèôèêàöèè

íåëèíåéíûõ èçìåðèòåëüíûõ

ïðåîáðàçîâàòåëåé

Â äàííîì ðàçäåëå èññëåäóþòñÿ íåëèíåéíûå èçìåðèòåëüíûå
ïðåîáðàçîâàòåëè. Ïðåäëîæåíû ìåòîäû èäåíòèôèêàöèè ñèñòåì ñ íåëè-
íåéíîñòÿìè íà âõîäå è íà âûõîäå. Èññëåäîâàíû ìåòîäû ïðèìåíåíèÿ
δ-ôóíêöèé ê âîññòàíîâëåíèþ äèíàìè÷åñêèõ õàðàêòåðèñòèê íåëèíåé-
íûõ èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé. Ïðåäëàãàåòñÿ ìåòîä èäåíòè-
ôèêàöèè íåëèíåéíûõ ñèñòåì ïî ðåàêöèè íà íåñêîëüêî ñïåöèàëüíî
ïîäîáðàííûõ ñèãíàëîâ.

171



3.5.1. Èäåíòèôèêàöèÿ ïàðàìåòðîâ íåëèíåéíûõ
èçìåðèòåëüíûõ ïðåîáðàçîâàòåëåé ïî ðåàêöèè

íà δ-îáðàçíûé âõîäíîé ñèãíàë

Ïðåäëàãàþòñÿ ìåòîäû èäåíòèôèêàöèè íåëèíåéíûõ èçìåðèòåëü-
íûõ ïðåîáðàçîâàòåëåé ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè, îïèñûâàå-
ìûõ óðàâíåíèÿìè

N∑
k=1

ak

 t∫
0

g(t− τ)x(τ)dτ

k

= f(t), 0 ≤ t ≤ T, (3.5.1)

ïî ðåàêöèè íà δ-ôóíêöèþ. Çäåñü g(t) − èìïóëüñíàÿ ïåðåõîäíàÿ
ôóíêöèÿ èíåðöèîííîãî çâåíà, óäîâëåòâîðÿþùàÿ óñëîâèÿþ: g(t) = 0
ïðè t ≤ 0; x(t) è f(t) ñîîòâåòñòâåííî âõîäíîé è âûõîäíîé ñèãíà-
ëû èçìåðèòåëüíîãî ïðåîáðàçîâàòåÿ. Áóäåì ñ÷èòàòü ôóíêöèþ g(t)
íåïðåðûâíîé. Äîïîëíèòåëüíûå óñëîâèÿ, íàëàãàåìûå íà g(t), áóäóò
ñôîðìóëèðîâàíû â ñîîòâåòñòâóþùèõ ìåñòàõ.

Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî a1 = 1. Áóäåì
òàêæå ñ÷èòàòü, ÷òî ïîðÿäîê íåëèíåéíîñòè N ëåâîé ÷àñòè óðàâíåíèÿ
(3.5.1) èçâåñòåí.

Ðàññìîòðåíû ñëåäóþùèå ìåòîäû èäåíòèôèêàöèè:
1) ìåòîä âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t)

è êîýôôèöèåíòîâ ak, k = 1, 2, . . . , N, îñíîâàííûé íà îáðàáîòêå îò-
êëèêîâ èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (3.5.1) íà êîíå÷íóþ ïîñëå-
äîâàòåëüíîñòü âõîäíûõ δ-ôóíêöèé;

2) ìåòîä âîññòàíîâëåíèÿ ôóíêöèè g(t) íà ñåãìåíòå [0, T ], åñëè
èçâåñòíû åå çíà÷åíèÿ íà ñåãìåíòå [a, b] ⊂ [0, T ];

3) ìåòîä âû÷èñëåíèÿ êîýôôèöèåíòîâ ak, k = 1, 2, . . . , N, è âîñ-
ñòàíîâëåíèÿ ìîíîòîííîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ïî çíà÷å-
íèÿì f(t) íà êîíå÷íîé ñåòêå óçëîâ.

3.5.2. Èäåíòèôèêàöèÿ ïàðàìåòðîâ èçìåðèòåëüíûõ
ïðåîáðàçîâàòåëåé ïî ðåàêöèè

íà ïîñëåäîâàòåëüíîñòü δ-îáðàçíûõ ôóíêöèé

Èññëåäóåòñÿ âîçìîæíîñòü âîññòàíîâëåíèÿ ïàðàìåòðîâ èçìåðè-
òåëüíîãî ïðåîáðàçîâàòåëÿ (3.5.1) ïîäà÷åé íà âõîä êîíå÷íîé ïîñëåäî-
âàòåëüíîñòè δ-ôóíêöèé.
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Ïîäàäèì íà âõîä ïðåîáðàçîâàòåëÿ (3.5.1) ïîñëåäîâàòåëüíîñòü1:

δk(t) =
1

2k
δ(t), k = 0, 1, 2, . . . , N − 1,

ãäå δ-ôóíêöèÿ èìååò âèä

δ(t0 − t) =

{
∞ ïðè t = t0,
0 ïðè t ̸= t0,

è

∞∫
−∞

δ(τ)dτ = 1.

Çàìå÷àíèå 3.5.1. Òàê êàê ñóùåñòâóåò áåñêîíå÷íî áîëüøîå ÷èñëî
δ(t)-îáðàçíûõ ôóíêöèé è ïðè ðåøåíèè êàæäîé ïðèêëàäíîé çàäà÷è
íåîáõîäèìî âûáèðàòü íàèáîëåå �ïîäõîäÿùóþ�, òî äàëüíåéøåå èç-
ëîæåíèå ôîðìàëüíî âåäåòñÿ äëÿ δ(t)-ôóíêöèè.

Èçâåñòíî, ÷òî
∞∫

−∞

f(t)δ(t− τ)dτ = f(t).

Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó óðàâíåíèé:



g(t) + a2g
2(t) + · · ·+ aNg

N(t) = f1(t),

1
2g(t) +

1
22
a2g

2(t) + · · ·+ 1
2N
aNg

N(t) = f2(t),

. . .
1

2N−1g(t) +
1
2N
a2g

2(t) + · · ·+ 1
2N(N−1)aNg

N(t) = fN(t).

(3.5.2)

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè:

x1(t) = g(t), xk(t) = akg
k(t), k = 2, 3, . . . , N.

Òîãäà ñèñòåìó (3.5.2) ìîæíî çàïèñàòü â âèäå



x1(t) + x2(t) + · · ·+ xN(t) = f1(t),

1
2x1(t) +

1
22
x2(t) + · · ·+ 1

2N
xN(t) = f2(t),

. . .

1
2N−1x1(t) +

1
2N
x2(t) + · · ·+ 1

2N(N−1)xN(t) = fN(t).

(3.5.3)

1Ðåàëèçàöèÿ íåïîñðåäñòâåííî ôóíêöèé 1
2k
δ(t) íåâîçìîæíà è íà ïðàêòèêå èñïîëüçóþòñÿ

ïîñëåäîâàòåëüíîñòè 1
2k
δ̃(t), ãäå δ̃(t) −− δ-îáðàçíàÿ ôóíêöèÿ.
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Îïðåäåëèòåëü ìàòðèöû ýòîé ñèñòåìû (ãäå xk(t) � íåèçâåñòíûå)
ðàâåí [137, ïðèìåð 343]:

∆ = (−1)N−1
N∏
i=1

1

2i

∏
N≥l>k≥1

(
1

2l
− 1

2k

)[ N∑
i=1

2iφ′
(
1

2i

)]
,

ãäå φ(x) = (x−x1)(x−x2) . . . (x−xN), xk =
(
1
2

)k
, k = 1, 2, . . . , N , è,

ñëåäîâàòåëüíî, ∆ ̸= 0.
Èç òåîðåìû Êðàìåðà ñëåäóåò, ÷òî ñèñòåìà ëèíåéíûõ àëãåáðà-

è÷åñêèõ óðàâíåíèé (3.5.3) îäíîçíà÷íî ðàçðåøèìà. Îïðåäåëèâ èç íåå
xk(t), k = 1, 2, . . . , N , ïîñëåäîâàòåëüíî âîññòàíàâëèâàåì ôóíêöèþ
g(t) è êîýôôèöèåíòû ak, k = 2, 3, . . . , N .

Ïðè ïðàêòè÷åñêîé ðåàëèçàöèè îïèñàííîãî ìåòîäà âìåñòî ôóíê-
öèé δk(t) íåîáõîäèìî âîñïîëüçîâàòüñÿ δ-îáðàçíûìè ôóíêöèÿìè. Ñëå-
äóÿ [113], èñïîëüçóåì àíàëèòè÷åñêóþ àïïðîêñèìàöèþ δ-ôóíêöèè â
âèäå δ̃(τ) = δ̃(r, τ) = r√

πer
2τ2
. Òîãäà δ(t) = lim

r→∞
δ̃(r, t).

Â ëèíåéíîì ñëó÷àå, ïîãðåøíîñòü, îáóñëîâëåííàÿ çàìåíîé ïî-
ñëåäîâàòåëüíîñòè δ(t)- ôóíêöèè íà ïîñëåäîâàòåëüíîñòü δ̃k(t), ìîæåò
áûòü îöåíåíà ìåòîäîì, èñïîëüçîâàííîì â [113].

Ïðèìåð 3.5.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (3.5.1),
ãäå N = 5, T = 10 è

g(t) =


t, 0 ≤ t ≤ 5,

10− t, 5 < t ≤ 10,
0, t ≥ 10.

Òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ g(t) è çíà÷åíèÿ êîýôôèöèåí-
òîâ ak, k = 1, 2, ..., 5.

Ðåøåíèå. Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì ïîñëåäîâà-
òåëüíîñòü δ̃k(t) = 1

2k
δ̃(t), ãäå δ̃(t) − äåëüòà-îáðàçíàÿ ïîñëåäîâàòåëü-

íîñòü, îïðåäåëÿåòñÿ ôîðìóëîé δ̃(t) = δ̃(r, τ) = r√
π
e−r

2τ2, ãäå r = 10.

Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ak, k = 1, . . . , 5
ïðèâåäåíû â òàáë. 3.1, à ôóíêöèè g(t) � â òàáë. 3.2.

Ïðèâåäåííûå ðåçóëüòàòû ïîêàçûâàþò ýôôåêòèâíîñòü ïðèìå-
íåíèÿ äàííîãî ìåòîäà. Ïðè çàìåíå δ-ôóíêöèé δ-îáðàçíûìè âîçíè-
êàåò ïîãðåøíîñòü, çàâèñÿùàÿ îò âûáîðà δ-îáðàçíûõ ôóíêöèé.
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Òàáëèöà 3.1. Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ak

Êîýôôèöèåíòû
Òî÷íûå

çíà÷åíèÿ ak

Ïðèáëèæåííûå

çíà÷åíèÿ

Ïîãðåøíîñòü

âîññòàíîâëåíèÿ

a1 1.00 1.000000 0.000000

a2 2.00 2.001380 0.001380

a3 3.00 3.009844 0.009844

a4 4.00 4.001829 0.001829

a5 5.00 4.992879 0.007100

Òàáëèöà 3.2. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t)

Óçëû tk
Òî÷íûå

çíà÷åíèÿ

Ïðèáëèæåííûå

çíà÷åíèÿ

Ïîãðåøíîñòü

âîññòàíîâëåíèÿ

0.00 0.00 0.00012 0.00012

1.00 1.00 1.00230 0.00230

2.00 2.00 2.97800 0.97800

3.00 3.00 3.00305 0.00305

4.00 4.00 4.00096 0.00096

5.00 5.00 5.00001 0.00001

6.00 4.00 4.00005 0.00005

7.00 3.00 2.99008 0.99008

8.00 2.00 2.00034 0.00034

9.00 1.00 0.99970 0.00003

3.5.3. Âîññòàíîâëåíèå ôóíêöèè g(t) íà ñåãìåíòå [0, T ]

Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü (3.5.1). Ïóñòü èì-
ïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(t) îòëè÷íà îò íóëÿ íà ñåãìåíòå
[0, T ], íî åå çíà÷åíèÿ èçâåñòíû òîëüêî íà ñåãìåíòå [a, b] ⊂ [0, T ]. Òðå-
áóåòñÿ âîññòàíîâèòü çíà÷åíèÿ ôóíêöèè g(t) íà âñåì ñåãìåíòå [0, T ]
è âû÷èñëèòü êîýôôèöèåíòû ak, k = 2, 3, . . . , N.

Íà ïðèìåðå èñïîëüçîâàíèÿ èíòåðïîëÿöèè ïî óçëàì ïîëèíîìà
×åáûøåâà ïåðâîãî ðîäà èçëîæèì àëãîðèòì âîññòàíîâëåíèÿ ôóíê-
öèè g(t) ñ ñåãìåíòà [a, b] íà ñåãìåíò [0, T ]([a, b]⊂[0, T ]) ïóòåì ïîñëå-
äîâàòåëüíîãî ïðèáëèæåíèÿ ôóíêöèè g(t) íà ñåãìåíòàõ [−ṽ0, ṽ0], . . .,
[−ṽm, ṽm] òàêèõ, ÷òî [−ṽi, ṽi]⊂[−ṽi+1, ṽi+1], i=0, . . .,m−1, ïðè÷åì ñåã-
ìåíò [−ṽ0, ṽ0] ñîâïàäàåò ñ [a, b], à ñåãìåíò [−ṽm, ṽm] ñîâïàäàåò ñ [0, T ].
Îòìåòèì, ÷òî âìåñòî óçëîâ ïîëèíîìà ×åáûøåâà ìîãóò áûòü âçÿòû
óçëû äðóãèõ ïîëèíîìîâ, à òàêæå ðàâíîñòîÿùèå óçëû.

Äëÿ ïðîñòîòû îáîçíà÷åíèé ïåðåíåñåì íà÷àëî êîîðäèíàò â ñåðå-
äèíó ñåãìåíòà [a, b] è áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ g(t) ïðèíàäëåæèò
êëàññóW r(A) íà ñåãìåíòå [−D,D] è èçâåñòíà ñâîèìè çíà÷åíèÿìè íà
ñåãìåíòå [−d, d] ([−d, d] ⊂ [−D,D]).

Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèþ g(t) íà âñåì ñåãìåíòå [−D,D].
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Îáîçíà÷èì ÷åðåç zk, k = 1, . . . , n, óçëû ïîëèíîìà ×åáûøåâà
ïåðâîãî ðîäà ñòåïåíè n, ðàñïîëîæåííûå íà ñåãìåíòå [−1, 1]. Âîçüìåì
çà íà÷àëüíûé ñåãìåíò [−v0, v0] = [−d, d]. Îòîáðàçèì ñåãìåíò [−1, 1]
íà ÷èñëîâóþ îñü òàêèì îáðàçîì, ÷òîáû óçëû z1 è zn îòîáðàçèëèñü
â òî÷êè −v0 è v0 ñîîòâåòñòâåííî. Òîãäà ñåãìåíò [−1, 1] îòîáðàçèòñÿ
íà ñåãìåíò [−ṽ0, ṽ0]. Ïðè ýòîì óçëû z1 . . . , zn (z1, . . . , zn ∈ [−1, 1])
îòîáðàæàþòñÿ â óçëû z01, . . . , z

0
n, (z

0
1, . . . , z

0
n ∈ [−v0, v0]).

Îáîçíà÷èì ÷åðåç P 0
n(g, t) èíòåðïîëÿöèîííûé ïîëèíîì, ïîñòðî-

åííûé ïî óçëàì z01, . . . , z
0
n. Ïî ôîðìóëå

g̃0(t) =

{
g(t), t ∈ [−v0, v0],

P 0
n(g, t), t ∈ [−ṽ0, ṽ0] \ [−v0, v0],

âîññòàíîâèì ôóíêöèþ g(t) íà ñåãìåíòå [−ṽ0, ṽ0]. Àíàëîãè÷íûå ïî-
ñòðîåíèÿ áóäåì ïðîâîäèòü äî òåõ ïîð, ïîêà íå áóäåò âîññòàíîâëåíà
ôóíêöèÿ g(t) íà âñåì ñåãìåíòå [−D,D].

Îáîçíà÷èì ÷åðåç m ÷èñëî øàãîâ, êîòîðîå òðåáóåòñÿ äëÿ âîñ-
ñòàíîâëåíèÿ ôóíêöèè g(t) íà âñåì ñåãìåíòå [−D,D]. Èç äàëüíåé-
øåãî áóäåò âèäíî, êàê îïðåäåëèòü ýòî ÷èñëî. Îïèøåì ïîñòðîåíèå
èíòåðïîëÿöèîííîãî ïîëèíîìà P j

n(g, t), j = 1, 2, . . . ,m−1. Îíî ïîäîá-
íî ïîñòðîåíèþ ïîëèíîìà P 0

n(g, t). Ïóñòü ôóíêöèÿ g(t) óæå âîññòà-
íîâëåíà íà ñåãìåíòå [−vj, vj]. Îòîáðàçèì ñåãìåíò [−1, 1] íà ñåãìåíò
[−vj, vj] òàêèì îáðàçîì, ÷òîáû òî÷êè z1 è zn îòîáðàçèëèñü â êîí-
öû ñåãìåíòà [−vj, vj] ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç zj1, z

j
2 . . . , z

j
n

îáðàçû òî÷åê z1, z2 . . . , zn. Ïðè ýòîì îòîáðàæåíèè òî÷êè −1 è 1 îòîá-
ðàçÿòñÿ â −ṽj è ṽj ñîîòâåòñòâåííî. ×åðåç P j

n(g, t) îáîçíà÷èì èíòåð-
ïîëÿöèîííûé ïîëèíîì, ïîñòðîåííûé ïî óçëàì zj1, . . . , z

j
n è çíà÷åíèÿì

ôóíêöèè gj−1(t) â ýòèõ óçëàõ. Âîññòàíîâëåíèå ôóíêöèè g(t) íà ñåã-
ìåíòå [−ṽj, ṽj] ïðîâîäèòñÿ ïî ôîðìóëå

g̃j(t) =

{
g̃j−1(t), t ∈ [−vj, vj],
P j
n(g, t), t ∈ [−ṽj, ṽj] \ [−vj, vj].

Äàëåå ïîëàãàåì [−vj+1, vj+1] = [−ṽj, ṽj] è ïðîäîëæàåì ïîñòðî-
åíèÿ. Ïðè ýòîì ïîãðåøíîñòü, êîòîðàÿ âîçíèêàåò íà ïåðâîì øàãå,
îöåíèâàåòñÿ íåðàâåíñòâîì

max
t∈[−ṽ0,ṽ0]

|g(t)− g̃(t)| ≤ En−1(g)λn,

ãäå λn − êîíñòàíòà Ëåáåãà èíòåðïîëÿöèè íà ñåãìåíòå [−1, 1] ïî óç-
ëàì ïîëèíîìà ×åáûøåâà ïåðâîãî ðîäà ñòåïåíè n. Çäåñü En−1(g) −
íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè g(t) íà ñåãìåíòå [−D,D] ïîëèíî-
ìàìè (n− 1) ñòåïåíè.
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Ïðè âîññòàíîâëåíèè ôóíêöèè g(t) íà ñåãìåíòå [−ṽ1, ṽ1] ôóíê-
öèÿ g̃0(t) èíòåðïîëèðóåòñÿ íà ñåãìåíòå [−v1, v1]. Â ýòîì ñëó÷àå îöåí-
êà ïîãðåøíîñòè îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:

max
t∈[−ṽ1,ṽ1]

|g(t)− g̃1(t)| =

= max
t∈[−ṽ1,ṽ1]

|g(t)− Tn−1(t) + Pn[Tn−1(t)− g̃0(t)]| ≤

≤ max
t∈[−ṽ1,ṽ1]

|g(t)− Tn−1(t)|+ max
t∈[−ṽ1,ṽ1]

|Pn[Tn−1(t)− g̃0(t)]| ≤ En−1(g)+

+ max
t∈[−ṽ0,ṽ0]

|Tn−1(t)− g̃0(t)|λn ≤ En−1(g) + En−1(g)λn) ≤

≤ En−1(g)(1 + λn + λ2n).

Ïðîäîëæàÿ ýòîò ïðîöåññ, èìååì

max
t∈[−D,D]

|g(t)− g̃m(t)| ≤ En−1(g)(1 + λn + · · ·+ λm−1
n ). (3.5.4)

Òàêèì îáðàçîì, ïîñòðîåí àëãîðèòì ýêñòðàïîëÿöèè ôóíêöèè
g(t) ñ ñåãìåíòà [−d, d] íà ñåãìåíò [−D,D] çà m øàãîâ ñ òî÷íîñòüþ
(3.5.4).

Èç íåðàâåíñòâà En−1(g)(1 + λn + · · · + λm−1
n ) ≤ ε ëåãêî îïðå-

äåëèòü ïî äàííûì çíà÷åíèÿì A, d, r, ε ìàêñèìàëüíóþ äëèíó ñåãìåí-
òà [−D,D], äëÿ êîòîðîãî âîçìîæíî âîññòàíîâëåíèå ñ òî÷íîñòüþ ε
ôóíêöèè g(t) ∈ W r(A) ñ ñåãìåíòà [−d, d].
Ïðèìåð 3.5.2. Òðåáóåòñÿ âîññòàíîâèòü ÈÏÔ g(t) = 5−(t−5)2|t−5|
ñ ñåãìåíòà [2.5, 7.5] íà ñåãìåíò [0, 10].

Ðåøåíèå. Â òàáë. 3.3 ïðèâåäåíû ðåçóëüòàòû, ïîêàçûâàþùèå
ýôôåêòèâíîñòü äàííîãî ìåòîäà. Èç òàáë. 3.3 âèäíî, ÷òî òî÷íîñòü
çàâèñèò îò òî÷íîñòè çàäàíèÿ èñõîäíûõ äàííûõ (â òðåòüåì ñòîëáöå
ïðåäïîëàãàåòñÿ, ÷òî çíà÷åíèÿ ôóíêöèè g(t) èçâåñòíû òî÷íî, â ÷åò-
âåðòîì � ïîãðåøíîñòüþ ε = 0, 0001).

Åñëè ïðåäïîëàãàåòñÿ, ÷òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
ôèíèòíà è íåïðåðûâíà íà çàäàííîì îòðåçêå âðåìåíè, òî çàäà÷à ýêñ-
òðàïîëÿöèè ïî äàííîìó àëãîðèòìó äëÿ çàäà÷ èäåíòèôèêàöèè íàè-
áîëåå ïðèåìëåìà, â îòëè÷èå îò ñòàíäàðòíîé çàäà÷è ýêñòðàïîëÿöèè.
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Òàáëèöà 3.3. Ðåçóëüòàòû âîññòàíîâëåíèÿ g(t)

Óçëû tk .0000
Òî÷íûå

çíà÷åíèÿ.0000

Ïîëó÷åííûå

çíà÷åíèÿ ïðè

ε=0

Ïîëó÷åííûå

çíà÷åíèÿ ïðè

ε=0.0001
0.0000 0.0000 -0.0291763 -0.0399834

1.0000 61.0000 60.914846 60.879522

2.0000 98.0000 97.991006 97.985883

3.0000 117.0000 117.00018 117.000712

4.0000 124.0000 124.002095 124.001529

5.0000 125.0000 125.022526 125.022693

6.0000 124.0000 124.002413 124.002107

7.0000 117.0000 117.001562 117.000958

8.0000 98.0000 98.045261 98.134423

9.0000 61.0000 61.07005 61.426374

10.0000 0.0000 0.12468 0.2700685

3.5.4. Âîññòàíîâëåíèå êîýôôèöèåíòîâ ak àïïàðàòíîé

ôóíêöèè
N∑
k=1

akg(t)

Èç ñâîéñòâ δ-ôóíêöèè ñëåäóåò, ÷òî ïðè ïîäà÷å íà âõîä äèíàìè-
÷åñêîé ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (3.5.1), ñîîòâåòñòâóþùèé
âûõîäíîé ñèãíàë ðàâåí

f(t) =
N∑
k=1

akg
k(t). (3.5.5)

Â ïðåäïîëîæåíèè, ÷òî èçâåñòíû çíà÷åíèÿ èìïóëüñíîé ïåðå-
õîäíîé ôóíêöèè g(t) íà ñåãìåíòå [a, b] è èçâåñòíî, ÷òî ôóíêöèÿ g(t)
ìîíîòîííî âîçðàñòàåò èëè óáûâàåò íà ýòîì ñåãìåíòå, âû÷èñëèì êî-
ýôôèöèåíòû ak, k = 1, 2, . . . , N.

Âûáåðåì N òî÷åê tk ∈ [a, b], k = 1, 2, . . . , N, è ïðèðàâíÿåì
ïðàâûå è ëåâûå ÷àñòè óðàâíåíèÿ (3.5.5) â òî÷êàõ tk, k = 1, 2, . . . , N.

Îòìåòèì, ÷òî çàðàíåå óçëû tk, â êîòîðûõ ïðîâîäèëèñü èçìåðå-
íèÿ, íåèçâåñòíû, îäíàêî ýòî íå âëèÿåò íà ðåçóëüòàò ðåøåíèÿ.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé:

N∑
k=1

akg
k(t1) = f(t1),

N∑
k=1

akg
k(t2) = f(t2),

. . .
N∑
k=1

akg
k(tN) = f(tN)
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èëè â âåêòîðíîé ôîðìå:
Ku = f, (3.5.6)

ãäå

K =

 g(t1) g2(t1) . . . gN(t1)
. . . . . .

g(tN) g2(tN) . . . gN(tN)

 ,

u =

 a1
.
aN

 , f =

 f(t1)
.

f(tN)

 .

Èçâåñòíî [137], ÷òî îïðåäåëèòåëü ìàòðèöû K ðàâåí

∏
i=1

g(ti)
N∏
i>j

(g(ti)− g(tj)).

Òàê êàê íà ñåãìåíòå [a, b], íà êîòîðîì ðàñïîëîæåíû óçëû tk,
ôóíêöèÿ g(t) ñòðîãî âîçðàñòàåò èëè óáûâàåò, òî îïðåäåëèòåëü îòëè-
÷åí îò íóëÿ.

Ñëåäîâàòåëüíî, ñèñòåìà (3.5.6) îäíîçíà÷íî ðàçðåøèìà.
Îòìåòèì, ÷òî ïðè íàëîæåííîì íà ôóíêöèþ g(t) óñëîâèè ìî-

íîòîííîñòè íà ñåãìåíòå [a, b] ñèñòåìà (3.5.6) îäíîçíà÷íî ðàçðåøèìà
ïðè ëþáûõ N óçëàõ. Â êà÷åñòâå óçëîâ tk ìîæíî âçÿòü ðàâíîñòîÿ-
ùèå íà [a, b] óçëû. Òàê êàê èç ôèçè÷åñêèõ ñîîáðàæåíèé ÿñíî, ÷òî
ïðè ëþáûõ çíà÷åíèÿõ tk, k = 1, 2, . . . , N, ñèñòåìà óðàâíåíèé (3.5.6)
èìååò îäíî è òîëüêî îäíî åäèíñòâåííîå ðåøåíèå, òî, ðåøàÿ ñèñòå-
ìó óðàâíåíèé (3.5.6) ïðè ïðîèçâîëüíûõ íàáîðàõ ðàçëè÷íûõ óçëîâ,
ìû ïîëó÷àåì ðåøåíèÿ, êîòîðûå îòëè÷àþòñÿ îò èñêîìîãî âû÷èñëè-
òåëüíîé ïîãðåøíîñòüþ è ïîãðåøíîñòüþ èçìåðåíèé. Äëÿ óìåíüøå-
íèÿ ïîãðåøíîñòè ìîæíî âçÿòü íåñêîëüêî ñèñòåì óðàâíåíèé, à çàòåì
óñðåäíèòü ïî ÷èñëó ñèñòåì ïîëó÷åííûå çíà÷åíèÿ êîýôôèöèåíòîâ.

Íàéäÿ çíà÷åíèÿ ak, k = 1, 2, . . . , N , èç ýòîé ñèñòåìû, çíà÷åíèÿ
g(t) íà âñåì ñåãìåíòå [0, T ] íàõîäèì, ðåøàÿ íåëèíåéíîå óðàâíåíèå
(3.5.5) îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè g(t). Çäåñü ìîãóò áûòü
èñïîëüçîâàíû ñòàíäàðòíûå ìåòîäû âû÷èñëèòåëüíîé ìàòåìàòèêè [8].
Îäèí èç àëãîðèòìîâ ðåøåíèÿ óðàâíåíèÿ (3.5.5) îïèñàí â [18].

Çàìå÷àíèå 3.5.2. Òðåáîâàíèå ìîíîòîííîñòè ôóíêöèè g(t) íà ñåã-
ìåíòå [a, b] ââåäåíî äëÿ ïðîñòîòû. Íà ñàìîì äåëå äîñòàòî÷íûì
óñëîâèåì ÿâëÿåòñÿ, ÷òîáû èçìåðåíèÿ ïðîâîäèëèñü â òî÷êàõ tk òà-
êèõ, ÷òî g(ti) ̸= g(tj) ïðè i ̸= j.
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Ïðèìåð 3.5.3. Ðàññìîòðèì íåëèíåéíûé èçìåðèòåëüíûé ïðåîáðàçî-
âàòåëü, îïèñûâàåìûé óðàâíåíèåì (3.5.1), ãäå

g(t) =


t, t ∈ [0, 5],

10− t, t ∈ (5, 10],

0, t ∈ (−∞,∞) \ [0, 10],

a1 = 1, 0; a2 = 2, 0; a3 = 3, 0; a4 = 4, 0; a5 = 5, 0.
Òðåáóåòñÿ, ðàñïîëàãàÿ èíôîðìàöèåé î çíà÷åíèÿõ ôóíêöèè g(t)

íà ñåãìåíòå [0, 1] è ðåàêöèåé ïðåîáðàçîâàòåëÿ íà δ-ôóíêöèþ, âû÷èñ-
ëèòü êîýôôèöèåíòû ak, k = 1, 2, . . . , 5 è âîññòàíîâèòü ôóíêöèþ g(t)
íà ñåãìåíòå [0, 10].

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t) è êîýô-
ôèöèåíòîâ ak, k = 1, 2, . . . , 5 ïðèâåäåíû â òàáë. 3.4�3.7.

Òàáëèöà 3.4. Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ak

Òî÷íûå

çíà÷åíèÿ ak

Ïîëó÷åííûå

ïðè ε=0

Ïîëó÷åííûå

ïðè

ε=0.0000001

Ïîëó÷åííûå

ïðè

ε=0.000001

Ïîëó÷åííûå

ïðè

ε=0.00001
1.00 1.00 1.00000 1.000000 1.000000

2.00 2.00 2.000050 1.998246 1.996826

3.00 3.00 2.999844 3.005698 3.010646

4.00 4.00 4.000209 3.992622 3.984537

5.00 5.00 4.999899 5.003256 5.007504

Òàáëèöà 3.5. Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ak

Òî÷íûå

çíà÷åíèÿ, ak

Ïîëó÷åííûå

ïðè ε=0

Ïîëó÷åííûå

ïðè

ε=0.00000001

Ïîëó÷åííûå

ïðè

ε=0.0000001

Ïîëó÷åííûå

ïðè

ε=0.000001
1.00 1.00 1.00000 1.000000 1.000000

2.00 2.00 2.001485 2.009485 1.940565

3.00 3.00 2.998685 2.990713 3.054133

4.00 4.00 4.000545 4.007988 3.925779

5.00 5.00 4.999916 4.991366 5.013963

Â òàáë. 3.4 êîýôôèöèåíòû ak ïîëó÷åíû ðåøåíèåì ñèñòåìû
(3.5.6) ïî ìåòîäó Ãàóññà, à â òàáë. 3.5 � ïî èòåðàöèîííîé ñõåìå
(1.3.5), ïðåäëàãàåìîé â ïåðâîé ãëàâå, ïðè α = 0, 0001 è ÷èñëå èòåðà-
öèé, ðàâíîì 500. Â òàáë. 3.6 è 3.7 ïðèâåäåíû ðåçóëüòàòû âîññòàíîâ-
ëåíèÿ ôóíêöèè g(t) â ðåçóëüòàòå ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ
(3.5.5) äëÿ êàæäîãî çíà÷åíèÿ t è ñîîòâåòñòâóþùèõ çíà÷åíèÿì êîýô-
ôèöèåíòîâ ak ( òàáë. 3.4, 3.5).
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Òàáëèöà 3.6. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t)

Óçëû

tk

Òî÷íûå

çíà÷åíèÿ

Ïîëó÷åí-

íûå ïðè

ε=0

Ïîëó÷åí-

íûå ïðè

ε=0.0000001

Ïîëó÷åí-

íûå ïðè

ε=0.000001

Ïîëó÷åí-

íûå ïðè

ε=0.00001
0.00 0.00 0.0000 0.0000 0.0000 0.0000

1.00 1.00 1.0000 1.0000 1.0000 1.0000

2.00 2.00 2.0000 2.0000 2.0000 2.0000

3.00 3.00 3.0000 3.0000 3.0000 3.0000

4.00 4.00 4.0000 4.0000 4.0000 4.0000

5.00 5.00 5.0000 5.0000 5.0000 5.0000

6.00 4.00 4.0000 4.0000 4.0000 4.0000

7.00 3.00 3.0000 3.0000 3.0000 3.0000

8.00 2.00 2.0000 2.0000 2.0000 2.0000

9.00 1.00 1.0000 1.0000 1.0000 1.0000

Òàáëèöà 3.7. Ðåçóëüòàòû âîññòàíîâëåíèÿ ôóíêöèè g(t)

Óçëû

tk

Òî÷íûå

çíà÷åíèÿ

Ïîëó÷åí-

íûå ïðè

ε=0

Ïîëó÷åí-

íûå ïðè

ε=0.0000001

Ïîëó÷åí-

íûå ïðè

ε=0.000001

Ïîëó÷åí-

íûå ïðè

ε=0.00001
0.00 0.00 0.00000 0.00000 0.00000 0.00000

1.00 1.00 1.00001 1.00001 1.00010 1.00010

2.00 2.00 2.00000 2.00001 2.00010 2.00010

3.00 3.00 3.00000 3.00001 3.00001 3.00010

4.00 4.00 4.00000 4.00000 4.00000 4.00010

5.00 5.00 5.00000 5.00000 5.00000 5.00000

6.00 4.00 4.00000 4.00000 4.00000 4.00010

7.00 3.00 3.00000 3.00001 3.00000 3.00007

8.00 2.00 2.00000 2.00001 2.00009 2.00009

9.00 1.00 1.00001 1.00000 1.00008 1.00001

3.5.5. Ïðèìåíåíèå δ-ôóíêöèè äëÿ èäåíòèôèêàöèè
íåëèíåéíûõ ñèñòåì ñ ðàñïðåäåëåííûìè
ïàðàìåòðàìè

Ðàññìîòðèì íåëèíåéíûé èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì

N∑
k=1

ak

 t∫
0

g(t, τ)x(τ)dτ

k

= f(t), 0 ≤ t ≤ T, (3.5.7)

ãäå a1 = 1, g(t, τ) − äèíàìè÷åñêàÿ õàðàêòåðèñòèêà (èìïóëüñíàÿ ïå-
ðåõîäíàÿ ôóíêöèÿ) ëèíåéíîé ÷àñòè ñèñòåìû, x(t) è f(t) − ñîîòâåò-
ñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû. Ïðåäïîëîæåíèå, ÷òî a1 = 1 íå
âëèÿåò íà îáùíîñòü ðàññóæäåíèé, òàê êàê ìîæíî â êà÷åñòâå äèíà-
ìè÷åñêîé õàðàêòåðèñòèêè ëèíåéíîé ÷àñòè âçÿòü ôóíêöèþ a1g(t, τ).
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Òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ g(t, τ), 0 ≤ τ ≤ t ≤ T, è çíà-
÷åíèÿ êîýôôèöèåíòîâ ak, k = 1, . . . , N .

Ïóñòü âûïîëíÿåòñÿ óñëîâèå A:
à) çíà÷åíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g(t, τ) èçâåñòíû

ïðè τ=τ0 è t∈[a, b]([a, b]⊂[0, T ]);
á) èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(t, τ0) ìîíîòîííî âîçðàñ-

òàåò èëè óáûâàåò ïðè t∈[a, b].
Ïîäàâàÿ íà âõîä ïðåîáðàçîâàòåëÿ (3.5.7) δ-ôóíêöèþ è èñïîëü-

çóÿ ñâîéñòâî δ-ôóíêöèè

t∫
0

g(t, τ)δ(τ0 − τ)dτ = g(t, τ0), 0 ≤ t ≤ T,

ïîëó÷èì
N∑
k=1

akg
k(t, τ0) = f0(t), 0 ≤ t ≤ T,

ãäå f0(t) − âûõîäíîé ñèãíàë èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (3.5.7)
ïî ðåàêöèè íà δ-ôóíêöèþ â ìîìåíò âðåìåíè τ = τ0.

Òàê êàê èçâåñòíû çíà÷åíèÿ ôóíêöèè g(t, τ0) ïðè t ∈ [a, b], òî,

âçÿâ N çíà÷åíèé tk = a +
(b− a)k

N , k = 1, . . . , N , ïîëó÷èì ñèñòå-
ìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
çíà÷åíèé ak, k = 1, . . . , N ,

N∑
k=1

akg
k(tl, τ0) = f0(tl), l = 1, . . . , N. (3.5.8)

Ó÷èòûâàÿ óñëîâèå ìîíîòîííîñòè ôóíêöèè g(t, τ0) è ðåçóëüòà-
òû, ïîëó÷åííûå äëÿ ñèñòåì ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè, ïðè-
õîäèì ê çàêëþ÷åíèþ, ÷òî ñèñòåìà ëèíåéíûõ óðàâíåíèé (3.5.8) îäíî-
çíà÷íî ðàçðåøèìà.

Äàëåå, çíàÿ çíà÷åíèÿ êîýôôèöèåíòîâ ak, k = 1, . . . , N, è ïî-
äàâàÿ íà âõîä èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (3.5.7) ïîñëåäîâà-
òåëüíî ñåðèþ δ-ôóíêöèé â ìîìåíòû âðåìåíè τ = τk, k = 1, . . . ,M,

ìîæåì âîññòàíîâèòü çíà÷åíèÿ g(t, τk), k = 1, . . . ,M, äëÿ êàæäîãî t
èç ðåøåíèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé

N∑
k=1

akg
k(t, τk) = fk(t), k = 1, . . . ,M,

îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè g(t, τk).
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Îòìåòèì, ÷òî ïîñëå òîãî, êàê âîññòàíîâëåíû êîýôôèöèåíòû
ak, k = 1, . . . , N , òî âûïîëíåíèå óñëîâèÿ A äîñòàòî÷íî äëÿ âîññòà-
íîâëåíèÿ âñåõ çíà÷åíèé ôóíêöèè g(t, τ).

Çàìå÷àíèå 3.5.3. Çàìåíà δ-ôóíêöèè ðåàëüíîé δ-îáðàçíîé ôóíêöè-
åé âíîñèò äîïîëíèòåëüíóþ ïîãðåøíîñòü â ïðèâåäåííûå âûøå ðàñ-
ñóæäåíèÿ. Àíàëèç ýòîé ïîãðåøíîñòè îïóñêàåòñÿ.

3.5.6. Èäåíòèôèêàöèÿ íåëèíåéíûõ ñèñòåì ñ
ðàñïðåäåëåííûìè ïàðàìåòðàìè ïî íåñêîëüêèì
òåñòîâûì ñèãíàëàì

Ïðåäëàãàåòñÿ ìåòîä èäåíòèôèêàöèè íåëèíåéíîãî èçìåðèòåëü-
íîãî ïðåîáðàçîâàòåëÿ, ôóíêöèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ óðàâ-
íåíèåì

N∑
k=1

ak

t∫
0

g(t, τ)xk(τ)dτ = f(t), 0 ≤ t ≤ T, (3.5.9)

ãäå a1 = 1, g(t, τ) − äèíàìè÷åñêàÿ õàðàêòåðèñòèêà (èìïóëüñíàÿ ïå-
ðåõîäíàÿ ôóíêöèÿ) ëèíåéíîé ÷àñòè ñèñòåìû, x(t) è f(t) − ñîîòâåò-
ñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû. Ïðåäïîëîæåíèå a1 = 1 íå
âëèÿåò íà îáùíîñòü ðàññóæäåíèé, òàê êàê ìîæíî â êà÷åñòâå äèíà-
ìè÷åñêîé õàðàêòåðèñòèêè ëèíåéíîé ÷àñòè âçÿòü ôóíêöèþ a1g(t, τ).

Òðåáóåòñÿ, ðàñïîëàãàÿ îòêëèêîì ñèñòåìû íà íåñêîëüêî ñïåöè-
àëüíî ïîäîáðàííûõ ñèãíàëîâ, îïðåäåëèòü ôóíêöèþ g(t, τ) è êîýô-
ôèöèåíòû ak, k = 1, . . . , N.

Ïðèáëèæåííîå ïðåäñòàâëåíèå ôóíêöèè g(t, τ) áóäåì èñêàòü â
âèäå

gn(t, τ) =
n∑
k=0

n∑
l=0

αklt
kτ l (3.5.10)

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè αkl.
Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ {αkl}, k, l = 0, 1, . . . , n, ïî-

äàäèì íà âõîä óñòðîéñòâà (n+ 1) ñèãíàë ñëåäóþùåãî âèäà:

xm(t) =

{
tm, t ∈ [0, T ],m = 2n+ 1, . . . , 3n+ 1,
0, t ∈ (−∞,+∞) \ [0, T ]. (3.5.11)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ g(t, τ) è âõîäíîé ñèãíàë x(t) â
óðàâíåíèè (3.5.9) çàäàþòñÿ òî÷íî.
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Ðåøåíèå ïîñòàâëåííîé çàäà÷è ðàçîáüåì íà äâà ýòàïà:
− ïåðâûé − îïðåäåëåíèå êîýôôèöèåíòîâ ðàçëîæåíèÿ (3.5.10);
− âòîðîé − îïðåäåëåíèå êîýôôèöèåíòîâ ak (3.5.9).
Ïðè èññëåäîâàíèè ìåòîäîâ âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ðàç-

ëîæåíèÿ (3.5.10) ôóíêöèè g(t, τ) ðàññìîòðèì ñëåäóþùèå òðè ñëó÷àÿ:
1) ôóíêöèÿ g(t, τ) åñòü ïîëèíîì èçâåñòíîé ñòåïåíè n (ñòåïåíè

ïî t è τ áóäåì ïðåäïîëàãàòü ðàâíûìè);
2) ôóíêöèÿ g(t, τ) åñòü ïîëèíîì, ñòåïåíü êîòîðîãî íåèçâåñòíà;
3) g(t, τ) − íåïðåðûâíàÿ ôóíêöèÿ â îáëàñòè [0, T ]2.
Ðàññìîòðèì êàæäûé èç ýòèõ ñëó÷àåâ â îòäåëüíîñòè.
Ñëó÷àé 1. Ïîäñòàâëÿÿ (3.5.10) è (3.5.11) â (3.5.9), ïîñëå èí-

òåãðèðîâàíèÿ è àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé ïîëó÷èì

fm(t) = a1

[
α0,0

m+ 1
tm+1 +

(
α1,0

m+ 1
+

α0,1

m+ 2

)
tm+2+

. . .

+

(
αn,0
m+ 1

+
αn−1,1

m+ 2
+ · · ·+ α0,n

m+ n+ 1

)
tm+n+1 +

. . .

+

(
αn,n−1

m+ n
+

αn−1,n

m+ n+ 1

)
tm+2n +

αn,n
m+ n+ 1

tm+2n+1

]
+

+a2

[
α0,0

2m+ 1
t2m+1 +

(
α1,0

2m+ 1
+

α0,1

2m+ 2

)
t2m+2+

. . .

+

(
αn,0

2m+ 1
+

αn−1,1

2m+ 2
+ · · ·+ α0,n

2m+ n+ 1

)
t2m+n+1+

+

(
αn,1

2m+ 2
+

αn−1,2

2m+ 3
+ · · ·+ α1,n

2m+ n+ 2

)
t2m+n+1+
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. . .

+

(
αn,n−1

2m+ n
+

αn−1,n

2m+ n+ 1

)
t2m+2n +

αn,n
2m+ n+ 1

t2m+2n+1

]
+

. . .

+aN

[
α0,0

Nm+ 1
tNm+1 +

(
α1,0

Nm+ 1
+

α0,1

Nm+ 2

)
tNm+2+

. . .

+

(
αn,0

Nm+ 1
+

αn−1,1

Nm+ 2
+ · · ·+ α0,n

Nm+ n+ 1

)
tNm+n+1+

+

(
αn,1

Nm+ 2
+

αn−1,2

Nm+ 3
+ · · ·+ α1,n

Nm+ n+ 1

)
tNm+n+2+

. . .

+

(
αn,n−1

Nm+ n
+

αn−1,n

Nm+ n+ 1

)
tNm+2n+

+
αn,n

Nm+ n+ 1
tNm+2n+1

]
,m = 2n+ 1, · · · , 3n+ 1, (3.5.12)

ãäå fm(t) − âûõîäíîé ñèãíàë ñèñòåìû ïðè ïîäà÷å íà âõîä ñèãíàëà
xm(t) = tm,m = 2n+ 1, . . . , 3n+ 1.

Îáîçíà÷èì âûõîäíîé ñèãíàë ïðåîáðàçîâàòåëÿ (3.5.9) ïðè ïîäà-
÷å íà åãî âõîä ôóíêöèè xm(t) ÷åðåç f ∗m(t). Äàëåå, ðàçëàãàÿ f

∗
m(t) â

ñòåïåííîé ðÿä ïî ñòåïåíÿì t äî 2n+Nm+1 (m = 2n+1, . . . , 3n+1)
ïîðÿäêà, èìååì

f ∗m(t) =
2n+Nm+1∑
k=m+1

fmk t
k. (3.5.13)
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Ñëàãàåìûå ñî ñòåïåíÿìè äî (m + 1) ïîðÿäêà íå ðàññìàòðèâà-
þòñÿ, òàê êàê åñëè îíè âîçíèêàþò ïðè ðàçëîæåíèè, òî îíè õàðàêòå-
ðèçóþò âû÷èñëèòåëüíûå è èçìåðèòåëüíûå ïîãðåøíîñòè.

Ïðèðàâíèâàÿ âûðàæåíèÿ, ñòîÿùèå â ïðàâûõ ÷àñòÿõ ðàâåíñòâ
(3.5.12), (3.5.13) ïðè îäèíàêîâûõ ñòåïåíÿõ t, ïîëó÷èì äëÿ êàæäîãî
m (m = 2n+1, . . . , 3n+1) ñèñòåìû ëèíåéíûõ óðàâíåíèé ñëåäóþùåãî
âèäà: 

a1 = 1,

a1
α0,0

2n+ 2 = f 2n+1
2n+2 ;

α1,0

2n+ 2 +
α0,1

2n+ 3 =
f 2n+1
2n+3
a1 ,

α1,0

2n+ 3 +
α0,1

2n+ 4 =
f 2n+2
2n+4
a1 ;

. . .



αn,0
2n+ 2 +

αn−1,1

2n+ 3 + · · ·+ α0,n

3n+ 2 =
f 2n+1
3n+2
a1 ,

αn,0
2n+ 3 +

αn−1,1

2n+ 4 + · · ·+ α0,n

3n+ 3 =
f 2n+2
3n+3
a1 ,

. . .

αn,0
3n+ 2 +

αn−1,1

3n+ 3 + · · ·+ α0,n

4n+ 2 =
f 3n+1
4n+2
a1 ;

αn,1
2n+ 3 +

αn−1,2

2n+ 4 + · · ·+ α1,n

3n+ 2 =
f 2n+1
3n+3
a1 ,

αn,1
2n+ 4 +

αn−1,2

2n+ 5 + · · ·+ α1,n

3n+ 3 =
f 2n+2
3n+4
a1 ,

. . .

αn,1
3n+ 2 +

αn−1,2

3n+ 3 + · · ·+ α1,n

4n+ 1 =
f 3n4n+2
a1 ;

. . .
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αn,n−1

3n+ 1 +
αn−1,n

3n+ 2 =
f 2n+1
4n+1
a1 ,

αn,n−1

3n+ 2 +
αn−1,n

3n+ 3 =
f 2n+2
4n+2
a1 ;

αn,n
3n+ 2

=
f 2n+1
4n+2

a1
. (3.5.14)

Â ñèñòåìå (3.5.14) ôèãóðíûìè ñêîáêàìè âûäåëåíû ñèñòåìû,
ñîñòîÿùèå èç äâóõ è ò. ä. óðàâíåíèé ñ îäíèìè è òåìè æå íåèçâåñò-
íûìè, èç êîòîðûõ è íàéäåì çíà÷åíèÿ αkl(k, l = 0, . . . , n). Â ñëó÷àå
íåîáõîäèìîñòè äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé (3.5.14) ìî-
ãóò áûòü èñïîëüçîâàíû ÷èñëåííûå ìåòîäû [8].

Ñëó÷àé 2. Â ýòîì ñëó÷àå äëÿ âîññòàíîâëåíèÿ ôóíêöèè g(t, τ)
òðåáóåòñÿ îïðåäåëèòü ñòåïåíü ïîëèíîìà (3.5.10), à çàòåì âîñïîëü-
çîâàòüñÿ ïðåäûäóùèì àëãîðèòìîì (êàê è ïðåæäå ñòåïåíè ïî t è τ
ïðåäïîëàãàþòñÿ îäèíàêîâûìè).

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ g(t, τ) èìååò âèä (3.5.10), ãäå n −
ôèêñèðîâàííîå, íî çàðàíåå íåèçâåñòíîå ÷èñëî. Â ýòîì ñëó÷àå âåëè-
÷èíà n ìîæåò áûòü îïðåäåëåíà èç ñëåäóþùèõ ñîîáðàæåíèé.

Òàê êàê ôóíêöèÿ g(t, τ) − ïîëèíîì, òî âûõîäíîé ñèãíàë òàêæå
ÿâëÿåòñÿ ïîëèíîìîì. Ñëåäîâàòåëüíî, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà
â ðàçëîæåíèè âûõîäíîãî ñèãíàëà åãî êîýôôèöèåíòû áóäóò ðàâíû
íóëþ.

Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ ñòåïåíè ïîëèíîìà g(t, τ)
ñâÿçàíà (â ïðåäïîëîæåíèè, ÷òî g(t, τ) − ïîëèíîì ñòåïåíè n ïî êàæ-
äîé èç ïåðåìåííûõ t è τ ) ñ îïðåäåëåíèåì íîìåðà K, íà÷èíàÿ ñ êîòî-
ðîãî âñå êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(t) â ðÿä ïî ñòåïåíÿì
t ðàâíû íóëþ. Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ ýòî îçíà÷àåò, ÷òî
íóæíî ïî äàííîìó ε (ε − òî÷íîñòü ñúåìà èíôîðìàöèè) íàéòè òàêîå

K, ÷òî ïðè l ≥ K êîýôôèöèåíòû fl ðÿäà
∞∑
k=0

fkt
k áûëè áû ïî ìîäó-

ëþ ìåíüøå ε, |fl| < ε ïðè ∀l ≥ K. Íèæå îïèñàíî íåñêîëüêî ìåòîäîâ
ïðèáëèæåííîãî îïðåäåëåíèÿ êîýôôèöèåíòîâ fk.

Îïðåäåëèâ ïîðÿäîê K ìíîãî÷ëåíà, ÿâëÿþùåãîñÿ âûõîäíûì
ñèãíàëîì, îïðåäåëèì ñòåïåíü ïîëèíîìà g(t, τ) èç ñëåäóþùåãî ñî-
îòíîøåíèÿ: 2n + Nm + 1 = K. Èìååì n = (K − Nm − 1)/2, åñëè
(K −Nm− 1)/2 − öåëîå ÷èñëî, èëè n = [(K −Nm− 1)/2]+ 1, åñëè
(K −Nm− 1)/2 − íåöåëîå.
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Ïîëó÷èâ òàêèì îáðàçîì n-þ ñòåïåíü ïîëèíîìà è äàëåå âîñ-
ïîëüçîâàâøèñü àëãîðèòìîì, îïèñàííûì äëÿ ïåðâîãî ñëó÷àÿ, ìû âîñ-
ñòàíàâëèâàåì êîýôôèöèåíòû ðàçëîæåíèÿ (3.5.10) ôóíêöèè g(t, τ).

Ñëó÷àé 3. Â ýòîì ñëó÷àå òàêæå òðåáóåòñÿ îïðåäåëèòü ñòå-
ïåíü n ðàçëîæåíèÿ (3.5.10), èñõîäÿ èç òî÷íîñòè ñ êîòîðîé íåîáõîäè-
ìî îïðåäåëèòü êîýôôèöèåíòû ðàçëîæåíèÿ (3.5.10).

Ïðåäïîëîæèì, ÷òî g(t, τ) � íåïðåðûâíàÿ ôóíêöèÿ ïî ïåðåìåí-
íûì t è τ , îïðåäåëåííàÿ â ïðÿìîóãîëüíèêå [0, T ; 0, T ]. Èç òåîðåìû
Âåéåðøòðàññà [173] ñëåäóåò, ÷òî ôóíêöèÿ g(t, τ) ìîæåò áûòü ïðèáëè-
æåíà ñ òî÷íîñòüþ ε (ãäå ε − ïðîèçâîëüíîå êàê óãîäíî ìàëîå ÷èñëî)

ïîëèíîìîì gn(t, τ) =
n∑
k=0

n∑
l=0

αklt
kτ l.

Ïóñòü

fk(t) =

t∫
0

g(t, τ)yk(τ)dτ, k = 2n+ 1, . . . , 3n+ 1, (3.5.15)

ãäå yk − îïðåäåëåííûé íèæå âõîäíîé ñèãíàë.
Òîãäà ðàññìàòðèâàÿ âìåñòî (3.5.15) óðàâíåíèÿ

f̃k(t) =

t∫
0

gn(t, τ)yk(τ)dτ, k = 2n+ 1, . . . , 3n+ 1, (3.5.16)

ïðèõîäèì ê çàäà÷å îïðåäåëåíèÿ ñòåïåíè n è êîýôôèöèåíòîâ αkl
(k, l = 0, . . . , n) ïîëèíîìà gn(t, τ) ïî âõîäíûì ñèãíàëàì yk(t) è âû-
õîäíûì ñèãíàëàì fk(t). Íàïîìíèì, ÷òî çäåñü fk(t) − âûõîäíîé ñèã-
íàë ïðåîáðàçîâàòåëÿ (3.5.15), ò.å. îí íå îáÿçàòåëüíî äîëæåí áûòü
ïîëèíîìîì. Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî

yk(t) =

{
k, 0 ≤ t ≤ T,

0, t ∈ (−∞,∞) \ [0, T ].

Äëÿ îïðåäåëåíèÿ ñòåïåíè n ïîëèíîìà gn(t, τ), ïðè êîòîðîì äî-
ñòèãàåòñÿ òî÷íîñòü ∥g(t, τ)−gn(t, τ)∥C[0,T ] ≤ ε, ìîæíî ïîñòóïèòü ñëå-
äóþùèì îáðàçîì. Ïóñòü èç ôèçè÷åñêèõ ñîîáðàæåíèé èçâåñòíî, ÷òî
ôóíêöèÿ g(t, τ) èìååò ïî ïåðåìåííîé t ïðîèçâîäíóþ äî r ïîðÿäêà

âêëþ÷èòåëüíî, ïðè÷åì

∥∥∥∥∂rg(t, τ)∂tr

∥∥∥∥
C[0,T ]

≤ M . Òîãäà ôóíêöèÿ fk(t)

èìååò ïðîèçâîäíóþ äî (r+1) ïîðÿäêà âêëþ÷èòåëüíî, îãðàíè÷åííóþ
ïî íîðìå ïðîñòðàíñòâà C[0,T ] êîíñòàíòîé MTk.
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Èçâåñòíî [63], ÷òî òî÷íîñòü ïðèáëèæåíèÿ ôóíêöèè fk(t) èí-
òåðïîëÿöèîííûì ïîëèíîìîì Ps(f, [0, T ]), ïîñòðîåííûì ïî s óçëàì
ïîëèíîìà ×åáûøåâà I ðîäà, îòîáðàæåííûì ñ ñåãìåíòà [−1, 1] íà ñåã-
ìåíò [0, T ], îöåíèâàåòñÿ íåðàâåíñòâîì

∥fk(t)− Ps(fk, [0, T ])∥C[0,T ] ≤
1

2ss!
max
0≤t≤T

|f (s)k (t)|
(
T

2

)s
.

Îòñþäà ëåãêî íàéòè çíà÷åíèå s, ïðè êîòîðîì

∥fk(t)− Ps(fk, [0, T ])∥C[0,T ] ≤ ε.

Äëÿ ýòîãî äîñòàòî÷íî ðåøèòü íåðàâåíñòâî

1

2ss!
max
0≤t≤T

|f (s)k (t)|
(
T

2

)s
≤ ε.

Òàêèì îáðàçîì, êàæäîé ôóíêöèè fk(t) ìîæíî ïîñòàâèòü â ñî-
îòâåòñòâèå òàêîå íàòóðàëüíîå sk, ÷òî

∥fk(t)− Psk(fk, [0, T ])∥C[0,T ] ≤ ε.

Òàê êàê ïðåäïîëàãàëîñü, ÷òî ïîëèíîì gn(t, τ) èìååò ñòåïåíü
n, òî ïðè âõîäíîì ñèãíàëå yk, k = 1, 2, , . . . , n, âûõîäíîé ñèãíàë
ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (3.5.16) äîëæåí èìåòü ñòåïåíü
2n+Nk+1 = sk. Îòñþäà íàõîäèì çíà÷åíèå n: n = (sk−Nm−1)/2,
åñëè n = (sk−Nm−1)/2− öåëîå ÷èñëî, èëè n = [(sk−Nm−1)/2]+1,
åñëè n = (sk −Nm− 1)/2 − íåöåëîå ÷èñëî.

Îáîçíà÷èì ñòåïåíü n, âû÷èñëåííóþ ïðè ïîäà÷å âõîäíîãî ñèã-
íàëà yk, ÷åðåç nk.

Â êà÷åñòâå ñòåïåíè n ïîëèíîìà gn(t, τ) ñëåäóåò âçÿòü ìàêñè-
ìàëüíîå èç ÷èñåë nk, k = 1, 2, . . . , v. Çäåñü ïàðàìåòð n íîñèò ýâðèñòè-
÷åñêèé õàðàêòåð è ñëóæèò äëÿ ïîäòâåðæäåíèÿ âûïîëíåíèÿ óñëîâèÿ
∥g(t, τ)−gn(t, τ)∥C[0,T ]≤ε. Åñëè n âûáðàíî ïðàâèëüíî, òî ïðè âñåõ k

∥fk(t)− Pn(fk, [0, T ])∥C ≤ ε.

Îòìåòèì, ÷òî åñëè ãëàäêîñòü ôóíêöèè g(t, τ) íåèçâåñòíà, òî
ôóíêöèè fk(t) ïðè êàæäîì k èìåþò îãðàíè÷åííûå ïðîèçâîäíûå ïåð-
âîãî ïîðÿäêà.

Îïðåäåëèâ òàêèì îáðàçîì n-þ ñòåïåíü ïîëèíîìà è âîñïîëüçî-
âàâøèñü àëãîðèòìîì, îïèñàííûì â ïåðâîì ñëó÷àå, âîññòàíàâëèâàåì
êîýôôèöèåíòû ðàçëîæåíèÿ (3.5.10) ôóíêöèè g(t, τ).

189



Òåïåðü, êîãäà îïðåäåëåíû êîýôôèöèåíòû ðàçëîæåíèÿ ôóíê-
öèè g(t, τ) ïî ñòåïåíÿì t, τ, îïðåäåëèì êîýôôèöèåíòû ak, k=1, . . ., N ,
óðàâíåíèÿ (3.5.9).

Ïðèm=2n+1 íàéäåì çíà÷åíèÿ êîýôôèöèåíòîâ ak(k=2, . . ., N).
Åñëè α0,0 ̸= 0, òî

a2 =
(4n+ 3)f 2n+1

4n+3
α0,0

,

a3 =
(6n+ 4)f 2n+1

6n+4
α0,0

,

. . .

aN =
(N(2n+ 1) + 1)f 2n+1

N(2n+1)+1
α0,0

.

Åñëè æå α00 = 0, òî äëÿ îïðåäåëåíèÿ îñòàëüíûõ çíà÷åíèé ak,
k = 2, . . . , N, ìîæíî âîñïîëüçîâàòüñÿ óæå èçâåñòíûìè (3.5.14) çíà-
÷åíèÿìè αkl. Íàïðèìåð, çíà÷åíèÿìè α10 è α01 :

a2 =
f 2n+1
4n+4(

α1,0

4n+ 3
+

α0,1

4n+ 4

) ,

a3 =
f 2n+1
6n+5(

α1,0

6n+ 4
+

α0,1

6n+ 5

) ,
. . .

aN =
f 2n+1
N(2n+1)+2(

α1,0

N(2n+ 1) + 1
+

α0,1

N(2n+ 1) + 2

) .
Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ αkl, k, l = 0, . . . , n, íà âõîä

óñòðîéñòâà (3.5.9) ïîäàþòñÿ ñèãíàëû (3.5.11), ãäåm=2n+1, . . ., 3n+1.
Â ñëó÷àå, êîãäà íà âõîä (3.5.9) ïîäàþòñÿ ñèãíàëû (3.5.11) íà÷è-

íàÿ ñm = 0, . . . , n, ñèñòåìû ëèíåéíûõ óðàâíåíèé (3.5.14) ïðèíèìàþò
áîëåå ãðîìîçäêèé âèä. Ïðèâåäåì èõ äëÿ ñëó÷àÿ N = 2.

Ïðè x(τ) = 1 íà âûõîäå ïîëó÷èì ñëåäóþùóþ ôóíêöèþ:

f0(t) = (a1 + a2)
(
α00t+

(α10

1
+
α01

2

)
t2 + . . .

· · ·+
(
αn0
1

+ · · ·+ α0n

n+ 1

)
tn+1 + · · ·+ αnn

n+ 1
t2n+1

)
.
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Ïðè x(τ) = τ k(k ≤ n) ïîëó÷èì

fk(t) = a1
α00

k + 1
tk+1 + a1

(
α10

k + 1
+

α01

k + 2

)
tk+2 + . . .

· · ·+
(
a1

(
αk0
k + 1

+ · · ·+ α0k

2k + 1

)
+ a2

α00

2k + 1

)
t2k+1 + . . .

· · ·+
(
a1

(
αn0
k + 1

+ · · ·+ α0n

n+ k + 1

)
+

+a2

(
αn−k,0
2k + 1

+ · · ·+ α0,n−k

n+ k + 1

))
tn+k+1 + . . .

· · ·+
(
a1

(
αnk

2k + 1
+ · · ·+ αkn

n+ k + 1

)
+

+ a2

(
αn,0

2k + 1
+ · · ·+ α0,n

n+ 2k + 1

))
tn+2k+1 + . . .

· · ·+
(
a1

αnn
n+ k + 1

+ a2

(
αn,k

n+ 2k + 1
+ · · ·+ αk,n

n+ 2k + 1

))
t2n+k+1+

+a2

(
αn,k+1

n+ k + 2
+ · · ·+ αk+1,n

n+ 2k + 1

)
tn+2k+2 + . . .

· · ·+ a2
αnn

n+ 2k + 1
t2n+2k+1.

Ïðè x(τ) = τn ïîëó÷èì

fn(t) = a1
α00

n+ 1
tn+1 + a1

(
α10

n+ 1
+

α01

n+ 2

)
tn+2 + . . .

· · ·+
(
a1

αnn
2n+ 1

+ a2

(
αn,0

2n+ 1
+ · · ·+ α0,n

3n+ 1

))
t3n+1+

+a2

(
αn,1

2n+ 2
+ · · ·+ α1,n

3n+ 1

)
t3n+2 + · · ·+ a2

αnn
3n+ 1

t4n+1.
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Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ αkl è çíà÷åíèÿ
a2 ñîñòàâèì, êàê è â ïðåäûäóùåì ñëó÷àå, ñèñòåìû ëèíåéíûõ óðàâ-
íåíèé ñëåäóþùåãî âèäà:

a1 = 1,

(a1 + a2)α0,0 = f 01 ,

a1
α0,0

2 = f 12 ;
α1,0

1 +
α0,1

2 =
f 02

(a1 + a2)
,

α1,0

2 +
α0,1

3 =
f 13
a1 − a2

α0,0

3 ;
. . .

αn,0
1 + · · ·+ α0,n

n+ 1 =
f 0n+1

(a1 + a2)
,

αn,0
2 + · · ·+ α0,n

n+ 2 =
f 1n+2
a1 − a2

(
αn−1,0

3 + · · ·+ α0,n−1

n+ 1

)
,

. . .
αn,0
n+ 1 + · · ·+ α0,n

2n+ 1 =
fn2n+1
a1 − a2

α0,0

2n+ 1;

. . .

αn,n
n+ 1

=
f 02n+1

a1 + a2
.

Èç ïîëó÷åííûõ âûøå ñèñòåì íàõîäèì èñêîìûå êîýôôèöèåíòû:
èç ïåðâîé ñèñòåìû íàõîäèì çíà÷åíèÿ a2, α00; èç âòîðîé − çíà÷åíèÿ
α10, α01, èñïîëüçóÿ óæå èçâåñòíûå çíà÷åíèÿ a2, α00, íàéäåííûå èç
ïåðâîé ñèñòåìû. Ïðîäîëæàÿ ïîñëåäîâàòåëüíî äàííûé ïðîöåññ, íàé-
äåì çíà÷åíèÿ èñêîìûõ êîýôôèöèåíòîâ a2, αkl, k, l = 0, . . . , n. Çíà÷å-
íèå äëÿ a1 ïîëàãàåì, êàê è ïðåæäå, ðàâíûì åäèíèöå, ÷òî íå îãðàíè-
÷èâàåò ïðèìåíåíèÿ äàííîãî ìåòîäà.

Ïðèâåäåì ìîäåëüíûå ïðèìåðû.

Ïðèìåð 3.5.4. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, îïè-
ñûâàåìûé óðàâíåíèåì (3.5.9), ãäå

g(t, τ) =
3∑

k=0

3∑
l=0

αklt
kτ l;
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êîýôôèöèåíòû íåëèíåéíîãî èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ αkl,
k, l = 0, . . . , 3, â óðàâíåíèè (3.5.9), îïðåäåëÿþòñÿ ìàòðèöåé A,

A =


1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

 , ak = k, k = 1, 2, 3,

Ñòàâèòñÿ çàäà÷à: ðàñïîëàãàÿ çíà÷åíèÿìè âûõîäíûõ ñèãíàëîâ,
ñîîòâåòñòâóþùèõ âõîäíûì xm(t) = tm,m = 7, . . . , 10, îïðåäåëèòü
çíà÷åíèÿ αkl, k, l = 0, . . . , 3 è ak, k = 1, 2, 3.

Ðåøåíèå. Ñîñòàâëÿÿ óêàçàííûì âûøå ñïîñîáîì ñèñòåìû ëè-
íåéíûõ óðàâíåíèé è ðåøàÿ èõ, ïîëó÷èì ñëåäóþùóþ ìàòðèöó êîýô-
ôèöèåíòîâ αkl, k = 0, 1, . . . , 3 :

Ã =


1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16


è íàáîð êîýôôèöèåíòîâ ak: a1 = 1.000; a2 = 2.000; a3 = 3.000.

Èç ñðàâíåíèÿ âû÷èñëåííûõ êîýôôèöèåíòîâ ñ òî÷íûìè ñëåäóåò
ýôôåêòèâíîñòü ïðåäëîæåííîãî ìåòîäà.

Ïðèìåð 3.5.5. Ðàññìîòðèì íåëèíåéíûé èçìåðèòåëüíûé ïðåîáðàçî-
âàòåëü, ôóíêöèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ ñëåäóþùåì óðàâ-
íåíèåì:

f(t) = a1

t∫
0

g(t, τ)x(τ)dτ + a2

t∫
0

g(t, τ)x2(τ)dτ,

ãäå g(t, τ) = (1 + t)e−τ , a1 = 1, a2 = 2.
Òðåáóåòñÿ îïðåäåëèòü çíà÷åíèÿ ôóíêöèè g(t, τ) â ïðÿìîóãîëü-

íèêå
[
0, 110; 0,

1
10

]
è çíà÷åíèÿ êîýôôèöèåíòîâ a1, a2.

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ a1 è a1
ïðèâåäåíû â òàáë. 3.8 è ôóíêöèè g(t, τ) ïðèâåäåíû â òàáë. 3.9, 3.10.

Ïðèâåäåííûå ïðèìåðû èëëþñòðèðóþò ýôôåêòèâíîñòü èçëî-
æåííîãî ìåòîäà.
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Òàáëèöà 3.8. Ðåçóëüòàòû âîññòàíîâëåíèÿ êîýôôèöèåíòîâ a1, a2

êîýôôèöèåíòû òî÷íûå çíà÷åíèÿ
âîññòàíîâëåííûå

çíà÷åíèÿ

a1 1.000 1.000

a2 2.000 2.000

Òàáëèöà 3.9. Òî÷íûå çíà÷åíèÿ ôóíêöèè g(t, τ)
HHHHHHt

τ
0.00 0.02 0.04 0.06 0.08 0.1

0.00 1.00 0 0 0 0 0

0.02 1.02 0.999 0 0 0 0

0.04 1.04 1.019 0.999 0 0 0

0.06 1.06 1.039 1.018 0.998 0 0

0.08 1.08 1.059 1.038 1.017 0.997 0

0.1 1.10 1.078 1.057 1.036 1.015 0.405

Òàáëèöà 3.10. Âîññòàíîâëåííûå çíà÷åíèÿ ôóíêöèè g(t, τ)
HHHHHHt

τ
0.00 0.02 0.04 0.06 0.08 0.1

0.00 1.00 0 0 0 0 0

0.02 1.02 0.999 0 0 0 0

0.04 1.04 1.019 0.999 0 0 0

0.06 1.06 1.039 1.018 0.998 0 0

0.08 1.08 1.059 1.038 1.017 0.997 0

0.1 1.10 1.078 1.057 1.036 1.015 0.405
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Ãëàâà 4

Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

äèíàìè÷åñêèõ ñèñòåì

Â ìîíîãðàôèè [184] îòìå÷àåòñÿ, ÷òî â çàâèñèìîñòè îò àïðèîð-
íîé èíôîðìàöèè îá îáúåêòå óïðàâëåíèÿ ðàçëè÷àþò çàäà÷è èäåíòè-
ôèêàöèè â óçêîì è øèðîêîì ñìûñëå: ¾Çàäà÷à èäåíòèôèêàöèè â óç-
êîì ñìûñëå ñîñòîèò â îöåíèâàíèè ïàðàìåòðîâ è ñîñòîÿíèé ñèñòåìû
ïî ðåçóëüòàòàì íàáëþäåíèé íàä âõîäíûìè è âûõîäíûìè ïåðåìåí-
íûìè, ïîëó÷åííûìè â óñëîâèÿõ ôóíêöèîíèðîâàíèÿ îáúåêòà¿.

Â äàííîì ðàçäåëå çàäà÷à èäåíòèôèêàöèè ïîíèìàåòñÿ â óçêîì
ñìûñëå (êàê ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ): ïðåäïîëàãàåòñÿ, ÷òî
èçâåñòíà ñòðóêòóðà (ìàòåìàòè÷åñêàÿ ìîäåëü) îáúåêòà è òðåáóåòñÿ
îïðåäåëèòü åå ïàðàìåòðû.

Â ðàáîòå [62] îòìå÷àåòñÿ: "Èäåíòèôèêàöèÿ â íàñòîÿùåå âðå-
ìÿ � îáÿçàòåëüíûé ýëåìåíò è íàèáîëåå ñëîæíàÿ ñòàäèÿ ðåøåíèÿ àê-
òóàëüíûõ ïðèêëàäíûõ çàäà÷. Â ïðîöåññå èäåíòèôèêàöèè ñîçäàþòñÿ
àäåêâàòíûå ìîäåëè, íåîáõîäèìûå äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ
ìàòåìàòè÷åñêèõ ìåòîäîâ è ñëîæíûõ íàóêîåìêèõ òåõíîëîãèé. Ââèäó
ýòîãî ðàçðàáîòêà ìåòîäîâ è àëãîðèòìîâ èäåíòèôèêàöèè ïðèîáðåòàåò
â íàñòîÿùåå âðåìÿ èñêëþ÷èòåëüíî âàæíîå çíà÷åíèå äëÿ ôóíäàìåí-
òàëüíîé íàóêè".

Ïðîáëåìàì èäåíòèôèêàöèè ïîñâÿùåíî áîëüøîå ÷èñëî êíèã,
îáçîðîâ è ñòàòåé, èç êîòîðûõ îòìåòèì ñëåäóþùèå [14,69,73,120,179,
184], îáçîðû [9,135], â êîòîðûõ ñîäåðæèòñÿ îáøèðíàÿ áèáëèîãðàôèÿ,
îõâàòûâàþùàÿ ïðàêòè÷åñêè âñå íàïðàâëåíèÿ ñòðóêòóðíîé è ïàðà-
ìåòðè÷åñêîé èäåíòèôèêàöèè. Ñîâðåìåííîå ñîñòîÿíèå è òåíäåíöèè
ðàçâèòèÿ ìåòîäîâ èäåíòèôèêàöèè îòðàæåíû â îáçîðàõ [9, 135].
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4.1. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì

4.1.1. Îïpåäåëåíèå êîýôôèöèåíòîâ îáûêíîâåííûõ
äèôôåpåíöèàëüíûõ ópàâíåíèé, ìîäåëèðóþùèõ

äèíàìè÷åñêèå ñèñòåìû

Áîëüøîé êëàññ çàäà÷ èäåíòèôèêàöèè ñâÿçàí ñ îïpåäåëåíèåì
êîýôôèöèåíòîâ äèôôåpåíöèàëüíûõ ópàâíåíèé

any
(n)(t) + an−1y

(n−1)(t) + · · ·+ a1y
′(t) + a0y(t) =

= bmx
(m)(t) + bm−1x

(m−1)(t) + · · ·+ b1x
′(t) + b0x(t) (4.1.1)

ñ äàííûìè Êîøè

y(k)(0) = yk, k = 0, 1, . . . , n− 1, (4.1.2)

îïèñûâàþùèõ ôóíêöèîíèpîâàíèå ñèñòåì àâòîìàòè÷åñêîãî óïpàâëå-
íèÿ. Çäåñü x(t) è y(t)− âõîäíîé è âûõîäíîé ñèãíàëû ñîîòâåòñòâåííî.

Hà ïåpâûé âçãëÿä, íàèáîëåå åñòåñòâåííûé ñïîñîá îïpåäåëåíèÿ
êîýôôèöèåíòîâ {ak}, k = 0, . . . , n − 1), è {bl}, l = 0, . . . ,m − 1,
çàêëþ÷àåòñÿ â òàáóëèpîâàíèè çíà÷åíèé âõîäíîãî x(t) è âûõîäíîãî
y(t) ñèãíàëîâ â îïpåäåëåííûå ôèêñèpîâàííûå ìîìåíòû âðåìåíè è
ñîñòàâëåíèè ñèñòåìû ëèíåéíûõ àëãåápàè÷åñêèõ ópàâíåíèé îòíîñè-
òåëüíî íåèçâåñòíûõ {ai} è {bj}.

Îäíàêî ýòîò ñïîñîá èìååò äâà ñóùåñòâåííûõ íåäîñòàòêà. Ïå-
pâûé çàêëþ÷àåòñÿ â òîì, ÷òî çàäà÷à äèôôåpåíöèpîâàíèÿ ÿâëÿåòñÿ
íåêîppåêòíîé [170] è âû÷èñëåíèå ïpîèçâîäíûõ âûñîêèõ ïîpÿäêîâ
ïî çíà÷åíèÿì, èìåþùèì ñëó÷àéíûé õàpàêòåp, òpåáóåò ìîùíûõ på-
ãóëÿpèçóþùèõ àëãîpèòìîâ. Âòîpîé íåäîñòàòîê íîñèò, ñêîpåå, òåîpå-
òè÷åñêèé õàpàêòåp è çàêëþ÷àåòñÿ â òîì, ÷òî ìàòpèöà ïîëó÷åííîé
ñèñòåìû ópàâíåíèé èìååò ñëó÷àéíûé õàpàêòåp è íåâîçìîæíî äîêà-
çàòü åå îápàòèìîñòü â îáùåì ñëó÷àå.

Äëÿ ïpåîäîëåíèÿ ýòèõ íåäîñòàòêîââ â [132] ïpåäëàãàåòñÿ çà-
äàâàòü ýòàëîííûå âõîäíûå ñèãíàëû xe(t), ó êîòîpûõ ëåãêî îïpåäå-
ëÿþòñÿ ïpîèçâîäíûå. Ïî ïpîâåäåííûì íàáëþäåíèÿì ñîñòàâëÿåòñÿ
ñèñòåìà ópàâíåíèé

n−1∑
i=0

y(i)(τi)aj −
m∑
i=0

x(i)e (τj)bj − y(n)(τj), (4.1.3)

ãäå j = 1, 2, . . . , s, s > m + n + 1, τj − ôèêñèpîâàííûå ìîìåíòû
âpåìåíè.
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Håïîñpåäñòâåííîå påøåíèå ñèñòåìû ópàâíåíèé (4.1.3) òàêæå
ñîïpÿæåíî ñ áîëüøèìè òpóäíîñòÿìè, è ïîýòîìó â [132] ïpåäëîæåíî
påøåíèå ýòîé ñèñòåìû ìåòîäîì íàèìåíüøèõ êâàäpàòîâ ïóòåì ìèíè-
ìèçàöèè ôóíêöèîíàëà

α =
s∑
j=1

w(τj)α
2
j ,

ãäå αj ÿâëÿåòñÿ íåâÿçêîé ópàâíåíèÿ (4.1.3), a w(τj) − âåñîâûìè êî-
ýôôèöèåíòàìè.

Ïpè ýòîì çàäà÷à óñòîé÷èâîãî âû÷èñëåíèÿ ïpîèçâîäíûõ âûñî-
êèõ ïîpÿäêîâ îñòàåòñÿ îòêpûòîé, è äëÿ åå påøåíèÿ â [132] ïpåäëà-
ãàåòñÿ íåñêîëüêî påãóëÿpèçóþùèõ àëãîpèòìîâ.

Èíòåpåñíûé ìåòîä îïpåäåëåíèÿ êîýôôèöèåíòîâ äèôôåpåíöè-
àëüíûõ ópàâíåíèé ïpè n = m, a0 = 1 èçëîæåí â [127]. Äëÿ påàëèçà-
öèè ýòîãî ìåòîäà òpåáóåòñÿ âûïîëíåíèå óñëîâèé

1

T

T∫
0

x(i)(t)dt = 0,
1

T

T∫
0

y(j)(t)dt = 0, i, j = 0, 1, . . . , n.

Èçëîæèì íåêîòîpóþ ìîäèôèêàöèþ ýòîãî ìåòîäà â ïpåäïîëî-
æåíèè, ÷òî âûïîëíåíû óñëîâèÿ

x(i)(T ) = x(i)(0) = 0, i = 0, 1, 2, . . . ,m− 1,

y(j)(T ) = y(j)(0) = 0, j = 0, 1, 2, . . . ,m− 1.

Ýòèì óñëîâèåì óäîâëåòâîpÿåò øèpîêèé êëàññ óñòpîéñòâ àâòî-
ìàòè÷åñêîãî óïpàâëåíèÿ.

Âû÷èñëÿÿ ìîìåíòû ópàâíåíèÿ (4.1.1) îòíîñèòåëüíî ñèñòåìû
ôóíêöèé {tk}, k = 0, 1, . . . , l, ãäå l = m+ n+ 1, èìååì

a0

T∫
0

y(t)dt+ b0

T∫
0

x(t)dt = 0,

a0

T∫
0

y(t)tdt− a1

T∫
0

y(t)dt+ b0

T∫
0

x(t)tdt+ b1

T∫
0

x(t)dt = 0,

. . .
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a0

T∫
0

y(t)tldt− a1

T∫
0

y(t)tl−1dt+ . . .

...+ (−1)nan
l

(l − n)!

T∫
0

y(t)tl−ndt+

+b0

T∫
0

x(t)tldt+ · · ·+ (−1)nbm
l

(l − n)!

T∫
0

x(t)tl−ndt = 0. (4.1.4)

Èç íåòpèâèàëüíîãî påøåíèÿ ýòîé ñèñòåìû (åñëè îíî ñóùåñòâó-
åò) îïpåäåëÿþòñÿ êîýôôèöèåíòû óðàâíåíèÿ (4.1.1). Ïpè ýòîì, âîç-
ìîæíî, påøåíèå áóäåò íååäèíñòâåííûì.

Èç àíàëèçà èçëîæåííîãî ìåòîäà ñëåäóåò ïpîñòîé è óñòîé÷èâûé
ñïîñîá îïpåäåëåíèÿ êîýôôèöèåíòîâ îáúåêòà, ôóíêöèîíèpîâàíèå êî-
òîpîãî îïpåäåëÿåòñÿ äèôôåpåíöèàëüíûì îïåpàòîpîì

any
(n)(t) + an−1y

(n−1)(t) + · · ·+ a1y
′(t) + a0y(t) = x(t)

ñ äàííûìè Êîøè

y(n−1)(0) = · · · = y′(0) = y(0) = 0.

Ìîäèôèêàöèÿ ýòîãî ìåòîäà ïpèìåíèìà è ê ópàâíåíèÿì âèäà

any
(n)(t) + an−1y

(n−1)(t) + · · ·+ a1y
′(t) + a0y(t) = x(t) (4.1.5)

ñ äàííûì Êîøè

y(k)(0) = yk, k = 0, 1, 2, . . . , n− 1. (4.1.6)

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ak, k=0, 1, . . . , n, âû÷èñëèì
ìîìåíòû ópàâíåíèÿ (4.1.5) îòíîñèòåëüíî ôóíêöèé tk, k=1, 2, . . . , n+1,
â ñåãìåíòå [0, T ], â êîòîpîì

T∫
0

y(t)dt ̸= 0.

Â ýòîì ñëó÷àå b0 = 1, bi = 0, i = 1, 2, . . . ,m− 1, è ïpè óñëîâèè
T∫

0

y(t)dt ̸= 0 ñèñòåìà ópàâíåíèé (4.1.4) èìååò òpåóãîëüíóþ ìàòpèöó

ñ îïpåäåëèòåëåì, îòëè÷íûì îò íóëÿ.
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Ðàññìîòpèì ëèíåéíûé ñòàöèîíàpíûé îáúåêò, ôóíêöèîíèpîâà-
íèå êîòîpîãî îïèñûâàåòñÿ ñèñòåìîé äèôôåpåíöèàëüíûõ ópàâíåíèé:

x′(t) = Ax(t) + f(t), (4.1.7)

ãäå x(t) = (x1(t), . . . , xn(t))
T , f(t) = (f1(t), . . . , fn(t))

T , A = {akl},
k, l = 1, n. Çäåñü x(t) − âõîäíîé, f(t) − âûõîäíîé ñèãíàëû.

Ñòàâèòñÿ çàäà÷à îïpåäåëåíèÿ êîýôôèöèåíòîâ akl(k, l=1, . . ., n).
Ïóñòü φ(t) − ôèíèòíàÿ ôóíêöèÿ ñ íîñèòåëåì [0, T ], ïpè÷åì

áóäåì ñ÷èòàòü, ÷òî φ(0) = 0.
Ââåäåì îáîçíà÷åíèÿ:

φ(t) =

T∫
t

φ(τ)dτ =

∞∫
t

φ(τ)dτ,

f i(t) = (f i1(t), . . . , f
i
n(t)) è f

i
(t) = (f

i

1(t), . . . , f
i

n(t)),

f i(t), f
i
(t) � âûõîäíûå ñèãíàëû óñòpîéñòâà, îïèñûâàåìûå ñèñòåìîé

ópàâíåíèé (4.1.7) ïpè ïîäà÷å íà âõîä ñèãíàëîâ

xi(t) = (0, . . . , 0, φ(t), 0, . . . , 0) è xi(t) = (0, . . . , 0, φ(t), 0, . . . , 0),

ãäå âñå êîìïîíåíòû âåêòîpîâ xi è xi, êpîìå i-õ, pàâíû íóëþ.
Ïpèìåíèì ê ñèñòåìå ópàâíåíèé (4.1.7) ïpåîápàçîâàíèå Ëàïëà-

ñà â ïpåäïîëîæåíèè, ÷òî âõîäíîé ñèãíàë ðàâåí xi(t), à âûõîäíîé
ñèãíàë ñîîòâåòñòâåííî ðàâåí f i(t). Òîãäà

pX i(p) = AX i(p) + F i(p), (4.1.8)

ãäåX i(p), F i(p) � ïpåîápàçîâàíèå Ëàïëàñà âåêòîpîâ xi(t), i=1, 2, ..., n.
Àíàëîãè÷íî ïpèìåíèì ê ñèñòåìå ópàâíåíèé (4.1.7) ïpåîápàçî-

âàíèå Ëàïëàñà â ïpåäïîëîæåíèè, ÷òî âõîäíîé ñèãíàë xi(t), à âûõîä-

íîé ñèãíàë f
i
(t), i = 1, 2, . . . , n.

Â påçóëüòàòå èìååì

−X i(p) = A

L
 ∞∫

0

xi(τ)dτ −
t∫

0

xi(τ)dτ

+ F
i
(p),

îòñþäà

−X i(p) +
1

p
AX i(p) = F

i
(p) +

1

p
A

 ∞∫
0

xi(τ)dτ

 . (4.1.9)
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Ðàçäåëèâ (4.1.8) íà p è ïî÷ëåííî ñëîæèâ ñ ópàâíåíèåì (4.1.9),
èìååì

A

1

p

∞∫
0

xi(τ)dτ

 = −1

p
F i(p)− F

i
(p).

Ïåpåõîäÿ ê îpèãèíàëàì è ó÷èòûâàÿ ñòpóêòópó âåêòîpà


∞∫
0

xi(τ)dτ

 ,

ïîëó÷àåì èñêîìóþ ôîpìóëó:

aki = −

t∫
0

f ik(τ)dτ + f
i

k(t)

T∫
0

φ(τ)dτ

, k, i = 1, 2, . . . , n. (4.1.10)

Ïðèìåð 4.1.1. Ðàññìîòpèì óñòpîéñòâî, îïèñûâàåìîå äèôôåpåíöè-
àëüíûì îïåpàòîpîì:

x′1(t) = x1(y)− x2(t),
x′2(t) = 2x1(y) + 3x2(t).

Ñòàâèòñÿ çàäà÷à: îïpåäåëèòü ýëåìåíòû ìàòpèöû

A =

(
1 −1
2 3

)
.

Ðåøåíèå. Ïóñòü

φ(t) =


t ïðè 0 ≤ t ≤ T,

0 ïðè t /∈ [0, T ],
ψ(t) =


T 2

2 − t2

2 ïðè 0 ≤ t ≤ T,

0 ïðè t /∈ [0, T ].

Ïîäàäèì íà âõîä óñòpîéñòâà ïîñëåäîâàòåëüíî ñèãíàëû

x1(t) =

(
φ(t)
0

)
, x1(t) =

(
ψ(t)
0

)
,

x2(t) =

(
0
φ(t)

)
, x2(t) =

(
0

ψ(t)

)
.

Ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû pàâíû (ïpè 0 ≤ t ≤ T )

f 1(t) =

(
1− t

−2t

)
, f

1
(t) =

 t2

2 − t− T 2

2

−T 2 + t2

 ,
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f 2(t) =

(
t

1− 3t

)
, f

2
(t) =

 T 2

2 − t2

2

−t− 3
2T

2 + 3
2t

2

 .

Òîãäà èç ôîpìóëû (4.1.10) èìååì

a11 = 1, a21 = 2, a12 = −1, a22 = 3.

Òàêèì îápàçîì, òî÷íî îïpåäåëåíû êîýôôèöèåíòû ìàòpèöû A.
Ïpèâåäåì åùå îäíî äîêàçàòåëüñòâî ôîpìóë (4.1.10). Äëÿ ýòîãî

âíîâü âåpíåìñÿ ê ñèñòåìå ópàâíåíèé (4.1.7). Äëÿ ïpîñòîòû èçëîæå-
íèÿ îãpàíè÷èìñÿ pàññìîòpåíèåì ñèñòåìû èç äâóõ ópàâíåíèé ñ äâóìÿ
íåèçâåñòíûìè

dx1
dt

= a11x1 + a12x2 + f1(t),

dx2
dt

= a21x1 + a22x2 + f2(t), (4.1.11)

ãäå, êàê è âûøå, x(t)=(x1(t), x2(t)) � âõîäíîé, f(t)=(f1(t), f2(t)) �
âûõîäíîé ñèãíàëû.

Ñòàâèòñÿ çàäà÷à îïpåäåëåíèÿ êîýôôèöèåíòîâ {akl}, k, l = 1, 2.
Ïóñòü φ(t) − ôèíèòíàÿ ôóíêöèÿ ñ íîñèòåëåì [0, T ], ïpè÷åì

áóäåì ñ÷èòàòü, ÷òî φ(0) = 0. ×åpåç φ(t) îáîçíà÷èì ôóíêöèþ

φ(t) =

T∫
t

φ(τ)dτ.

Ïîäàäèì íà âõîä ñèñòåìû (4.1.11) âõîäíîé ñèãíàë x(t) = (φ(t), 0).
Òîãäà âûõîä èìååò âèä

f1(t) = φ′(t)− a11φ(t),

f2(t) = −a21φ(t). (4.1.12)

Ïîäàäèì íà âõîä ñèñòåìû (4.1.11) âõîäíîé ñèãíàë x(t) =

 T∫
t

φ(t), 0


è pàññìîòpèì âûõîäíîé ñèãíàë ïpè t > 0, òîãäà

f 1(t) = −φ(t)− a11

T∫
t

φ(τ)dτ, f 2(t) = −a21

T∫
t

φ(τ)dτ. (4.1.13)
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Ïpîèíòåãpèpóåì ópàâíåíèÿ ñèñòåìû (4.1.12) è ñëîæèì ïî÷ëåí-
íî ïðîèíòåãðèðîâàííûå ópàâíåíèÿ ñèñòåìû (4.1.12) è óðàâíåíèÿ ñè-
ñòåìû (4.1.13). Èìååì

t∫
0

f1(τ)dτ + f 1(t) = −a11
T∫
0

φ(τ)dτ,

t∫
0

f2(τ)dτ + f 2(t) = −a21
T∫
t

φ(τ)dτ,

îòñþäà

a11 = −

t∫
0

f2(τ)dτ + f 1(t)

T∫
0

φ(τ)dτ

, a21 = −

t∫
0

f2(τ)dτ + f 2(t)

T∫
0

φ(τ)dτ

.

Êîýôôèöèåíòû a12 è a22 íàõîäÿòñÿ àíàëîãè÷íî.
Ïî ñpàâíåíèþ ñ ôîpìóëàìè (4.1.10), ïpåäëîæåííûé àëãîpèòì

ïîçâîëÿåò âäâîå óìåíüøèòü ÷èñëî ïpîáíûõ ñèãíàëîâ.
Â pÿäå ñëó÷àåâ äëÿ îïpåäåëåíèÿ êîýôôèöèåòîâ äèôôåpåíöè-

àëüíîãî ópàâíåíèÿ ìîæíî îãpàíè÷èòüñÿ ïîäà÷åé íà âõîä óñòpîé-
ñòâà n âõîäíûõ ñèãíàëîâ. Håòpóäíî âèäåòü, ÷òî äëÿ ýòîãî ôèíèò-
íûé âõîäíîé ñèãíàë φi(t) ñ íîñèòåëåì [0, T ] äîëæåí óäîâëåòâîpÿòü

óñëîâèþ: ñóùåñòâóåò êîíñòàíòà α òàêàÿ, ÷òî φ(t + α) =
T∫
t

φ(τ)dτ.

Hàïpèìåp, ôóíêöèÿ

φ(t) =

{
sin t ïðè t ∈ [0, T ], T = (2k + 1)

π

2
,

0 ïðè t /∈ [0, T ]
(4.1.14)

îáëàäàåò ýòèì ñâîéñòâîì ïðè α =
π

2
.

Ïîäàäèì íà âõîä óñòpîéñòâà âåêòîp âõîäíûõ ñèãíàëîâ:

xi(t) = (0, . . . , 0, φ(t), 0, . . . , 0).

Âûõîäíîé âåêòîð èìååò âèä

f i(t) = (f i1(t), . . . , f
i
n(t)).

Çàïîìíèì çíà÷åíèÿ f i(t) íà ñåãìåíòå [0, T1], T1 = T +
π

2
.
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Håòpóäíî âèäåòü, ÷òî âåêòîp f i(t) ïpè t ∈
[π
2
, T +

π

2

]
ÿâëÿåòñÿ

âûõîäîì óñòpîéñòâà (4.1.7) ïpè ïîäà÷å íà åãî âõîä âåêòîpà âõîäíûõ

ñèãíàëîâ xi(t) = (0, . . . , 0, φ(t), 0, . . . , 0), φ(t) =
T∫
t

φ(t)dt, t ∈ [0, T ].

Òàêèì îápàçîì, èìåÿ påàêöèè èññëåäóåìîãî óñòpîéñòâà íà âåê-
òîpû âõîäíûõ ñèãíàëîâ xi(t) è xi(t), t ∈ [0, T ], ïî ôîpìóëàì (4.1.10)
âû÷èñëÿåì êîýôôèöèåíòû äèôôåpåíöèàëüíîãî îïåpàòîpà.

Ïpîèëëþñòpèpóåì èçëîæåííîå íà ïpèâåäåííîì âûøå ïpèìåpå.

Ïðèìåð 4.1.2. Ïîäàäèì íà âõîä óñòpîéñòâà ïîñëåäîâàòåëüíî ñèã-
íàëû

x1(t) =

(
φ(t)
0

)
, x2(t) =

(
0
φ(t)

)
,

ãäå ôóíêöèÿ φ(t) îïpåäåëåíà ôîpìóëîé (4.1.14).

Òðåáóåòñÿ îïðåäåëèòü êîýôôèöèåíòû ìàòðèöû A.
Ðåøåíèå. Âûõîäíûå ñèãíàëû áóäóò èìåòü âèä

f1(t) =

(
cos t− sin t
−2 sin t

)
, f2(t) =

(
sin t

cos t− 3 sin t

)
.

Ñîîòâåòñòâóþùèå âõîäíûì âåêòîpàì x1(t) è x2(t) âûõîäíûå
âåêòîpû èìåþò âèä

f 1(t) =

(
− sin t− cos t

−2 cos t

)
, f 2(t) =

(
cos t

− sin t− 3 cos t

)
.

Âîñïîëüçîâàâøèñü ôîpìóëàìè (4.1.10), èìååì a11 = 1, a21 = 2,
a12 = −1, a22 = 3. Òàêèì îápàçîì, òî÷íî îïpåäåëåíû êîýôôèöèåíòû
ìàòpèöû A.

Ðàññìîòpèì íåñòàöèîíàpíûé îáúåêò, ôóíêöèîíèpîâàíèå êî-
òîpîãî îïèñûâàåòñÿ ñèñòåìîé äèôôåpåíöèàëüíûõ ópàâíåíèé

x′(t) = A(t)x(t) + f(t),

ãäå A(t) = {akl(t)}k,l=1,n.

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ akl(t) ïpè t ∈ [0, T ] ìîæíî
âîñïîëüçîâàòüñÿ ñëåäóþùèì ïpèåìîì. Ðàçîáüåì ñåãìåíò [0, T ] íà N
÷àñòåé òî÷êàìè tk = kT/N, k = 0, 1, . . . , N, è áóäåì èñêàòü ìàòpèöó
A(t) = {akl(t)}, ñîñòîÿùóþ èç êóñî÷íî-ïîñòîÿííûõ íà èíòåpâàëàõ
∆k = [tk, tk+1], (k = 0, 1, . . . , N − 1) ôóíêöèé. Áóäåì ñ÷èòàòü, ÷òî
íà ñåãìåíòå [tj, tj+1] ôóíêöèè akl(t) pàâíà akl(tj). Äëÿ íàõîæäåíèÿ
êîíñòàíò akl(tj), k, l = 1, 2, . . . , n, j = 0, 1, . . . , N−1 ââåäåì ôóíêöèè
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φj(t) ôèíèòíûå ñ íîñèòåëÿìè, pàâíûìè ∆j (j = 0, 1, . . . , N − 1).
Ïîñëå ýòîãî êîíñòàíòû akl(tj) îïpåäåëÿþòñÿ ñïîñîáàìè, îïèñàííûìè
âûøå.

Âîïpîñû ïîãpåøíîñòè, âîçíèêàþùèå ïpè àïpîêñèìàöèè ìàòpè-
öû A(t) ìàòpèöåé A(t), îñòàþòñÿ îòêpûòûìè.

Ïpè ïpàêòè÷åñêîé påàëèçàöèè ïpåäëîæåííûõ àëãîpèòìîâ ñëå-
äóåò íà âõîä óñòpîéñòâà ïîäàâàòü ñèãíàëû, îïèñûâàåìûå ôóíêöèÿ-
ìè, íåïpåpûâíî äèôôåpåíöèpóåìûìè íà ñåãìåíòå [−a, T + a], ãäå
a = const > 0. Ýòî ñâÿçàíî ñ òåì, ÷òî ïåpåõîäíîé ïpîöåññ, âîçíè-
êàþùèé â óñòpîéñòâå ïpè ïîäà÷å íà âõîä ñèãíàëà, èìåþùåãî ñêà÷îê
ïpè t = 0, áóäåò äàâàòü ïîãpåøíîñòü.

Â pÿäå ñëó÷àåâ îêàçûâàåòñÿ áîëåå ïpåäïî÷òèòåëüíûì âìå-
ñòî ñèñòåì äèôôåpåíöèàëüíûõ ópàâíåíèé îïèñûâàòü îáúåêòû äèô-
ôåpåíöèàëüíûìè ópàâíåíèÿìè âûñîêèõ ïîpÿäêîâ.

Ðàññìîòpèì ëèíåéíûé ñòàöèîíàpíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèpîâàíèå êîòîpîãî îïèñûâàåòñÿ îáûêíîâåííûì äèôôåpåíöè-
àëüíûì ópàâíåíèåì

Ky = y(n)(t) + q1y
(n−1)(t) + · · ·+ qny(t) = f(t) (4.1.15)

ñ íà÷àëüíûìè óñëîâèÿìè

y(0) = y′(0) = · · · = y(n−1)(0) = 0, (4.1.16)

ãäå f(t)− påàêöèÿ ïðåîáðàçîâàòåëÿ íà òåñòîâîå âõîäíîå âîçäåéñòâèå
y(t), qi = const(i = 1, 2, . . . , n) � èäåíòèôèöèpóåìûå ïàpàìåòpû.

Ïpåäïîëîæèì, ÷òî èçâåñòåí ïîpÿäîê n (n ≥ 2) ópàâíåíèÿ
(4.1.15) è íåèçâåñòíû êîýôôèöèåíòû q1, . . . , qn. Ñòàâèòñÿ çàäà÷à
îïpåäåëåíèÿ êîýôôèöèåíòîâ q1, . . . , qn. Èçëîæèì ðåøåíèå ýòîé çà-
äà÷è, ñëåäóÿ ðàáîòå [15].

Âîçüìåì äâå áàçèñíûå ôóíêöèè φ(t) è φ1(t) =
T∫
t

φ(t)dt.

Ïpåäñòàâèì âõîäíûå ñèãíàëû â âèäå ôóíêöèé

y(t) =
1

(n− 1)!

t∫
0

(t−τ)n−1φ(τ)dτ, y1(t) =
1

(n− 1)!

t∫
0

(t−τ)n−1φ1(τ)dτ,

òîãäà

y′(t) =
1

(n− 2)!

t∫
0

(t− τ)n−2φ(τ)dτ, . . . , y(n)(t) = φ(t).
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Ïîäñòàâèâ çíà÷åíèÿ ôóíêöèè y(t) è åå ïpîèçâîäíûõ â îïåpàòîp
Ky, èìååì

Ky ≡ φ+K0φ ≡ φ(t) +
d

dt

t∫
0

n∑
k=1

qk
(t− τ)k

k!
φ(τ)dτ = f(t). (4.1.17)

Ââåäåì îáîçíà÷åíèÿ: h(t) =
n∑
k=1

qk
(t− τ)k

k!
.

Ïpåäñòàâèì ópàâíåíèå (4.1.17) â âèäå

K0φ ≡ d

dt

t∫
0

h(t− τ)φ(τ)dτ = f(t)− φ(t). (4.1.18)

Áóäåì ñ÷èòàòü âõîäíûå ñèãíàëû yi(τ), i = 1, 2, ñ ôèíèòíûìè
íîñèòåëÿìè [0, T ].

Ââåäåì, ñëåäóÿ [147], îïåpàòîpû

A0f =

t∫
0

f(τ)dτ, A∗
0f = −

T∫
t

f(τ)dτ, t ∈ [0, T ],

ãäå f � ïpîèçâîëüíûé ýëåìåíò ïpîñòpàíñòâà L2[0, T ] ôóíêöèé ñóì-
ìèpóåìûõ ñ êâàäpàòîì.

Â pàáîòå [147] ïîêàçàíî, ÷òî äëÿ ëþáîãî îãpàíè÷åííîãî îïå-

pàòîpà Lφ =
d

dt

T∫
0

s(t − τ)φ(τ)dτ ñ pàçíîñòíûì ÿäpîì èìååò ìåñòî

pàâåíñòâî

(iA0L− L(iA∗
0))φ = i

T∫
0

φ(τ) [M(t) +N(τ)] dτ, (4.1.19)

ãäå M(t) = s(t), N(t) = −s(−t), 0 ≤ t ≤ T, φ(t) � ïpîèçâîëüíàÿ
ôóíêöèÿ èç ïpîñòpàíñòâà L2[0, T ].

Ïpèìåíèì òîæäåñòâî (4.1.19) ê àíàëèçó ópàâíåíèÿ (4.1.18).
Ïîëàãàÿ M(t) = h(t), N(t) ≡ 0, íåòpóäíî âèäåòü, ÷òî

h(t)

T∫
0

φ(τ)dτ =

t∫
0

(f(τ)− φ(τ))dτ −K0

−
T∫
t

φ(τ)dτ

 .
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Ïpè ýòîì K0

(
−

T∫
t

φ(τ)dτ

)
= Ky1 − φ1, ãäå φ1 = −

T∫
t

φ(τ)dτ ,

y1(τ) =
1

(n− 1)!

T∫
0

(t− τ)n−1φ1(τ)dτ.

Âîñïîëüçîâàâøèñü ýòèìè pàâåíñòâàìè, èìååì

h(t) =

 t∫
0

f(τ)dτ −
T∫

0

φ(τ)dτ −Ky1

/ T∫
0

φ(τ)dτ. (4.1.20)

Ðàçëàãàÿ ôóíêöèþ h(t) â pÿä ïî ñòåïåíÿì t è ó÷èòûâàÿ, ÷òî

h(t) =
n∑
i=1

qi
ti

i!
, íàõîäèì

qi = h(i)(0), i = 1, 2, . . . , n. (4.1.21)

Ïpîèëëþñòpèpóåì îäèí èç ñïîñîáîâ påàëèçàöèè ïpåäëîæåííî-
ãî ìåòîäà íà ïpèìåpå îïpåäåëåíèÿ ïàpàìåòpîâ óñòpîéñòâà, îïèñû-
âàåìîãî äèôôåpåíöèàëüíûì îïåpàòîpîì âòîpîãî ïîpÿäêà.

Ïðèìåð 4.1.3. Ïóñòü ýòèì îïåpàòîpîì áóäåò Ay = y′′ + 2y′ + 3y
ïpè íà÷àëüíûõ çíà÷åíèÿõ y(0) = y′(0) = 0.

Çäåñü q1 = 2, q2 = 3. Ïîëàãàÿ ýòè êîýôôèöèåíòû íåèçâåñòíû-
ìè, òðåáóåòñÿ âîññòàíîâèòü èõ çíà÷åíèÿ.

Ðåøåíèå. Ïî ôîpìóëàì (4.1.21)�(4.1.22) îïpåäåëèì êîýôôè-
öèåíòû q1, q2. Ïîëîæèì φ(t) ≡ 1. Òîãäà

y(t) =
t2

2
; y1(t) = −T

2
t2 +

t3

6
; f(t) = 1 + 2t+

3t2

2
;

Ky1 = −T + t− 2Tt+ t2 − 3T

2
t2 +

1

2
t3.

Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ â (4.1.20), èìååì h(t) = 2t + 3
2t

2. Èç
(4.1.21) ñëåäóåò, ÷òî q1 = 2, q2 = 3, ÷òî è òpåáîâàëîñü äîêàçàòü.

Ðàññìîòpèì åùå îäèí ñïîñîá èäåíòèôèêàöèè ëèíåéíîãî îáú-
åêòà, ôóíêöèîíèpîâàíèå êîòîpîãî îïèñûâàåòñÿ äèôôåpåíöèàëüíûì
îïåpàòîpîì

Ky ≡ y(n)(t) + q1y
(n−1)(t) + · · ·+ qny(t) = f(t),

ãäå f(t) − påàêöèÿ óñòpîéñòâà íà âõîäíîå âîçäåéñòâèå y(t).
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Äëÿ îïpåäåëåíèÿ êîýôôèöèåíòîâ {qk}, k = 1, 2, . . . , n, ïîäà-
äèì 2n ñèãíàëîâ.

Ïóñòü φ(t) � ôèíèòíàÿ ôóíêöèÿ ñ íîñèòåëåì [0, 2T ], èìåþ-
ùàÿ íåïpåpûâíûå ïpîèçâîäíûå äî n ïîpÿäêà âêëþ÷èòåëüíî. Ïóñòü
φ(t) ≡ 0 ïðè t ∈ [0, T ], ïðè÷åì φ(k)(T ) = 0, k = 0, 1, · · · , n− 1.

Ïîäàäèì âõîäíîé ñèãíàë

y1 =

{
φ(t) ïðè t ∈ [0, 2T ],
0 ïðè t /∈ [0, 2T ].

Ðåàêöèþ óñòpîéñòâà íà âõîäíîé ñèãíàë y1(t) îáîçíà÷èì ÷åpåç f1(t).
Îáîçíà÷èì ÷åpåç y1(t) âõîäíîé ñèãíàë

y1 =


2T∫
t

φ(t) ïðè t ∈ [0, 2T ],

0 ïðè t /∈ [0, 2T ].

Ðåàêöèþ óñòpîéñòâà íà âõîäíîé ñèãíàë y1(t) îáîçíà÷èì ÷åpåç
f 1(t).

Áóäåì ïîëàãàòü, ÷òî
2T∫
T

φ(τ)dτ ̸= 0. Òîãäà ïpè t ≥ T

t∫
T

f1(τ)dτ = qn

t∫
T

φ(τ)dτ + qn−1φ(t) + qn−2φ
′(t) + · · ·+ φn−1(t).

Îäíîâpåìåííî ïpè t ≥ T

f 1(t) = qn

2T∫
t

φ(τ)dτ − qn−1φ(t)− · · · − φn−1(t).

Ñêëàäûâàÿ ýòè pàâåíñòâà, èìååì ïpè t ≥ T

qn =

t∫
T

f1(τ)dτ + f 1(t)

2T∫
T

φ(τ)dτ

.

Îòìåòèì, ÷òî òàê êàê ôóíêöèÿ φ(t) ≡ 0 ïpè t ∈ [0, T ], òî
2T∫
t

φ(τ)dτ ≡
2T∫
T

φ(τ)dτ ïpè t ∈ [0, T ]. Ýòî ñäåëàíî äëÿ òîãî, ÷òîáû

(ïpè äîñòàòî÷íî áîëüøèõ T ) ïåpåõîäíûå ïpîöåññû â óñòpîéñòâå çà-
êîí÷èëèñü ïpè t = T.
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Äëÿ îïpåäåëåíèÿ qn−1 ïîëîæèì

φ1(t) =


t∫
0

φ(τ)dτ , t ∈ [0, 2T ],

0, t /∈ [0, 2T ],

φ1(t) =


t∫
0

2T∫
τ

(φ(σ)dσ)dτ, t ∈ [0, 2T ],

0, t /∈ [0, 2T ].

Âûõîäíûå ñèãíàëû, ñîîòâåòñòâóþùèå âõîäíûì ñèãíàëàì φ1(t)
è φ1(t), pàâíû f2(t) è f2(t). Håòpóäíî âèäåòü, ÷òî

f2(t) = qn

t∫
0

φ(τ)dτ + qn−1φ(t) + · · ·+ q1φ
n−2(t) + φn−1(t),

f 2(t) = qn

t∫
0

 2T∫
τ

φ(σ)dσ

 dτ+qn−1

2T∫
t

φ(τ)dτ−qn−2φ(t)−· · ·−φn−2(t).

Èíòåãpèpóÿ ôóíêöèþ f2(t) è ðåçóëüòàò ïî÷ëåííî ñêëàäûâàÿ ñ
f 2(t), èìååì ïpè t ≥ T

qn−1 =

t∫
0

f2(t)dt− qn
t∫
0

t∫
0

φ(τ)dτdt+ f2(t)− qn
t∫
0

(
2T∫
t1

φ(τ)dτ

)
dt1

2T∫
0

φ(τ)dτ

.

Ïpîäîëæàÿ ýòîò ïpîöåññ, ïîñëåäîâàòåëüíî íàõîäèì êîýôôè-
öèåíòû qn−2, qn−3,. . . , q1.

Hàïpèìåp, äëÿ îïpåäåëåíèÿ êîýôôèöèåíòîâ qn−i ââåäåì ôóíê-
öèè

φi(t) =


t∫

0

ti∫
0

. . .

t2∫
0︸ ︷︷ ︸

i

φ(t1)dt1 . . . dti, ïðè 0 ≤ t ≤ 2T ;

0 ïðè t /∈ [0, 2T ];

φi(t) =


t∫

0

ti∫
0

. . .

t2∫
0︸ ︷︷ ︸

i

(
T∫
t1

φ(τ)dτ

)
dt1 . . . dti ïðè 0 ≤ t ≤ 2T,

0 ïðè t /∈ [0, 2T ].
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Ïîäàâàÿ íà âõîä óñòpîéñòâà ôóíêöèþ φi(t), èìååì

fi(t)=qn

t∫
0

ti∫
0

. . .

t2∫
0︸ ︷︷ ︸

i

φ(t1)dt1. . .dti+qn−1

t∫
0

ti−1∫
0

. . .

t2∫
0︸ ︷︷ ︸

i−1

φ(t1)dt1. . .dti+ · · ·

· · ·+ qn−iφ(t) + qn−i−1φ
′(t) + · · ·+ φ(n−i)(t). (4.1.22)

Ïpè ïîäà÷å íà âõîä óñòpîéñòâà ôóíêöèè φi(t) èìååì

f i(t) = qnφi(t) + qn−1

t∫
0

ti−1∫
0

. . .

t2∫
0︸ ︷︷ ︸

i−1

 T∫
t1

φ(τ)dτ

 dt1 . . . dti−1 + · · ·

· · ·+ qn−i

T∫
t

φ(τ)dτ = qn−i−1φ(t)− · · · − φ(n−i+1)(t). (4.1.23)

Èíòåãpèpóÿ âûpàæåíèå (4.1.22) è ðåçóëüòàò èíòåãðèðîâàíèÿ
ïî÷ëåííî ñêëàäûâàÿ ñ (4.1.23), èìååì ïpè t ≥ T

qn−i =

t∫
0

fi(τ)dτ + f i(t)− qn

(
t∫
0

φi(t)dt+ φi(t)

)
2T∫
0

φ(τ)dτ

−

−

qn−1

φi(t) +
t∫

0

ti−1∫
0

. . .

t2∫
0︸ ︷︷ ︸

i−1

(
T∫
t1

φ(τ)dτ

)
dt1 . . . dti


2T∫
0

φ(τ)dτ

− . . .

· · · −
qn−i+1

(
t∫
0

t∫
0

φ(τ)dτdt+
t∫
0

T∫
t

φ(τ)dτdt

)
2T∫
0

φ(τ)dτ

,

ãäå i = 1, 2, . . . , n.
Âî ìíîãèõ ñëó÷àÿõ ýòîò àëãîpèòì áîëåå ïpåäïî÷òèòåëåí, íåæå-

ëè èçëîæåííûé â ïpåäûäóùåì ïóíêòå, òàê êàê äëÿ åãî påàëèçàöèè
íå íóæíà âõîäíàÿ ôóíêöèÿ ñïåöèàëüíîé êîíñòpóêöèè.

209



Ïóñòü òåïåpü óñòpîéñòâî îïèñûâàåòñÿ äèôôåpåíöèàëüíûì ópàâ-
íåíèåì

Ky ≡ y(n)(t) + q1(t)y
(n−1)(t) + · · ·+ qn(t)y(t) = f(t) (4.1.24)

c íåïpåpûâíûìè ôóíêöèÿìè q1(t), . . . , qn(t).
Ñòàâèòñÿ çàäà÷à îïpåäåëåíèÿ êîýôôèöèåíòîâ q1(t), . . . , qn(t)

íà ñåãìåíòå [0, T ].
Ðàçîáüåì ñåãìåíò ∆ = [0, T ] íà ñåãìåíòû ∆k = [tk, tk+1] òî÷êà-

ìè tk = kT/N. Ôóíêöèè qk(t) àïpîêñèìèpóåì êóñî÷íî-ïîñòîÿííûìè
ôóíêöèÿìè qkl, pàâíûìè êîíñòàíòàì qkl íà ïpîìåæóòêàõ [tl, tl+1).
Ïóñòü âû÷èñëÿþòñÿ êîíñòàíòû qkl, k = 1, . . . , n. Â êà÷åñòâå âõîäíîãî
ñèãíàëà âîçüìåì

yl(t) =
1

(n− 1)!

t∫
0

(t− τ)n−1φl(τ)dτ,

φl(t) =

{
1 ïðè t ∈ [tl, tl+1],
0 ïðè t /∈ [tl, tl+1]

è â èíòåpâàëå [tl, tl+1] ïîâòîpèì pàññóæäåíèÿ, ïpîâåäåííûå ðàíåå
äëÿ ñåãìåíòà [0, T ]. Â ðåçóëüòàòå ïîñëåäîâàòåëüíî âû÷èñëÿåì çíà÷å-
íèÿ êîýôôèöèåíòîâ óðàâíåíèÿ (4.1.24): qi(t), i = 1, 2, . . . , n, íà ñåã-
ìåíòàõ ∆k, k = 1, 2, . . ., N − 1.

Ðàññìîòpèì åùå îäèí ñïîñîá îïpåäåëåíèÿ êîýôôèöèåíòîâ äèô-
ôåpåíöèàëüíûõ ópàâíåíèé âèäà

dnf(t)

dtn
+ an−1

dn−1f(t)

dtn−1
+ · · ·+ a1

df(t)

dt
+ a0f(t) = x(t) (4.1.25)

ñ íà÷àëüíûìè óñëîâèÿìè

f (k)(0) = 0, k = 0, 1, . . . , n− 1, (4.1.26)

ãäå x(t) � âõîäíîé, à f(t) � âûõîäíîé ñèãíàëû.
Áóäåì ñ÷èòàòü, ÷òî ôóíêöèè x(t) è f(t) ôèíèòíû. Äëÿ îïpå-

äåëåííîñòè ïîëîæèì, ÷òî ñåãìåíò [0, T ] ÿâëÿåòñÿ îáëàñòüþ îïpåäå-
ëåíèÿ ôóíêöèé x(t) è f(t).

Ïpîèíòåãpèpóåì ópàâíåíèå (4.1.25) â ïpåäåëàõ îò 0 äî T. Ó÷è-
òûâàÿ ôèíèòíîñòü âõîäíîãî è âûõîäíîãî ñèãíàëîâ (â ïpîòèâíîì ñëó-
÷àå íóæíî èíòåãpèpîâàòü â ïpåäåëàõ îò íóëÿ äî áåñêîíå÷íîñòè),
èìååì

a0

T∫
0

f(τ)dτ =

T∫
0

x(τ)dτ,
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îòñþäà èìååì

a0 =

T∫
0

x(τ)dτ

T∫
0

f(τ)dτ

.

Ïpîèíòåãpèpóåì ópàâíåíèå (4.1.25) â ïpåäåëàõ îò 0 äî t, òîãäà

f (n−1)(t)+an−1f
(n−2)(t)+. . .+ a1f(t)+a0

t∫
0

f(τ)dτ=

=
t∫
0

x(τ)dτ .

(4.1.27)

Ïîêàæåì, ÷òî åñëè f(t) � påøåíèå çàäà÷è Êîøè (4.1.25)−(4.1.26),

òî ôóíêöèÿ f1(t) =
t∫
0

f(τ)dτ ÿâëÿåòñÿ påøåíèåì çàäà÷è Êîøè

f (n)(t) + an−1f
(n−1)(t) + · · ·+ a1f

(1)(t) + a0f(t) =

t∫
0

x(τ)dτ, (4.1.28)

f (k)(0) = 0, k = 0, 1, . . . , n− 1. (4.1.29)

Â ñàìîì äåëå, ôóíêöèÿ f1(t) óäîâëåòâîpÿåò äàííûì Êîøè
(4.1.29) è, ïîäñòàâëÿÿ åå â ópàâíåíèå (4.1.28), ïîëó÷àåì òîæäåñòâî

f
(n−1)
1 (t) + an−1f

(n−2)(t) + · · ·+ a1f(t) + a0

t∫
0

f(τ)dτ =

t∫
0

x(τ)dτ,

ñîâïàäàþùèåå ñ (4.1.27).
Èíòåãpèpóÿ (4.1.27) â ïpåäåëàõ îò 0 äî T, èìååì

a1

T∫
0

f(τ)dτ =

T∫
0

t∫
0

x(τ)dτdt− a0

T∫
0

t∫
0

f(τ)dτdt,

ñëåäîâàòåëüíî,

a1 =

T∫
0

t∫
0

x(τ)dτdt− a0
T∫
0

t∫
0

f(τ)dτ

T∫
0

f(τ)dτ

dt.
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Ïpîäîëæàÿ ýòîò ïpîöåññ ïî èíäóêöèè, èìååì

ak =

T∫
0

t∫
0

. . .
t∫
0

x(τ)dτdt . . . dt− ak−1

T∫
0

t∫
0

f(τ)dτdt

T∫
0

f(τ)dτ

−

−
ak−2

T∫
0

t∫
0

. . .
t∫
0

f(τ)dτdt . . . dt− · · · − a0
T∫
0

t∫
0

. . .
t∫
0

f(τ)dτdt . . . dt

T∫
0

f(τ)dτ

,

k = 1, 2, . . . , n− 1.
Òàêèì îápàçîì, pàñïîëàãàÿ èíôîpìàöèåé î âõîäíîì è âûõîä-

íîì ñèãíàëàõ ïpè óñëîâèè, ÷òî
T∫
0

f(τ)dτ = A, 0 < A <∞, ïîñëåäî-

âàòåëüíî âû÷èñëÿåì êîýôôèöèåíòû äèôôåpåíöèàëüíîãî ópàâíåíèÿ
(4.1.25).

Ðàññìîòpèì òåïåpü çàäà÷ó îïpåäåëåíèÿ êîýôôèöèåíòîâ äèô-
ôåpåíöèàëüíîãî ópàâíåíèÿ:

dnx(t)

dtn
+ an−1

dn−1x(t)

dtn−1
+ · · ·+ a1

dx(t)

dt
+ a0x(t) = f(t), (4.1.30)

ãäå x(t) � âõîäíîé, à f(t) � âûõîäíîé ñèãíàëû.
Áóäåì ñ÷èòàòü, ÷òî x(t) è f(t) � ôèíèòíûå ôóíêöèè ñ íîñèòå-

ëåì [0, T ] (â ïpîòèâíîì ñëó÷àå èíòåãpèpîâàíèå íóæíî ïpîâîäèòü â
ïpåäåëàõ îò íóëÿ äî áåñêîíå÷íîñòè).

Êpîìå òîãî, áóäåì ñ÷èòàòü, ÷òî

x(k)(0) = 0 (4.1.31)

ïðè k = 0, 1, 2, . . . , n− 1 è ÷òî
T∫
0

x(τ)dτ ̸= 0.

Ïpîèíòåãpîâàâ pàâåíñòâî (4.1.30) â ïpåäåëàõ îò 0 äî T, èìååì

a0 =

T∫
0

f(τ)dτ

T∫
0

x(τ)dτ

.

Ïpè óñëîâèè (4.1.31) îïåpàöèè äèôôåpåíöèpîâàíèÿ è èíòå-
ãpèpîâàíèÿ â ïpåäåëàõ îò 0 äî t êîììóòàòèâíû, òî íåòpóäíî âèäåòü,
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÷òî åñëè ôóíêöèÿ x(t) óäîâëåòâîpÿåò çàäà÷å Êîøè (4.1.30) � (4.1.31),

òî ôóíêöèÿ x1(t) =
t∫
0

x(τ)dτ òîæå óäîâëåòâîpÿåò çàäà÷å Êîøè

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · ·+ a1

dx

dt
+ a0x =

t∫
0

f(τ)dτ, (4.1.32)

x(k)(0) = 0, k = 0, 1, 2, . . . , n− 1. (4.1.33)

Èíòåãpèpóÿ pàâåíñòâî (4.1.32) â ïpåäåëàõ îò 0 äî t, èìååì

a1 =

T∫
0

t∫
0

f(τ)dτdt− a0
T∫
0

t∫
0

x(τ)dτdt

T∫
0

x(τ)dτ

.

Ïpîäîëæàÿ ýòîò ïpîöåññ ïî èíäóêöèè, ïpèõîäèì ê ôîpìóëå

ak =
1

T∫
0

x(τ)dτ

(
T∫
0

t∫
0

. . .
t∫
0

f(τ)dτdt . . . dt− ak−1

T∫
0

t∫
0

x(τ)dτdt− . . .

· · · − a0
T∫
0

t∫
0

. . .
t∫
0

x(τ)dτdt . . . dt

)
,

k = 1, 2, . . . , n− 1.
Ðàññìîòpèì òåïåpü äèôôåpåíöèàëüíûé îïåpàòîp îáùåãî âèäà

Lx ≡ dnx(t)

dtn
+ an−1

dn−1x(t)

dtn−1
+ · · ·+ a1

dx(t)

dt
+ x(t) =

= µf(t) ≡ b0f(t)+ b1
df(t)

dt
+ · · ·+ bm−1

dm−1f(t)

dtm−1
+ bm

dmf(t)

dtm
(4.1.34)

ñ íà÷àëüíûìè çíà÷åíèÿìè

f (k)(0) = 0, k = 0, 1, 2, . . . ,m− 1. (4.1.35)

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ {ak} è {bk} áóäåì èñïîëüçî-
âàòü äâå âõîäíûå ôóíêöèè x1(t) è x2(t), íà êîòîpûå íàêëàäûâàþòñÿ
óñëîâèÿ

x
(k)
i (0) = 0, k = 0, 1, 2, . . . , n− 1; i = 1, 2. (4.1.36)

Êpîìå òîãî, áóäåì ñ÷èòàòü, ÷òî ôóíêöèè xi(t) (i = 1, 2) è ñî-
îòâåòñòâóþùèå èì âûõîäíûå ôóíêöèè fi(t), i = 1, 2, ôèíèòíû ñ íî-
ñèòåëåì [0, T ] (â ïpîòèâíîì ñëó÷àå èíòåãpèpîâàíèå áóäåì ïpîâîäèòü
â ïpåäåëàõ îò íóëÿ äî áåñêîíå÷íîñòè).
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Ïpîèíòåãpèpóåì äèôôåpåíöèàëüíûé îïåpàòîp (4.1.34) â ïpå-
äåëàõ îò 0 äî T. Ó÷èòûâàÿ (4.1.35) è (4.1.36), èìååì

b0 =

T∫
0

x1(τ)dτ

T∫
0

f1(τ)dτ

.

Çäåñü è íèæå ïpåäïîëàãàåì, ÷òî

T∫
0

fi(τ)dτ ̸= 0, i = 1, 2.

Ïpîèíòåãpèpóåì pàâåíñòâî (4.1.34) â ïpåäåëàõ îò 0 äî t. Ó÷è-
òûâàÿ ñîîòíîøåíèÿ (4.1.35) è (4.1.36), èìååì

a1x1(t) +

t∫
0

x1(τ)dτ + · · ·+ x
(n−1)
1 (t) =

= b0

t∫
0

f1(τ)dτ + b1f1(t) + · · ·+ bmf
(m−1)
1 (t), (4.1.37)

a1x2(t) +

t∫
0

x2(τ)dτ + · · ·+ x
(n−1)
2 (t) =

= b0

t∫
0

f1(τ)dτ + b1f2(t) + · · ·+ bmf
(m−1)
2 (t). (4.1.38)

Ïpîèíòåãpèpóåì ópàâíåíèÿ (4.1.37) è (4.1.38) â ïpåäåëàõ îò 0
äî T. Â påçóëüòàòå ïîëó÷àåì ñèñòåìó

a1
T∫
0

x1(τ)dτ − b1
T∫
0

f1(τ)dτ =

= b0
T∫
0

t∫
0

f1(τ)dτdt−
T∫
0

t∫
0

x1(τ)dτdt,

a1
T∫
0

x2(τ)dτ − b1
T∫
0

f2(τ)dτ =

= b0
T∫
0

t∫
0

f1(τ)dτdt−
T∫
0

t∫
0

x2(τ)dτdt.

(4.1.39)
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Åñëè îïpåäåëèòåëü∣∣∣∣∣∣∣∣∣
T∫
0

x1(τ)dτ
T∫
0

f1(τ)dτ

T∫
0

x2(τ)dτ
T∫
0

f2(τ)dτ

∣∣∣∣∣∣∣∣∣ ̸= 0,

òî èç ñèñòåìû ópàâíåíèé (4.1.39) îäíîçíà÷íî îïpåäåëÿþòñÿ êîýôôè-
öèåíòû a1 è b1.

Ïpîäîëæàÿ ýòîò ïpîöåññ ïî èíäóêöèè, ïpèõîäèì ê ñèñòåìå

ak
T∫
0

x1(τ)dτ − bk
T∫
0

f1(τ)dτ = b0
T∫
0

t∫
0

. . .

t∫
0︸ ︷︷ ︸

k

f1(τ)dτdt . . . dt+

+b1
T∫
0

t∫
0

. . .

t∫
0︸ ︷︷ ︸

k−1

f1(τ)dτdt . . . dt+ bk−1

T∫
0

t∫
0

f1(τ)dτdt−

−
T∫
0

t∫
0

. . .
t∫
0

x1(τ)dτdt . . . dt− ak−1

T∫
0

t∫
0

x1(τ)dτdt,

ak
T∫
0

x2(τ)dτ − bk
T∫
0

f2(τ)dτ = b0
T∫
0

t∫
0

. . .

t∫
0︸ ︷︷ ︸

k

f2(τ)dτdt . . . dt+

+b1
T∫
0

t∫
0

. . .

t∫
0︸ ︷︷ ︸

k−1

f2(τ)dτdt . . . dt+ · · ·+ bk−1

T∫
0

t∫
0

f2(τ)dτdt−

−
T∫
0

t∫
0

. . .
t∫
0

x2(τ)dτdt . . . dt− ak−1

T∫
0

t∫
0

x2(τ)dτdt,

k = 1, 2, . . . , n− 1.

Â ñëó÷àå, åñëè îïpåäåëèòåëü∣∣∣∣∣∣∣∣∣
T∫
0

x1(τ)dτ
T∫
0

f1(τ)dτ

T∫
0

x2(τ)dτ
T∫
0

f2(τ)dτ

∣∣∣∣∣∣∣∣∣
îòëè÷åí îò íóëÿ, òî êîýôôèöèåíòû ak, bk îïpåäåëÿþòñÿ îäíîçíà÷íî.
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4.1.2. Ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèèé ñ çàïàçäûâàíèåì

Â ýòîì ðàçäåëå ðàññìîòðåíî ïðèìåíåíèå îïèñàííîãî âûøå ìå-
òîäà òåñòîâûõ ñèãíàëîâ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ çàïàçäûâàíèÿ
â îäíîì èç âèäîâ ëèíåéíûõ ñèñòåì.

Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, ôóíêöèîíèðîâàíèå êîòî-
ðîé îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé

dxi
dt

= ai1x1(t− αi1) + · · ·+ ainxn(t− αin) + fi, (4.1.40)

i = 1, 2, . . . , n, ãäå x = (x1, . . . , xn)− âõîäíîé, à f = (f1, . . . , fn)− âû-
õîäíîé ñèãíàëû; aik− âåùåñòâåííûå êîýôôèöèåíòû, ñîñòàâëÿþùèå
ìàòðèöó A = {aik}i,k=1,n; αik− çàïàçäûâàíèÿ, αik ≥ 0, i, k = 1, n.

Ïîñòàâèì çàäà÷ó îïðåäåëèòü ýëåìåíòû ìàòðèöû A è çàïàçäû-
âàíèé αik ïî òåñòîâûì ñèãíàëàì. Ïðè αik = 0, i, k − 1, n, ýòà çàäà÷à
èçó÷àëàñü â [14,42,71]. Íèæå ìåòîä [42] ðàñïðîñòðàíèì íà óðàâíåíèå
(4.1.40).

Ïóñòü φ(t) � ôèíèòíàÿ ôóíêöèÿ ñ íîñèòåëåì [0, T ], ïðè÷åì
φ(0) = 0 è ñóùåñòâóåò òàêîå 0 ≤ b < T, ÷òî â èíòåðâàëå (0, b)
φ(t) ̸= 0. Îáîçíà÷èì ÷åðåç φ̄(t) ôóíêöèþ

φ̄(t) =

T∫
t

φ(τ)dτ =

∞∫
t

φ(τ)dτ.

×åðåç f i(t) = [f i1(t), . . . , f
i
n(t)], f̄

i(t) = (f̄i(t), . . . , f̄
i
n) îáîçíà÷èì

ðåàêöèþ óñòðîéñòâà, îïèñûâàåìîãî (4.1.40), íà âõîäíûå âîçäåéñòâèÿ

xi(t) = (0, . . . , 0, φ(t), 0, . . . , 0), x̄i(t) = (0, . . . , 0, φ̄(t), 0, . . . , 0),

ãäå îòëè÷íû îò íóëÿ òîëüêî i-å êîìïîíåíòû.
Ïîäàäèì íà âõîä ñèñòåìû (4.1.40) òåñòîâûé ñèãíàë xi(t) è ïðè-

ìåíèì ê óðàâíåíèþ (4.1.40) ïðåîáðàçîâàíèå Ëàïëàñà. Â ðåçóëüòàòå
ïîëó÷àåì ñèñòåìó óðàâíåíèé

pX i(p) = B(p)X i(p) + F i(p), (4.1.41)

ãäå B(p) = {bik(p)}i,k−1,n, bik(p) = e−αikpaik, X(p), F (p) � ïðåîáðàçî-
âàíèå Ëàïëàñà ôóíêöèé x(t), f(t).

Àíàëîãè÷íî, ïîäàâàÿ íà âõîä ñèñòåìû (4.1.40) òåñòîâûé ñèãíàë
x̄i(t) è ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà, èìååì

−X i(p) = B(p)

 T∫
0

xi(v)dv

−B(p)X i(p)p−1 + F̄ i(p). (4.1.42)
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Ðàçäåëèì óðàâíåíèå (4.1.41) íà p è ñëîæèì ñ (4.1.42), òîãäà

B(p)

 T∫
0

xi(v)dv

 = −(F̄ i(p) + p−1F i(p)),

îòñþäà

bki(p) = −(f̄ ik(p) + p−1f ik(p))/

 T∫
0

xi(v)dv

 .

Ïðèìåíÿÿ ê ýòîìó ðàâåíñòâó îáðàòíîå ïðåîáðàçîâàíèå Ëàïëà-
ñà, ïîëó÷àåì

akiu(t− αik) = −
f̄ ik(t) +

t∫
0

fk(τ)dτ

T∫
0

φ(v)dv

, (4.1.43)

i, k = 1, 2, . . . , n, ãäå u(t) = 1 ïðè t > 0 è u(t) = 0 ïðè t < 0.
Àíàëèçèðóÿ ðàâåíñòâî (4.1.43), óáåæäàåìñÿ, ÷òî ïðè 0≤t≤αik

ïðàâàÿ ÷àñòü (4.1.43) äîëæíà áûòü ðàâíà 0. Òîãäà, èíòåðâàë âðå-

ìåíè, íà÷èíàþùèéñÿ ñ t=0, â òå÷åíèå êîòîðîãî f̄ ik(t)+
t∫
0

f ik(τ)dτ=0,

îïðåäåëÿåò âåëè÷èíó çàäåðæêè αki, k, i = 1, n.
Ñëåäîâàòåëüíî, ðàñïîëàãàÿ èíôîðìàöèåé î ðåàêöèè ñèñòåìû

(4.1.40) íà 2n òåñòîâûõ ñèãíàëîâ, îïðåäåëÿåì ïî ôîðìóëå (4.1.43) n2

êîýôôèöèåíòîâ aki è n2 çàïàçäûâàíèé αki.

Ïðèìåð 4.1.4. Ðàññìîòðèì óñòðîéñòâî, îïèñûâàåìîå ñèñòåìîé äèô-
ôåðåíöèàëüíûõ óðàâíåíèé

x′1(t) = x1(t− 0, 5)− x2(t− 0, 2);
x′2(t) = 2x2(t− 0, 3) + 3x2(t− 0, 4).

}
(4.1.44)

Òðåáóåòñÿ îïðåäåëèòü ýëåìåíòû a11 = 1, a12 = −1, a21 = 2,
a22 = 3 ìàòðèöû A = {aik}, i, k = 1, 2 è âåëè÷èíû çàïàçäûâàíèé
α11 = 0, 5, α12 = 0, 2, α21 = 0, 3, α22 = 0, 4.

Ðåøåíèå. Ïóñòü

φ(t) =

{
t ïðè t ∈ [0, T ],
0 ïðè t ̸∈ [0, T ],

ψ(t) =

{
T 2

2 − t2

2 ïðè t ∈ [0, T ],
0 ïðè t ̸∈ [0, T ].
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Ïîäàäèì íà âõîä ñèñòåìû (4.1.44) ñèãíàëû

x1(t) =

(
φ(t)
0

)
, x2(t) =

(
0
φ(t)

)
,

x̄1(t) =

(
ψ(t)
0

)
, x̄2(t) =

(
0

ψ(t)

)
.

Ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû ðàâíû ïðè 0 ≤ t ≤ T :

f 11 (t) =


1 ïðè 0 ≤ t ≤ 0, 5,

1− t+ 0, 5 ïðè 0, 5 ≤ t ≤ T,

f 12 (t) =


0 ïðè 0 ≤ t ≤ 0, 3,

−2t+ 0, 6 ïðè 0, 3 ≤ t ≤ T,

f 21 (t) =


0 ïðè 0 ≤ t ≤ 0, 2,

t− 0, 2 ïðè 0, 2 ≤ t ≤ T,

f 22 (t) =


1 ïðè 0 ≤ t ≤ 0, 4,

2, 2− 3t ïðè 0, 4 ≤ t ≤ T,

f̄ 11 (t) =


−t ïðè 0 ≤ t ≤ 0, 5,

−t− T 2

2 + (t−0,5)2

2 ïðè 0, 5 ≤ t ≤ T,

f̄ 12 (t) =


0 ïðè 0 ≤ t ≤ 0, 3,

−2
(
T 2

2 − (t−0,3)2

2

)
ïðè 0, 3 ≤ t ≤ T,

f̄ 21 (t) =


0 ïðè 0 ≤ t ≤ 0, 2,

T 2

2 − (t−0,2)2

2 ïðè 0, 2 ≤ t ≤ T,

f̄ 22 (t) =


−t ïðè 0 ≤ t ≤ 0, 4,

−t− 3
(
T 2

2 − (t−0,4)2

2

)
ïðè 0, 4 ≤ t ≤ T.

Âîñïîëüçîâàâøèñü ôîðìóëàìè (4.1.43), íàõîäèì çíà÷åíèÿ aik
è αik, i, k = 1, n, êîòîðûå ñîâïàäàþò ñ òî÷íûìè çíà÷åíèÿìè êîýô-
ôèöèåíòîâ è çàïàçäûâàíèé ñèñòåìû (4.1.44).
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4.1.3. Âîññòàíîâëåíèå ïàðàìåòðîâ ëèíåéíûõ ñèñòåì,
îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ
ïåðåìåííûìè êîýôôèöèåíòàìè1

Ëèíåéíûå ñèñòåìû ñ ïåðåìåííûìè ïàðàìåòðàìè, íà âõîäå êî-
òîðûõ äåéñòâóåò ñèãíàë x(t), à íà âûõîäå ñèãíàë y(t), ìîäåëèðóþòñÿ
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè

an(t)
dny(t)

dtn
+ an−1(t)

dn−1y(t)

dtn−1
+ ...+ a0(t)y(t) = x(t), (4.1.45)

ãäå an(t), an−1(t), ..., a0(t) � êîýôôèöèåíòû.
Áîëüøîé êëàññ çàäà÷ èäåíòèôèêàöèè ñâÿçàí ñ îïðåäåëåíèåì

êîýôôèöèåíòîâ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.45). Ýòîìó ïî-
ñâÿùåí ðÿä ðàáîò [53, 71, 138]. Îñîáåííî õîðîøî èçó÷åíû ìåòîäû
îïðåäåëåíèÿ ïîñòîÿííûõ è ìåäëåííî ìåíÿþùèõñÿ êîýôôèöèåíòîâ.

Íåñêîëüêî äîñòàòî÷íî îáùèõ ìåòîäîâ îïðåäåëåíèÿ ïàðàìåò-
ðîâ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè
îïèñàíî â ðàçä. 4.1.1.

Îáùèå ìåòîäû îïðåäåëåíèÿ ïåðåìåííûõ ïàðàìåòðîâ a0(t), . . .,
an−1(t), an(t) ñèñòåìû ïî èçâåñòíîé èìïóëüñíîé ïåðåõîäíîé ôóíê-
öèè h(t, τ) àâòîðàì íåèçâåñòíû. Íèæå ïðåäëîæåí äîñòàòî÷íî îáùèé
ìåòîä îïðåäåëåíèÿ ïàðàìåòðîâ a0(t), . . ., an−1(t), an(t) èçìåðèòåëü-
íîé ñèñòåìû (ÈÑ), îïèñûâàåìîé óðàâíåíèåì (4.1.45), ïî èçâåñòíîé
èìïóëüñíîé ïåðåõîäíîé ôóíêöèè.

Äëÿ ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè
âèäà (4.1.45) ñ ïåðåìåííûìè ïàðàìåòðàìè, èìïóëüñíàÿ ïåðåõîäíàÿ
ôóíêöèÿ îïðåäåëÿåòñÿ êàê [138]:

t∫
0

h(t, τ)x(τ)dτ = y(t), (4.1.46)

à äëÿ ñèñòåì ñ ïîñòîÿííûìè ïàðàìåòðàìè � êàê
t∫

0

h(t− τ)x(τ)dτ = y(t). (4.1.47)

Áóäåì ïîëàãàòü, ÷òî óðàâíåíèÿ (4.1.46), (4.1.47) îäíîçíà÷íî
ðàçðåøèìû. Ýòî óñëîâèå âûïîëíèìî äëÿ øèðîêîãî êëàññà óðàâíå-
íèé Âîëüòåððà (ñì. íàïðèìåð [52]), åñëè ôóíêöèè h(t) è h(t, τ) äèô-
ôåðåíöèðóåìû ïî ïåðåìåííîé t.

1Ðàçäåë íàïèñàí ïî ìàòåðèàëàì ðàáîòû [28].
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Ìåòîäû âîññòàíîâëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè äëÿ
ñèñòåì (4.1.46) ñ ïåðåìåííûìè ïàðàìåòðàìè ðàññìîòðåíû â [25, 26],
äëÿ ñèñòåì (4.1.47) ñ ïîñòîÿííûìè ïàðàìåòðàìè � â [14, 71, 138] è
ïîäðîáíî èçëîæåíû â ãë. 2

Ïîñòàíîâêà çàäà÷è. Äàíà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
h(t, τ) èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (4.1.45). Òðåáóåòñÿ íàéòè
êîýôôèöèåíòû an(t), an−1(t), ..., a0(t) óðàâíåíèÿ (4.1.45).

Ðåøåíèå. Îïðåäåëèì (àíàëèòè÷åñêèì èëè ÷èñëåííûì ìåòî-
äîì) ïî çàäàííîé ôóíêöèè h(t, τ) èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ
(4.1.45) âõîäíûå ñèãíàëû x1(t), x2(t), ..., xn+1(t) òàêèå, ÷òîáû èì â
êà÷åñòâå âûõîäíûõ ñèãíàëîâ ñîîòâåòñòâîâàëà ñèñòåìà ëèíåéíî íåçà-
âèñèìûõ ôóíêöèé

φ1(t), φ2(t), ..., φn+1(t). (4.1.48)

Óñëîâèå ëèíåéíîé íåçàâèñèìîñòè ñèñòåìû ôóíêöèé (4.1.48) çà-
êëþ÷àåòñÿ â îòëè÷èè îò íóëÿ âðîíñêèàíà

W (φ1(t), φ2(t), ..., φn+1(t)) =

=

∣∣∣∣∣∣∣∣∣
φ
(n)
1 (t) φ

(n−1)
1 (t) · · · φ

′

1(t) φ1(t)

φ
(n)
2 (t) φ

(n−1)
2 (t) · · · φ

′

2(t) φ2(t)
· · ·

φ
(n)
n+1(t) φ

(n−1)
n+1 (t) · · · φ

′

n+1(t) φn+1(t)

∣∣∣∣∣∣∣∣∣ ̸= 0.
(4.1.49)

Îïðåäåëèì èñêîìûå âõîäíûå ñèãíàëû x1(t), x2(t), ..., xn+1(t) èç
ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé

t∫
0

h(t, τ)x1(τ)dτ = φ1(t),

...
t∫
0

h(t, τ)xn+1(τ)dτ = φn+1(t).

(4.1.50)

Îòìåòèì, ÷òî êàæäîå èç óðàâíåíèé â (4.1.50) åñòü èíòåãðàëü-
íîå óðàâíåíèå Âîëüòåððà I ðîäà. Äëÿ èõ ðåøåíèÿ ðàçðàáîòàíî ìíîãî
÷èñëåííûõ è àíàëèòè÷åñêèõ ìåòîäîâ [52,171]. Ïîäðîáíàÿ áèáëèîãðà-
ôèÿ ìåòîäîâ ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé è ïðîãðàììû ðåàëè-
çàöèè íåêîòîðûõ ÷èñëåííûõ ìåòîäîâ ñîäåðæàòñÿ â [52].

Ðåøàÿ ñèñòåìó (4.1.50), íàõîäèì äëÿ êàæäîãî âûõîäíîãî âèð-
òóàëüíîãî ñèãíàëà φi(t), i = 1, 2, . . . , n+1, ñîîòâåòñòâóþùèé âõîäíîé
ñèãíàë xi(t), i = 1, 2, ..., n+ 1.
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Ïîäñòàâëÿÿ φi(t) è xi(t), i = 1, 2, ..., n+1, â (4.1.45), ïðèõîäèì
ê ñèñòåìå óðàâíåíèé îòíîñèòåëüíî ai(t), i = 1, 2, ..., n+ 1,

an(t)φ
(n)
n+1(t)+an−1(t)φ

(n−1)
n+1 (t)+...+a0φn+1(t)=xn+1(t);

an(t)φ
(n)
n (t)+an−1(t)φ

(n−1)
n (t)+...+a0φn(t)=xn(t);
...

an(t)φ
(n)
1 (t)+an−1(t)φ

(n−1)
1 (t)+...+a0φ1(t)=x1(t);

(4.1.51)

Òàê êàê îïðåäåëèòåëü Âðîíñêîãî (4.1.49) ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé (4.1.51) îòëè÷åí îò íóëÿ, òî ðåøåíèå ñè-
ñòåìû (4.1.51) áóäåò îäíîçíà÷íûì è èìååò âèä:

a0(t) =

∣∣∣∣∣∣∣∣∣
φ
(n)
1 (t) φ

(n−1)
1 (t) · · · φ

′

1(t) x1(t)

φ
(n)
2 (t) φ

(n−1)
2 (t) · · · φ

′

2(t) x2(t)
· · ·

φ
(n)
n+1(t) φ

(n−1)
n+1 (t) · · · φ

′

n+1(t) xn+1(t)

∣∣∣∣∣∣∣∣∣
W (φ1(t), φ2(t), ..., φn+1(t))

,

a1(t) =

∣∣∣∣∣∣∣∣∣
φ
(n)
1 (t) φ

(n−1)
1 (t) · · · x1(t) φ1(t)

φ
(n)
2 (t) φ

(n−1)
2 (t) · · · x2(t) φ2(t)

· · ·
φ
(n)
n+1(t) φ

(n−1)
n+1 (t) · · · xn+1(t) φn+1(t)

∣∣∣∣∣∣∣∣∣
W (φ1(t), φ2(t), ..., φn+1(t))

,

· · ·

an(t) =

∣∣∣∣∣∣∣∣∣
x1(t) φ

(n−1)
1 (t) · · · φ

′

1(t) φ1(t)

x2(t) φ
(n−1)
2 (t) · · · φ

′

2(t) φ2(t)
· · ·

xn+1(t) φ
(n−1)
n+1 (t) · · · φ

′

n+1(t) φn+1(t)

∣∣∣∣∣∣∣∣∣
W (φ1(t), φ2(t), ..., φn+1(t))

. (4.1.52)

Ðàññìîòðèì ñëó÷àé, êîãäà â êà÷åñòâå ëèíåéíî íåçàâèñèìûõ
ôóíêöèé (4.1.48) âûñòóïàþò ôóíêöèè

y1(t) = 1(t), y2(t) = t, ..., yn+1(t) = tn. (4.1.53)
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Îòìåòèì, ÷òî îïðåäåëèòåëü Âðîíñêîãî W (y1(t), . . . , yn+1(t))
ñèñòåìû ôóíêöèé (4.1.53) îòëè÷åí îò íóëÿ. Ïîñòàâèì íàáîðó ôóíê-
öèé (4.1.53) â ñîîòâåòñòâèå ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

t∫
0

h(t, τ)x1(τ)dτ = 1(t),

...
t∫
0

h(t, τ)xk+1(τ)dτ = tk,

(4.1.54)

k = 1, 2, ..., n, èç êîòîðûõ îïðåäåëèì âõîäíûå ñèãíàëû x1(t), x2(t),
..., xn+1(t).

Ðåøàÿ ñèñòåìó (4.1.54), ïîëó÷àåì äëÿ êàæäîãî âûõîäíîãî ñèã-
íàëà yi(t) ñîîòâåòñòâóþùèé âõîäíîé ñèãíàë xi(t), i = 1, 2, ..., n+ 1.
Ïîäñòàâëÿÿ yi(t) è xi(t), i = 1, 2, ..., n + 1, â (4.1.45), ïðèõîäèì ê
ñèñòåìå óðàâíåíèé

an(t)δ
(n−1)(t) + an−1(t)δ

(n−2)(t) + ...+ a0(t) = x1(t);

an(t)δ
(n−2)(t) + an−1(t)δ

(n−3)(t) + ...+ a0(t)t = x2(t);
...

n!an(t)+n(n− 1)·...·2an−1(t)t+...+a0(t)t
n=xn+1(t),

(4.1.55)

ãäå δ(t) � äåëüòà-ôóíêöèÿ Äèðàêà.
Íàïîìíèì [60], ÷òî

d

dt
1(t) = δ(t),

d2

dt2
1(t) = δ′(t), . . . ,

dn

dtn
1(t) = δ(n−1)(t).

Ðàññìàòðèâàÿ δ(t) è åå ïðîèçâîäíûå ïðè t > 0, ïîëó÷èì

δ(t) = δ′(t) = ... = δ(n−1)(t) = 0, t > 0.

Òîãäà ïðè t > 0 ñèñòåìà óðàâíåíèé (4.1.55) ïðèìåò âèä
a0(t) = x1(t);

a1(t) = x2(t)− a0(t)t;
...;

an(t)=
1
n! (xn+1(t)−n (n− 1) ...·2an−1(t)t−...−a0(t)tn) .

(4.1.56)

Òàêèì îáðàçîì, ðàñïîëàãàÿ ôóíêöèåé h(t, τ), âû÷èñëÿåì êî-
ýôôèöèåíòû óðàâíåíèÿ (4.1.45).

Äîñòîèíñòâî äàííîãî ìåòîäà ñîñòîèò â òîì, ÷òî äëÿ îïðåäåëå-
íèÿ an(t), an−1(t), ..., a0(t) íå òðåáóåòñÿ ïîäàâàòü âõîäíûå ñèãíàëû è
ôèêñèðîâàòü îòêëèê ñèñòåìû íà ýòè âîçäåéñòâèÿ. Äîñòàòî÷íî çíàòü
èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ ñèñòåìû.

Ïðîèëëþñòðèðóåì ìåòîä íåñêîëüêèìè ïðèìåðàìè.
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Ïðèìåð 4.1.5. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíè-
åì ñ ïåðåìåííûìè êîýôôèöèåíòàìè:

t
dy

dt
+ (1 + 2t)y = x(t). (4.1.57)

Òðåáóåòñÿ îïðåäåëèòü ÈÏÔ ñèñòåìû (4.1.57).
Îòìåòèì, ÷òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ òàêîãî ïðåîá-

ðàçîâàòåëÿ èìååò âèä h(t, τ) = t−1e−2(t−τ), τ ≤ t.

Ðåøåíèå.Îïðåäåëèì âèðòóàëüíûå âõîäíûå ñèãíàëû x1(t), x2(t),
êîòîðûì ñîîòâåòñòâóþò âûõîäíûå ñèãíàëû

y1(t) =

{
1(t), t > 0,
0, t ≤ 0,

y2(t) =

{
t, t > 0,
0, t ≤ 0.

Èñêîìûå âõîäíûå ñèãíàëû x1(t), x2(t) ïîëó÷èì èç ðåøåíèÿ èí-
òåãðàëüíûõ óðàâíåíèé

y1(t) =

t∫
0

1

t
e−2(t−τ)x1(τ)dτ,

y2(t) =

t∫
0

1

t
e−2(t−τ)x2(τ)dτ,

êîòîðûå â äàííîì ñëó÷àå ïðåîáðàçóþòñÿ â ñèñòåìó óðàâíåíèé â
ñâåðòêàõ 

t =
t∫
0

e−2(t−τ)x1(τ)dτ,

t2 =
t∫
0

e−2(t−τ)x2(τ)dτ.

Ðåøàÿ åå îïåðàöèîííûì ìåòîäîì, ïðèõîäèì ê ñèñòåìå àëãåá-
ðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî èçîáðàæåíèé èñêîìûõ ôóíêöèé
X1(p), X2(p): 

X1(p)

p+ 2
=

1

p2
;

X2(p)

p+ 2
=

2

p3
.
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Ðåøåíèåì äàííîé ñèñòåìû ÿâëÿþòñÿ ôóíêöèè
X1(p) =

1

p
+

2

p2
,

X2(p) =
2

p2
+

4

p3
,

èõ îðèãèíàëû: {
x1(t) = 1 + 2t,
x2(t) = 2t+ 2t2.

Èñêîìûå êîýôôèöèåíòû óðàâíåíèÿ (4.1.57) íàéäåì èç ñèñòåìû
(4.1.56): a0(t) = 1 + 2t, a1(t) = t. Î÷åâèäíî, ÷òî îíè â òî÷íîñòè
ñîâïàäàþò ñ êîýôôèöèåíòàìè óðàâíåíèÿ (4.1.57).

Ïðèìåð 4.1.6. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíè-
åì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

d2y

dt2
+ 3

dy

dt
+ 2y = x(t). (4.1.58)

Ïðåäïîëîæèì, ÷òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ h(t, τ)
íåèçâåñòíà, à òàêæå, ÷òî çàðàíåå íåèçâåñòíî, ÿâëÿåòñÿ ïðåîáðàçîâà-
òåëü ñòàöèîíàðíûì èëè äèíàìè÷åñêèì. Ïîýòîìó èìïóëüñíóþ ïåðå-
õîäíóþ ôóíêöèþ áóäåì èñêàòü, ðàññìàòðèâàÿ ñàìûé îáùèé ñëó÷àé
äèíàìè÷åñêîé ñèñòåìû ñ ïåðåìåííûìè ïàðàìåòðàìè, ò.å. èñïîëüçóÿ
ìåòîä, îïèñàííûé â ðàçä. 2.5.

Ðåøåíèå. Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì{
x̂1(t) = 6et − 2t− 5, t ≥ 0,
x̂2(t) = et − 4t− 8, t ≥ 0.

(4.1.59)

Òîãäà âûõîäíûå ñèãíàëû ïðåîáðàçîâàòåëÿ (4.1.58) áóäóò èìåòü
âèä {

ŷ1(t) = et − t− 1;
ŷ2(t) = e2t − 2t− 1,

(4.1.60)

ïðè÷åì ŷ1(0) = ŷ′1(0) = 0; ŷ2(0) = ŷ2(0) = 0.
Èçîáðàæåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè áóäåì èñêàòü

â âèäå H(p, τ) = Ĥ(p)e−τq(p). Ôóíêöèè Ĥ(p), q(p) íàéäåì, ñëåäóÿ
ðàçä. 2.5, èç ðåøåíèÿ ñèñòåìû{

Ĥ(p)X̂1(q(p)) = Ŷ1(p),

Ĥ(p)X̂2(q(p)) = Ŷ2(p),
(4.1.61)
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ãäå X̂1(p), X̂2(p), Ŷ1(p), Ŷ2(p) � èçîáðàæåíèÿ ôóíêöèé x̂1(t), x̂2(t),
ŷ1(t), ŷ2(t).

Èç (4.1.59) è (4.1.60) èìååì
X̂1(p) =

6

p− 1
− 2

p2
− 5

p
=
p2 + 3p+ 2

p2(p− 1)
,

X̂2(p) =
12

p− 1
− 4

p2
− 8

p
=

4(p2 + 3p+ 2)

p2(p− 1)
;

(4.1.62)


Ŷ1(p) =

1

p− 1
− 1

p2
− 1

p
=

1

p2(p− 1)
,

Ŷ2(p) =
1

p− 2
− 2

p2
− 2

p
=

4

p2(p− 2)
.

(4.1.63)

Ïîäñòàâëÿÿ (4.1.62), (4.1.63) â (4.1.61), ïðèõîäèì ê ñèñòåìå
óðàâíåíèé 

Ĥ(p)
q2(p) + 3q(p) + 2

q2(p)(q(p)− 1)
=

1

p2(p− 1)
;

Ĥ(p)
4(q2(p) + 3q(p) + 2)

q2(p)(q(p)− 2)
=

4

p2(p− 2)
,

îòêóäà
q(p)− 1

q(p)− 2
=
p− 1

p− 2
.

Òàêèì îáðàçîì, q(p) = p è Ĥ(p) = 1
p2+3p+2 . Èçîáðàæåíèåì

èìïóëüñíîé ïåðåõîäíîé ôóíêöèè áóäåò ôóíêöèÿ

H(p, τ) =
e−τp

p2 + 3p+ 2
=

e−τp

p+ 1
− e−τp

p+ 2
;

åå îðèãèíàë, ïî êîòîðîìó âû÷èñëèì êîýôôèöèåíòû óðàâíåíèÿ (4.1.58),
ðàâåí h(t, τ) = e−(t−τ) − e−2(t−τ).

Âûáåðåì x1(t), x2(t), x3(t) òàê, ÷òîáû âûõîäíûå ñèãíàëû èìå-
ëè âèä

y1(t) =

{
1(t), t > 0;
0, t ≤ 0,

y2(t) =

{
t, t > 0;
0, t ≤ 0,
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y3(t) =

{
t2, t > 0;
0, t ≤ 0.

Ñèãíàëû x1(t), x2(t), x3(t) íàéäåì èç ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé â ñâåðòêàõ

t∫
0

(
e−(t−τ) − e−2(t−τ))x1(τ)dτ = 1(t);

t∫
0

(
e−(t−τ) − e−2(t−τ)) x2(τ)dτ = t;

t∫
0

(
e−(t−τ) − e−2(t−τ))x3(τ)dτ = t2.

Ðåøèâ, êàæäîå èç óðàâíåíèé äàííîé ñèñòåìûåå, îïåðàöèîí-
íûì ìåòîäîì, íàõîäèì èçîáðàæåíèÿ X1(p), X2(p), X3(p) èñêîìûõ
ôóíêöèé x1(t), x2(t), x3(t), êîòîðûå èìåþò âèä:

X1(p) = p+ 3 +
2

p
;

X2(p) = 1 +
3

p
+

2

p2
;

X3(p) =
2

p
+

6

p2
+

4

p3
,

òîãäà 
x1(t) = δ′(t) + δ(t) + 2,
x2(t) = δ(t) + 3 + 2t,
x3(t) = 2 + 6t+ 2t2.

Ðàññìàòðèâàÿ ïîëó÷åííûå ñèãíàëû x1(t), x2(t), x3(t) ïðè t > 0
è ó÷èòûâàÿ, ÷òî δ(t) = δ′(t) = ... = δ(n−1)(t) = 0 ïðè t > 0, ïîëó÷àåì
x1(t) = 2, x2(t) = 3 + 2t, x3(t) = 2 + 6t+ 2t2.

Èç ôîðìóëû (4.1.56) íàéäåì èñêîìûå êîýôôèöèåíòû a0(t)=2,
a1(t) = 3, a2(t) = 1; îíè â òî÷íîñòè ñîâïàäàþò ñ èñõîäíûìè â óðàâ-
íåíèè (4.1.58).

Çàìå÷àíèå 4.1.1. Åñëè èçâåñòíî, ÷òî ðàññìàòðèâàåòñÿ èçìåðè-
òåëüíûé ïðåîáðàçîâàòåëü (4.1.45) ñ ïîñòîÿííûìè êîýôôèöèåíòà-
ìè, òî ìåòîä ìîæíî ìîäèôèöèðîâàòü. Íàéäåì âõîäíîé ñèãíàë
x(t) èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ
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t∫
0

h(t− τ)x(τ)dτ = y(t), (4.1.64)

â êîòîðîì y(t) = tn. Òàê êàê
t∫
0

h(t − τ)x(τ)dτ =
t∫
0

h(τ)x(t − τ)dτ ,

òî î÷åâèäíî, ÷òî ðåøåíèåì óðàâíåíèÿ (4.1.64) áóäåò ìíîãî÷ëåí
ñòåïåíè íå âûøå n: x(t) = b0 + b1t+ b2t

2 + ...+ bnt
n.

Èç âèäà óðàâíåíèÿ (4.1.45) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
ñëåäóåò, ÷òî åñëè y(t) � ïîëèíîì ñòåïåíè n, òî x(t) òàêæå ïîëè-
íîì ñòåïåíè íå âûøå n. Òîãäà (4.1.45) ïðèìåò âèä

n!an+n(n−1)...2·1an−1t+...+na1t
n−1+a0t

n = b0+b1t+b2t
2+...+bnt

n,

îòñþäà, ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t, ïî-
ëó÷èì a0 = bn, a1 =

bn−1

n , . . . , an−1 =
b1

n(n−1)...2 , an =
b0
n! .

Ïðèâåäåì ïðèìåð, ó÷èòûâàþùèé çàìå÷àíèå. Ïðîäåìîíñòðè-
ðóåì âîññòàíîâëåíèå ïîñòîÿííûõ êîýôôèöèåíòîâ íà ïðèìåðå 4.1.6.
Âûøå áûëî ïîêàçàíî, ÷òî âõîäíîé ñèãíàë èçìåðèòåëüíîãî ïðåîá-
ðàçîâàòåëÿ (4.1.58) ïðè y(t) = t2 è h(t) = e−t − e−2t áóäåò ðàâåí
x(t) = 2+6t+2t2. Ñëåäîâàòåëüíî, (4.1.58) ïîñëå ïîäñòàíîâêè â íåãî
x(t) è y(t) ïðèìåò âèä 2a2 + 2a1t+ a0t

2 = 2 + 6t+ 2t2. Â ðåçóëüòàòå
ïîëó÷èì a0(t) = 2, a1(t) = 3, a2(t) = 1. Òàêèì îáðàçîì, äëÿ íàõîæ-
äåíèÿ ïàðàìåòðîâ èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè äîñòàòî÷íî îïðåäåëèòü òîëüêî îäèí âõîäíîé ñèã-
íàë èç ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (4.1.64) ñ ïîëèíîìèàëüíîé
ïðàâîé ÷àñòüþ.

Ðàññìîòðèì ñèòóàöèþ, êîãäà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
çàäàíà ñ ïîãðåøíîñòüþ. Èíòåðåñ ïðåäñòàâëÿþò äâà ñëó÷àÿ, êîãäà
ÈÑ îïðåäåëåíà óðàâíåíèÿìè (4.1.46) è (4.1.47). Ïðè äîñòàòî÷íî îá-
ùèõ ïðåäïîëîæåíèÿõ î ôóíêöèè h(t) óðàâíåíèå (4.1.47) îäíîçíà÷íî
ðàçðåøèìî ïðè ëþáîé ïðàâîé ÷àñòè. Â ÷àñòíîñòè, òàê áóäåò, åñëè
ôóíêöèÿ h(t) äèôôåðåíöèðóåìà.

Â îáùåì ñëó÷àå èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ h(t) ðåàëü-
íîé ÈÑ îïðåäåëÿåòñÿ ñ íåêîòîðîé ïîãðåøíîñòüþ ε. Ïðåäïîëîæèì,

÷òî ε = max
0≤τ≤t≤T

∣∣∣h̃(t)− h(t)
∣∣∣, ãäå h(t) è h̃(t) � èìïóëüñíûå ïåðåõîä-

íûå ôóíêöèè ðåàëüíîé ÈÑ è ïîëó÷åííîé ýêñïåðèìåíòàëüíî èëè òåî-
ðåòè÷åñêè ïðè èñïîëüçîâàíèè ñèãíàëîâ ñ ïîãðåøíîñòÿìè. Ïîëó÷èì
ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ ãn(t), ãn−1(t), ..., ã0(t) óðàâ-
íåíèÿ (4.1.45) è îöåíèì èõ ïîãðåøíîñòü, äëÿ ÷åãî ïîòðåáóåòñÿ íàé-
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òè ïîãðåøíîñòü îïðåäåëåíèÿ âèðòóàëüíûõ âõîäíûõ ñèãíàëîâ ÈÑ. Ñ
ýòîé öåëüþ ðàññìîòðèì òî÷íîå è ïðèáëèæåííîå èíòåãðàëüíûå óðàâ-
íåíèÿ

t∫
0

h(t− τ)x(τ)dτ = y(t);

t∫
0

h̃(t− τ)x̃(τ)dτ = y(t), (4.1.65)

ãäå h(t), h̃(t) � èìïóëüñíûå ïåðåõîäíûå ôóíêöèè, ñîîòâåòñòâåííî

òî÷íàÿ è èçâåñòíàÿ ñ ïîãðåøíîñòüþ ε; max
0≤t≤T

∣∣∣h(t)− h̃(t)
∣∣∣ = ε; x(t),

x̃(t) � âõîäíûå ñèãíàëû, y(t) � âûõîäíîé ñèãíàë, çíà÷åíèÿ êîòîðîãî
òî÷íî èçâåñòíû. Ïóñòü h(t) − íåïðåðûâíàÿ ôóíêöèÿ.

Ââåäåì îáîçíà÷åíèå ε0 = max
0≤t≤T

|x̃(t)− x(t)|. Èç (4.1.65) ñëåäóåò
óðàâíåíèå

t∫
0

h(t−τ) (x(τ)−x̃(τ)) dτ=
t∫

0

(
h̃(t−τ)−h(t−τ)

)
x̃(τ)dτ, (4.1.66)

êîòîðîå áóäåì èññëåäîâàòü â ïðîìåæóòêå [0, T ].
Âûøå áûëî ñäåëàíî ïðåäïîëîæåíèå î òîì, ÷òî óðàâíåíèå

Kx ≡
t∫

0

h(t− τ)x(τ)dτ = f(t) (4.1.67)

îäíîçíà÷íî ðàçðåøèìî ïðè ëþáîé ïðàâîé ÷àñòè. Áóäåì ðàññìàòðè-
âàòü óðàâíåíèå (4.1.67) â ïðîñòðàíñòâå C[0, T ] íåïðåðûâíûõ ôóíê-
öèé, îïðåäåëåííûõ íà ñåãìåíòå [0, T ]. Èçâåñòíî, ÷òî ïðîñòðàíñòâî
C[0, T ] ïîëíîå [118]. Èç óêàçàííîãî ïðåäïîëîæåíèÿ ñëåäóåò, ÷òî îïå-
ðàòîð K îòîáðàæàåò ïðîñòðàíñòâî C[0, T ] íà ïðîñòðàíñòâî C[0, T ].
Ñëåäîâàòåëüíî, ïî òåîðåìå Áàíàõà [118] îïåðàòîð K íåïðåðûâíî îá-
ðàòèì, ò.å. ñóùåñòâóåò íåïðåðûâíûé îãðàíè÷åííûé îïåðàòîð K−1 ñ
íîðìîé

∥∥K−1
∥∥ = C = const. Òîãäà èç (4.1.66) èìååì

ε0 = ∥x(t)− x̃(t)∥C[0,T ] ≤
≤
∥∥K−1

∥∥T max
0≤τ≤t≤T

∣∣∣h̃(t−τ)−h(t−τ)∣∣∣ max
0≤t≤T

|x̃(t)| ≤C0ε,

C0 =
∥∥K−1

∥∥T max
0≤τ≤t≤T

|x̃(t)| .
(4.1.68)

Èñïîëüçîâàíèå íåðàâåíñòâà ε0 ≤ C0ε âûçûâàåò çàòðóäíåíèÿ, òàê êàê
â îöåíêó êîíñòàíòû C0 âõîäèò ñîîòíîøåíèå ∥x̃(t)∥ = max

0≤τ≤t≤T
|x̃(t)|,
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íî ðåàëüíî íå îïðåäåëÿåòñÿ. Ïîýòîìó óñèëèì íåðàâåíñòâî (4.1.68).
Áóäåì ïîëàãàòü çíà÷åíèå ε äîñòàòî÷íî ìàëûì: T

∥∥K−1
∥∥ ε < 0, 5, è

çàïèøåì

ε0 ≤
∥∥K−1

∥∥T max
0≤τ≤t

|x̃(t)| ε ≤

≤
∥∥K−1

∥∥T (ε max
0≤τ≤t

|x̃(t)− x(t)|+ ε max
0≤τ≤t

|x(t)|
)

≤

≤
∥∥K−1

∥∥T (ε0ε+ ∥∥K−1
∥∥ ε max

0≤τ≤t
|y(t)|

)
.

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò

ε0 ≤
(
2
∥∥K−1

∥∥ max
0≤τ≤t≤T

|y(t)|
)
ε = Cε, (4.1.69)

ãäå C = 2
∥∥K−1

∥∥ max
0≤τ≤t≤T

|y(t)|, ò.å. êîíñòàíòà C âûðàæàåòñÿ ÷åðåç

ïàðàìåòðû ÈÑ è âûõîäíîãî ñèãíàëà y(t), êîòîðûé îïðåäåëÿåòñÿ çà-
ðàíåå è ÿâëÿåòñÿ êîíêðåòíîé âåùåñòâåííîé ôóíêöèåé.

Òàêèì îáðàçîì, óñòàíîâëåíà ñâÿçü ìåæäó ïîãðåøíîñòÿìè ε è
ε0 = max

0≤t≤T
|x̃(t)− x(t)|. Ïîñëåäíþþ, èñïîëüçîâàâ íåðàâåíñòâî Ãåëü-

äåðà [118], òàêæå ìîæíî âûðàçèòü â ìåòðèêå ïðîñòðàíñòâà L2 :

max
0≤t≤T

|x(t)− x̃(t)| ≤

≤
∥∥K−1

∥∥
C[0,T ]

max
0≤t≤T

 t∫
0

∣∣∣h̃(t−τ)−h(t−τ)∣∣∣2 dτ


1
2
 t∫

0

|x̃(τ)|2 dτ


1
2

,

(4.1.70)
ïðè÷åì ýòà îöåíêà èíîãäà ìîæåò îêàçàòüñÿ óäîáíåå.

Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà ÈÑ îïðåäåëåíà óðàâíåíèåì
(4.1.46). Â îáùåì ñëó÷àå èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ h(t, τ) ðå-
àëüíîé ÈÑ îïðåäåëÿåòñÿ ñ íåêîòîðîé ïîãðåøíîñòüþ. Ïðåäïîëîæèì,
÷òî

ε1 = max
0≤τ≤t≤T

∣∣∣h̃(t, τ)− h(t, τ)
∣∣∣ , ε2 = max

0≤τ≤t≤T

∣∣∣∣∣∂h̃(t, τ)∂t
− ∂h(t, τ)

∂t

∣∣∣∣∣ ,
ãäå h(t, τ) è h̃(t, τ) � èìïóëüñíûå ïåðåõîäíûå ôóíêöèè ÈÑ ñîîòâåò-
ñòâåííî ðåàëüíîé è ïîëó÷åííîé ýêñïåðèìåíòàëüíî èëè òåîðåòè÷åñêè
ïðè èñïîëüçîâàíèè ñèãíàëîâ ñ ïîãðåøíîñòÿìè.

229



Íàéäåì ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ ãn(t), ãn−1(t),
..., ã0(t) óðàâíåíèÿ (4.1.45) è îöåíèì âîçíèêàþùóþ ïðè ýòîì ïîãðåø-
íîñòü. Äëÿ åå îöåíêè ïîòðåáóåòñÿ èíôîðìàöèÿ î ïîãðåøíîñòè îïðå-
äåëåíèÿ âõîäíûõ ñèãíàëîâ, êîãäà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
èçâåñòíà ñ ïîãðåøíîñòÿìè ε1 è ε2. Ñ ýòîé öåëüþ ðàññìîòðèì èíòå-
ãðàëüíûå óðàâíåíèÿ

t∫
0

h(t, τ)x(τ)dτ = y(t);

t∫
0

h̃(t, τ)x̃(τ)dτ = y(t), (4.1.71)

ãäå h(t, τ), h̃(t, τ) − èìïóëüñíûå ïåðåõîäíûå ôóíêöèè, çíà÷åíèÿ êî-

òîðûõ è èõ ïðîèçâîäíûõ ∂h(t,τ)
∂t , ∂h̃(t,τ)∂t èçâåñòíû ñîîòâåòñòâåííî òî÷íî

è ñ ïîãðåøíîñòÿìè

ε1 = max
0≤τ≤t≤T

∣∣∣h(t, τ)− h̃(t, τ)
∣∣∣ ,

ε2 = max
0≤τ≤t≤T

∣∣∣∣∣∂h(t, τ)t
− ∂h̃(t, τ)

∂t

∣∣∣∣∣ ;
x(t) è x̃(t) � âõîäíûå ñèãíàëû ÈÑ ñ èìïóëüñíûìè ïåðåõîäíûìè
ôóíêöèÿìè, ñîîòâåòñòâåííî òî÷íîé è çàäàííîé ñ ïîãðåøíîñòÿìè ε1 è
ε2; y(t) � âûõîäíîé ñèãíàë ñèñòåìû ñ òî÷íî èçâåñòíûìè çíà÷åíèÿìè.

Ïîãðåøíîñòü îïðåäåëåíèÿ âõîäíûõ ñèãíàëîâ îöåíèì êàê

ε0 = max
0≤t≤T

|x̃(t)− x(t)| .

Èç (4.1.71) ñëåäóåò óðàâíåíèå

t∫
0

h(t, τ) (x(τ)− x̃(τ)) dτ =

t∫
0

(
h̃(t, τ)− h(t, τ)

)
x̃(τ)dτ, (4.1.72)

êîòîðîå áóäåì ðàññìàòðèâàòü â ïðîìåæóòêå [0, T ]. Âûøå áûëî ñäå-
ëàíî ïðåäïîëîæåíèå î òîì, ÷òî óðàâíåíèå

Kx ≡
t∫

0

h(t, τ)x(τ)dτ = f(t)

ðàçðåøèìî. Èçâåñòíî [52], ÷òî åñëè ôóíêöèÿ f(t) äèôôåðåíöèðóåìà
è h(t, τ) > 0, òî îïåðàòîð K, ïðèíàäëåæàùèé ïðîñòðàíñòâó C[0, T ]
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íåïðåðûâíûõ ôóíêöèé è äåéñòâóþùèé íà ïðîñòðàíñòâî C1[0, T ] íå-
ïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, èìååò îãðàíè÷åííûé îáðàò-
íûé îïåðàòîð K−1. Òîãäà èç (4.1.72) èìååì

∥x(t)− x̃(t)∥C[0,T ] ≤ C0 (ε1 + ε2) = C0ε, (4.1.73)

ãäå ε = ε1 + ε2;

C0 ≤
∥∥K−1

∥∥ (T + 1)

(
ε0 +

∥∥K−1
∥∥(max

0≤t≤T
|y(t)|+ max

0≤t≤T
|y′(t)|

))
.

Òàêèì îáðàçîì, èç (4.1.73) íàõîäèì

ε0 ≤
∥∥K−1

∥∥ (T + 1)

(
ε0 +

∥∥K−1
∥∥(max

0≤t≤T
|y(t)|+ max

0≤t≤T
|y′(t)|

))
ε,

è, ñëåäîâàòåëüíî, ïðè ε
∥∥K−1

∥∥ (T + 1) ≤ 0, 5 ïîëó÷àåì

ε0≤2
∥∥K−1

∥∥2 (T+1)

((
max
0≤t≤T

|y(t)|+ max
0≤t≤T

|y′(t)|
))

ε=Cε, (4.1.74)

ò. å. ïîãðåøíîñòü ε0 âûðàæàåòñÿ ÷åðåç íîðìó âûõîäíîãî ñèãíàëà
∥y(t)∥ = max

0≤t≤T
|y(t)| è åãî ïðîèçâîäíîé ∥y′(t)∥ = max

0≤t≤T
|y′(t)|.

Íàïîìíèì, ÷òî âûõîäíîé ñèãíàë â ïðåäëàãàåìîì ìåòîäå ÿâ-
ëÿåòñÿ âèðòóàëüíûì è èñïîëüçóåòñÿ òîëüêî â âû÷èñëåíèÿõ. Â ñâÿ-
çè ñ ýòèì â êà÷åñòâå âûõîäíûõ ñèãíàëîâ çàðàíåå áåðóòñÿ ôóíê-
öèè 1, t, ..., tn, ïðîèçâîäíûå êîòîðûõ íàõîäÿò àíàëèòè÷åñêè. Òàêèì
îáðàçîì, óñòàíîâëåíà ñâÿçü ìåæäó ïîãðåøíîñòüþ îïðåäåëåíèÿ èì-
ïóëüñíîé ïåðåõîäíîé ôóíêöèè h(t, τ) è ïîãðåøíîñòüþ

ε0 = max
0≤t≤T

|x̃(t)− x(t)| .

Íåðàâåíñòâà (4.1.69), (4.1.70), (4.1.74) âûðàæàþò îöåíêè ïî-
ãðåøíîñòåé âû÷èñëåíèÿ ôóíêöèé xi(t), i = 1, 2, ..., n + 1, èñïîëüçî-
âàâ êîòîðûå, ìîæíî îöåíèòü ïîãðåøíîñòü âîññòàíîâëåíèÿ êîýôôè-
öèåíòîâ ãn(t), ãn−1(t), . . . , ã0(t), îïðåäåëÿåìûõ ïî ôîðìóëàì

ã0(t) = x̃1(t); ã1(t) = x̃2(t)− ã0(t)t;
· · · ,

ãn(t) =
1
n! (x̃n+1(t)− n (n− 1) · ... · 2ãn−1(t)t− ...− ã0(t)t

n) ,

îòêóäà, à òàêæå èç (4.1.56), èìååì

|ak(t)− ãk(t)| =
= 1

k! |(xk+1(t)− x̃k+1(t))− k(k − 1)...2 (ak−1(t)− ãk−1(t)) t− ...
− (a0(t)− ã0(t)) t

k
∣∣ ≤

≤ ε
k!

(
C(yk+1) + k!C(yk)T + ...+ C(y1)T

k
)
, k = 0, 1, ..., n.
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Îòìåòèì, ÷òî â íåðàâåíñòâàõ (4.1.69), (4.1.74) êîíñòàíòà C çà-
âèñèò îò êîíêðåòíîé ôóíêöèè y(t). Çäåñü ïîä C(yi), i=1, 2, ..., n+ 1,
ïîíèìàþòñÿ êîíñòàíòû C, îïðåäåëÿåìûå íåðàâåíñòâîì (4.1.69) äëÿ
ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè, è íåðàâåíñòâîì (4.1.74) äëÿ ñèñòåì, îïèñû-
âàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ êîýôôèöèåíòàìè, çà-
âèñÿùèìè îò âðåìåíè, â ïðåäïîëîæåíèè, ÷òî âìåñòî ôóíêöèè y(t),
ôèãóðèðóþùåé â îöåíêàõ êîíñòàíò C â óêàçàííûõ ôîðìóëàõ, âçÿòû
ôóíêöèè yi(t), i = 1, 2, ..., n+ 1.

4.2. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

îäíîìåðíûõ äèñêðåòíûõ

äèíàìè÷åñêèõ ñèñòåì

Â äàííîì ðàçäåëå ïðåäëàãàåòñÿ ìåòîä ïàðàìåòðè÷åñêîé èäåí-
òèôèêàöèè äèíàìè÷åñêèõ ñèñòåì, ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ
îïèñûâàþòñÿ ðàçíîñòíûìè óðàâíåíèÿìè âèäà

an(k)y(k+n)+an−1(k)y(k + n− 1)+...+a0(k)y(k)=x(k),
k = 1, 2, . . . ,

(4.2.1)

ñ íà÷àëüíûìè óñëîâèÿìè

y(0) = 0, y(1) = 0, ..., y(n− 1) = 0, (4.2.2)

ãäå x(k) − âõîäíîé ñèãíàë, k = 1, 2, ...; y(k) − âûõîäíîé ñèãíàë,
k = 1, 2, ...; a0(k),a1(k),...,an(k); k = 1, 2, ... � êîýôôèöèåíòû ðàç-
íîñòíîãî óðàâíåíèÿ, êîòîðûå áóäåì ñ÷èòàòü ïàðàìåòðàìè ñèñòåìû,
ïîäëåæàùèå îïðåäåëåíïèþ.

Çàäà÷ó èäåíòèôèêàöèè ñèñòåì, îïèñûâàåìûõ óðàâíåíèÿìè âè-
äà (4.2.8), ìîæíî ðàññìàòðèâàòü ñ äâóõ ïîçèöèé.

Âî-ïåðâûõ, ñ ïîçèöèè îïðåäåëåíèÿ ÈÏÔ ïî çàäàííûì âõîäíûì
è ñîîòâåòñòâóþùèì âûõîäíûì ñèãíàëàì.

Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè äèñêðåòíûõ ñè-
ñòåì ðàññìîòðåíî â ðàçä. 2.5.2.1.

Âî-âòîðûõ, ñ ïîçèöèè îïðåäåëåíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ
(4.2.8), ÷òî ÿâëÿåòñÿ çàäà÷åé ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè äè-
íàìè÷åñêèõ ñèñòåì.
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4.2.1. Îïpåäåëåíèå êîýôôèöèåíòîâ pàçíîñòíûõ ópàâíåíèé
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Èçëîæåííûå â ïpåäûäóùåì ïàpàãpàôå ìåòîäû îïpåäåëåíèÿ
êîýôôèöèåíòîâ äèôôåpåíöèàëüíûõ ópàâíåíèé pàñïpîñòpàíÿþòñÿ è
íà ñèñòåìû pàçíîñòíûõ ópàâíåíèé. Äëÿ ïpîñòîòû îãpàíè÷èìñÿ pàñ-
ñìîòpåíèåì ñèñòåìû èç äâóõ ópàâíåíèé ñ äâóìÿ íåèçâåñòíûìè:

x1(n+ 1) = a11x1(n) + a12x2(n) + f1(n),
x2(n+ 1) = a21x1(n) + a22x2(n) + f2(n),

(4.2.3)

êîòîðàÿ ÿâëÿåòñÿ àíàëîãîì ñèñòåìû äèôôåpåíöèàëüíûõ ópàâíåíèé
(4.1.11), èññëåäîâàííîé â ïpåäûäóùåì ðàçäåëå. Çäåñü {x1(n), x2(n)},
n = 0, 1, . . . − âõîäíîé ñèãíàë; {f1(n), f2(n)}, n = 0, 1, . . ., − âûõîä-
íîé ñèãíàë.

Ñòàâèòñÿ çàäà÷à îïpåäåëåíèÿ êîýôôèöèåíòîâ {akl}, k, l = 1, 2.
Ïóñòü ôóíêöèÿ φ(k) îïpåäåëåíà ïpè 0 ≤ k ≤ N. ×åpåç φ(k)

îáîçíà÷èì ñóììó φ(k) =
N∑
l=k

φ(l). Ïîäàäèì íà âõîä ñèñòåìû (4.2.3)

âõîäíîé ñèãíàë x(k) = (x1(k), x2(k)) = (φ(k), 0).
Òîãäà âûõîäíîé ñèãíàë èìååò âèä{

f1(k) = φ(k + 1)− a11φ(k),
f2(k) = −a21φ(k).

(4.2.4)

Ïîäàäèì íà âõîä ñèñòåìû (4.2.3) âõîäíîé ñèãíàë

x(t) = (x1(t), x2(t)) = (φ(k), 0).

Âûõîäíîé ñèãíàë pàâåí
f 1(k) =

N∑
l=k+1

φ(l)− a11
N∑
l=k

φ(l),

f 2(k) = −a21
N∑
l=k

φ(l).

(4.2.5)

Ïpîñóììèpóåì ópàâíåíèå (4.2.4) ïî l â ïpåäåëàõ 0 ≤ l ≤ k− 1
k−1∑
l=0

f1(l) =
k−1∑
l=0

φ(l + 1)− a11
k−1∑
l=0

φ(l),

k−1∑
l=0

f2(l) = −a21
k−1∑
l=0

φ(l)

(4.2.6)

è ïî÷ëåííî ñëîæèì (4.2.6) è (4.2.5).
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Â påçóëüòàòå èìååì
f 1(k) +

k−1∑
l=0

f1(l) =
N∑
l=1

φ(l)− a11
N∑
l=0

φ(l),

f 2(k) +
k−1∑
l=0

f2(l) = −a21
N∑
l=0

φ(l).

(4.2.7)

Èç (4.2.7) ñëåäóåò, ÷òî ïpè
N∑
l=0

φ(l) ̸= 0 ñïpàâåäëèâû ôîpìóëû

a11 = −
f1(k)+

k−1∑
l=0

f1(l)−
N∑
l=1

φ(l)

N∑
l=0

φ(l)

,

a21 = −
f2(k)+

k−1∑
l=0

f2(l)

N∑
l=0

φ(l)

.

Êîýôôèöèåíòû a21 è a22 âû÷èñëÿþòñÿ àíàëîãè÷íî ïpè ïîäà÷å
íà âõîä ñèñòåìû âåêòîp - ôóíêöèè (0, φ(k)) è (0, φ(k)).

4.2.2. Îïðåäåëåíèå ïåðåìåííûõ êîýôôèöèåíòîâ
ðàçíîñòíûõ óðàâíåíèé

Ñóùåñòâóåò áîëüøîå ÷èñëî ôèçè÷åñêèõ è òåõíè÷åñêèõ çàäà÷,
ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ îïèñûâàþòñÿ ðàçíîñòíûìè óðàâ-
íåíèÿìè ñ ïåðåìåííûìè ïàðàìåòðàìè è ñèñòåìàìè òàêèõ óðàâíåíèé
(ñì. íàïðèìåð, [45, 74, 82]). Ïîìèìî ýòîãî, äàæå â òåõ ñëó÷àÿõ, êî-
ãäà èññëåäóåòñÿ íåïðåðûâíàÿ âî âðåìåíè ñèñòåìà, åå ìàòåìàòè÷å-
ñêàÿ ìîäåëü âî ìíîãèõ ñëó÷àÿõ îïèñûâàåòñÿ äèñêðåòíûìè ñèñòåìà-
ìè óðàâíåíèé, òàê êàê âõîäíûå è âûõîäíûå ñèãíàëû ñèñòåìû èçìå-
ðÿþòñÿ íà êîíå÷íûõ ñåòêàõ óçëîâ.

Â äàííîì ðàçäåëå ïðåäëàãàåòñÿ ìåòîä èäåíòèôèêàöèè äèíà-
ìè÷åñêèõ õàðàêòåðèñòèê ñèñòåì, ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ
îïèñûâàþòñÿ ðàçíîñòíûìè óðàâíåíèÿìè âèäà

an(k)y(k + n) + an−1(k)y(k + n− 1) + ...+ a0(k)y(k) = x(k),
k = 0, 1, . . . ,

(4.2.8)
ñ íà÷àëüíûìè óñëîâèÿìè

y(0) = 0, y(1) = 0, ..., y(n− 1) = 0, (4.2.9)

ãäå x(k), k = 0, 1, 2, ..., � âõîäíîé ñèãíàë; y(k), k = 0, 1, 2, ..., � âûõîä-
íîé ñèãíàë ñèñòåìû (4.2.8) ñ íà÷àëüíûìè óñëîâèÿìè (4.2.9); a0(k),
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a1(k),...,an(k), k = 0, 1, 2, ..., � êîýôôèöèåíòû ðàçíîñòíîãî óðàâíå-
íèÿ, êîòîðûå ÿâëÿþòñÿ ïàðàìåòðàìè ñèñòåìû.

Â ïðîáëåìå èäåíòèôèêàöèè ñèñòåì, îïèñûâàåìûõ óðàâíåíèÿ-
ìè âèäà (4.2.8), ìîæíî âûäåëèòü äâå çàäà÷è, êàæäàÿ èç êîòîðûõ
èìååò ñàìîñòîÿòåëüíûé èíòåðåñ:

1) çàäà÷ó îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ïî çà-
äàííûì âõîäíûì è ñîîòâåòñòâóþùèì âûõîäíûì ñèãíàëàì. Ìåòîäû
îïðåäåëåíèÿ ÈÏÔ äèñêðåòíûõ ñèñòåì áûëè ðàññìîòðåíû â ðàçä.
2.5.2.1

2) çàäà÷ó îïðåäåëåíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ (4.2.8), ÷òî
ÿâëÿåòñÿ çàäà÷åé ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ñèñòåì.

Ìåòîäàì èäåíòèôèêàöèè ïàðàìåòðîâ äèíàìè÷åñêèõ ñèñòåì,
îïèñûâàåìûõ ðàçíîñòíûìè óðàâíåíèÿìè ñ ïîñòîÿííûìè êîýôôèöè-
åíòàìè, ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà. Îñíîâíûå ìåòîäû ïðåä-
ñòàâëåíû â êíèãàõ [14, 120]. Òàì æå èìåþòñÿ îáøèðíûå áèáëèîãðà-
ôèè.

Èäåíòèôèêàöèÿ äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì (â òîì ÷èñ-
ëå è ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ) ÿâëÿåòñÿ àêòóàëüíîé òåîðå-
òè÷åñêîé è ïðèêëàäíîé ïðîáëåìîé.

Â äàííîì ðàçäåëå ïðåäëîæåíû ìåòîäû ïàðàìåòðè÷åñêîé èäåí-
òèôèêàöèè ñèñòåì, ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ ÿâëÿþòñÿ ðàç-
íîñòíûìè óðàâíåíèÿìè ñ ïîñòîÿííûìè è ïåðåìåííûìè êîýôôèöè-
åíòàìè.

Ïîñòàíîâêà çàäà÷è. Çíàÿ èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ
äèíàìè÷åñêîé ñèñòåìû, îïèñûâàåìîé ðàçíîñòíûì óðàâíåíèåì

an(k)y(k+n)+ an−1(k)y(k+n− 1)+ ...+ a0(k)y(k) = x(k), (4.2.10)

òðåáóåòñÿ îïðåäåëèòü êîýôôèöèåíòû a0(k), ..., an(k), k=0, 1, 2, ...
Çäåñü x(k), k = 0, 1, 2, ..., � âõîäíîé ñèãíàë, y(k), k = 0, 1, 2, ..., �
âûõîäíîé ñèãíàë.

Çàìå÷àíèå 4.2.1. Èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ ìîæåò áûòü
îïðåäåëåíà ìåòîäîì, ïðèâåäåííûì â ïðåäûäóùåì ïàðàãðàôå.

Ðåøåíèå. Äëÿ óðàâíåíèÿ (4.2.10) ðàññìîòðèì ýêâèâàëåíòíîå
ðàçíîñòíîå óðàâíåíèå

bn(k)∆
ny(k) + bn−1(k)∆

n−1y(k) + ...+ b0(k)y(k) = x(k), (4.2.11)

235



ãäå ∆ny(k) åñòü ðàçíîñòü n-ãî ïîðÿäêà:

∆y(k) = y(k + 1)− y(k),
∆2y(k) = ∆(∆y(k + 1)−∆y(k)) = y(k + 2)− 2y(k + 1) + y(k),

...

∆ny(k) = ∆(∆n−1y(k + 1)−∆y(k)) =
n∑

m=0
(−1)n−mCm

n y(k +m).

Ñëåäóÿ [61], ìîæíî ïîêàçàòü, ÷òî êîýôôèöèåíòû óðàâíåíèé
(4.2.10) è (4.2.11) ñâÿçàíû ñîîòíîøåíèåì

an(k)=bn(k),

an−1(k)=C
n−1
n−1bn−1(k)−Cn−1

n bn(k)=bn−1(k)−nbn(k),
...

a0(k)=b0(k)−b1(k)+b2(k)−...+(−1)nbn(k)=

=
n∑

m=0
(−1)mbm(k).

(4.2.12)

Ïîýòîìó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ a0(k), a1(k), ..., an(k),
k = 0, 1, 2, ..., óðàâíåíèÿ (4.2.10) äîñòàòî÷íî íàéòè êîýôôèöèåíòû
b0(k), b1(k), ..., bn(k), k = 0, 1, 2, ..., óðàâíåíèÿ (4.2.11).

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ b0(k),b1(k),...,bn(k), k = 0,
1, 2, ... óðàâíåíèÿ (4.2.11) ïî èçâåñòíîé èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè g(k, l) íàéäåì âèðòóàëüíûå âõîäíûå ñèãíàëû xi(k), k =
0, 1, 2, ..., i = 1, 2, ..., n+ 1, òàêèå, ÷òîáû èì ñîîòâåòñòâîâàëè âûõîä-
íûå ñèãíàëû

yi(k) = k(i−1), i = 1, ..., n+ 1,

ò.å. y1(k) = k(0), y2(k) = k(1), . . . , yn+1(k) = k(n), (4.2.13)

ãäå

k(0) = 1(k) =

{
1 ïðè k ≥ 0,
0 ïðè k < 0,

k(1) =

{
k ïðè k ≥ 0,
0 ïðè k < 0,

k(2) =

{
k(k − 1) ïðè k ≥ 1,

0 ïðè k < 1,
...

k(n) =

{
k(k − 1)...(k − n+ 1) ïðè k ≥ n,

0 ïðè k < n
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åñòü îáîáùåííûå ñòåïåííûå ôóíêöèè [61, 119], êîòîðûå óäîâëåòâî-
ðÿþò óñëîâèÿì

∆k(n) = nk(n−1),

∆2k(n) = n(n− 1)k(n−2),
· · ·

∆nk(n) = n!k(0) = n!1(k),

∆n+1k(n) = 0, ïðè k > 0.

(4.2.14)

Èñïîëüçóÿ èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(k, l), ïðåäñòà-
âèì êàæäûé èç âûõîäíûõ ñèãíàëîâ (4.2.13) â âèäå óðàâíåíèé:

y1(k) =
k∑
l=0

g(k, l)x1(l),

y2(k) =
k∑
l=0

g(k, l)x2(l),

...

yn+1(k) =
k∑
l=0

g(k, l)xn+1(l).

(4.2.15)

Èç ðåøåíèÿ óðàâíåíèé (4.2.15) (â ïðåäïîëîæåíèè, ÷òî g(k, l)̸=0
ïðè k ≥ l) ïîëó÷èì ïîñëåäîâàòåëüíîñòè âèðòóàëüíûõ âõîäíûõ ñèã-
íàëîâ xi(k), k = 0, 1, 2, ..., i = 1, 2, ..., n + 1, äëÿ êàæäîé çàäàííîé
ïîñëåäîâàòåëüíîñòè âûõîäíûõ ñèãíàëîâ (4.2.13).

Ðàñïîëàãàÿ çíà÷åíèÿìè xi(k), i = 1, 2, ..., n + 1, k = 0, 1, ...,
íàõîäèì

b0(k) = x1(k),

b1(k) = x2(k)− b0(k)k
(1),

b2(k) =
1

2!

(
x3(k)− 2b1(k)k

(1) − b0(k)k
(2)
)
,

...

bn(k) =
1

n!

(
xn+1(k)− n(n− 1) · · · · · 2bn−1(k)k

(1)− ...−

− b1(k)nk
(n−1) − b0(k)k

(n)
)
.

Çíà÷åíèÿ èñêîìûõ êîýôôèöèåíòîâ èñõîäíîãî ðàçíîñòíîãî óðàâ-
íåíèÿ (4.2.10) íàéäåì èç ñîîòíîøåíèé (4.2.12).

Äîñòîèíñòâî ïðåäëîæåííîãî ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî
ïðè èçâåñòíîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ñèñòåìû äëÿ âîññòà-
íîâëåíèÿ êîýôôèöèåíòîâ ðàçíîñòíîãî óðàâíåíèÿ íå òðåáóåòñÿ ïðî-
âîäèòü ðåàëüíûå èñïûòàíèÿ.
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Ïðèâåäåì ïðèìåð èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè, â êîòîðîì èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
îïðåäåëÿåòñÿ àíàëèòè÷åñêè.

Ïðèìåð 4.2.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, îïè-
ñûâàåìûé ðàçíîñòíûì óðàâíåíèåì

a1(k)y(k + 1) + a0(k)y(k) = x(k) (4.2.16)

ñ íà÷àëüíûì óñëîâèåì
y(0) = 0. (4.2.17)

Ïóñòü òî÷íûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ñèñòåìû (4.2.16)
áóäóò a1(k) = 3, a0(k) = −2.

Ðåøåíèå. Âîçüìåì âõîäíûå ñèãíàëû:

x1(k) = k + 3, x2(k) = 4 · 2k − 1; (4.2.18)

èì ñîîòâåòñòâóþò âûõîäíûå ñèãíàëû, óäîâëåòâîðÿþùèå íà÷àëüíûì
óñëîâèÿì (4.2.17):

y1(k) = k, y2(k) = 2k − 1. (4.2.19)

1. Âíà÷àëå íàéäåì ÈÏÔ g(k, l), k = 0, 1, 2, ...; l = 0, 1, ..., ïðå-
îáðàçîâàòåëÿ (4.2.16), êîòîðàÿ îïðåäåëÿåòñÿ âûðàæåíèåì

y(k) =
∞∑
l=0

g(k, l)x(l), k = 0, 1, 2, ... (4.2.20)

Ïðåäïîëîæèì, ÷òî Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè {g(k, l)},
k = 0, 1, 2, ...; l = 0, 1, ... ïî ïåðåìåííîé k óäîâëåòâîðÿåò óñëîâèþ

G(z, l) = Ĝ(z) [q(z)]−l , (4.2.21)

ãäå Ĝ(z), q(z) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè, êîòîðûå ïîäëå-
æàò îïðåäåëåíèþ. Äëÿ îïðåäåëåíèÿ Ĝ(z), q(z) ïðèìåíèì Z-ïðåîá-
ðàçîâàíèå ê óðàâíåíèþ (4.2.20) äëÿ êàæäîé ïàðû âõîäíûõ (4.2.18)
è âûõîäíûõ (4.2.19) ñèãíàëîâ. Ïðè óñëîâèè (4.2.21) íà îñíîâàíèè
(2.5.90), (2.5.93) ïîëó÷èì ñèñòåìó óðàâíåíèé{

Ĝ(z)X1 (q(z)) = Y1(z),

Ĝ(z)X2 (q(z)) = Y2(z).
(4.2.22)

Íàéäåì Z-ïðåîáðàçîâàíèå âõîäíûõ ñèãíàëîâ (4.2.18):

X1(z) = z
3z − 2

(z − 1)2
, X2(z) = z

3z − 2

(z − 1) (z − 2)
.
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Èçîáðàæåíèÿìè âûõîäíûõ ñèãíàëîâ (4.2.19) áóäóò ôóíêöèè:

Y1(z) = z
1

(z − 1)2
, Y2(z) = z

1

(z − 1) (z − 2)
.

Òîãäà ñèñòåìà óðàâíåíèé (4.2.22) ïðèìåò âèä
Ĝ(z)q(z)

3q(z)− 2

(q(z)− 1)2
= z

1

(z − 1)2
,

Ĝ(z)q(z)
3q(z)− 2

(q(z)− 1) (q(z)− 2)
= z

1

(z − 1) (z − 2)
.

Èç ýòîé ñèñòåìû íàõîäèì q(z) = z è Ĝ(z) =
1

3z − 2
. Òîãäà

G(z, l)=
1

3z − 2
z−l è ïî òåîðåìå ñìåùåíèÿ Z−1 [G(z, l)] =g(k − l).

Çäåñü g(k) = Z−1
[
Ĝ(z)

]
= Z−1

[
1

3z−2

]
.

Íàéäåì Z−1
[
Ĝ(z)

]
; äëÿ ýòîãî ðàçëîæèì Ĝ(z) â ðÿä Ëîðàíà â

îêðåñòíîñòè z = ∞. Èìååì

1

3z − 2
=

1

3z

(
1

1− 2
3z

)
=

=
1

3z

(
1 +

2

3
z−1+

(
2

3

)2

z−2+...+

(
2

3

)n
z−n+...

)
=

=
1

3
z−1 +

1

3

2

3
z−2 +

1

3

(
2

3

)2

z−2 + ...+
1

3

(
2

3

)n
z−n + ...

Îòñþäà íàõîäèì ÷ëåíû ïîñëåäîâàòåëüíîñòè g(k), k = 0, 1, 2, ...

g(0) = 0, g(1) =
1

3
, g(2) =

1

3

(
2

3

)
, ..., g(k) =

1

3

(
2

3

)k−1

, ...

Òîãäà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ èìååò âèä

g(k, l) = g(k − l) =

{
0 ïðè k = l,

1
3

(
2
3

)k−l−1
ïðè k > l,

(4.2.23)

è, ñëåäîâàòåëüíî,

y(k) =


0 ïðè k = 0,

1

3

k−1∑
l=0

(
2

3

)k−l−1

x(l) ïðè k = 1, 2, ...
(4.2.24)
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2. Òåïåðü, çíàÿ ÈÏÔ g(k, l) = g(k−l), îïðåäåëÿåìóþ ôîðìóëîé
(4.2.23), íàéäåì êîýôôèöèåíòû óðàâíåíèÿ (4.2.16).

Äëÿ ýòîãî âìåñòî óðàâíåíèÿ (4.2.16) ðàññìîòðèì óðàâíåíèå

b1(k)∆y(k) + b0(k)y(k) = x(k). (4.2.25)

Êîýôôèöèåíòû óðàâíåíèé (4.2.16), (4.2.25) ñâÿçàíû ñîîòíîøå-
íèÿìè

a1 = b1, a0 = b0 − b1. (4.2.26)

Íàéäåì òàêèå ðåøåíèÿ xi(k), i = 1, 2 (âèðòóàëüíûå âõîäíûå
ñèãíàëû) óðàâíåíèé (4.2.20), ÷òîáû èì ñîîòâåòñòâîâàëè âûõîäíûå
ñèãíàëû yi(k), i = 12:

y1(k) =

{
0 ïðè k = 0,

k(0) = 1 ïðè k > 0,

y2(k) =

{
0 ïðè k = 0,

k(1) = k ïðè k > 0.

(4.2.27)

Â ðåçóëüòàòå ïîëó÷èì äâà óðàâíåíèÿ:

1 =
1

3

k−1∑
l=0

(
2

3

)k−l−1

x1(l) è k =
1

3

k−1∑
l=0

(
2

3

)k−l−1

x2(l),

k = 1, 2, ....

(4.2.28)

Íàéäåì ðåøåíèÿ óðàâíåíèé ïðè ïîìîùè Z-ïðåîáðàçîâàíèÿ;
ïðè ýòîì ïåðâîå óðàâíåíèå â (4.2.28) ïðèìåò âèä

z

z − 1
=

1

3

z

z − 2
3

X1(z).

Îòñþäà X1(z) =
3z − 2

z − 1
; ðàçëàãàÿ â ðÿä Ëîðàíà, ïîëó÷èì

X1(z) = 3 + z−1 + z−2 + ...+ z−k + ...

Ðåøåíèåì ïåðâîãî óðàâíåíèÿ (4.2.28) áóäåò ïîñëåäîâàòåëüíîñòü

x1(k) =

{
3 ïðè k = 0,
1 ïðè k > 0.

(4.2.29)

Àíàëîãè÷íî íàõîäèì ðåøåíèå âòîðîãî óðàâíåíèÿ èç (4.2.28):

x2(k) = k + 3. (4.2.30)

Ïîäñòàâëÿÿ (4.2.27), (4.2.29), (4.2.30) â (4.2.25), ïðè k > 0 ïî-
ëó÷èì ñèñòåìó óðàâíåíèé
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{
b0(k) = 1,

b1(k) + b0(k)k = k + 3,
k = 1, 2, ...

Îòñþäà b0(k) = 1, b1(k) = 3, k = 1, 2, ... Èñïîëüçóÿ ñîîòíîøå-
íèå (4.2.26), íàéäåì êîýôôèöèåíòû a0(k), a1(k):{

a1(k) = b1(k) = 3,
a0(k) = b0(k)− b1(k) = −2.

Ñëåäîâàòåëüíî, êîýôôèöèåíòû óðàâíåíèÿ (4.2.16) ðàâíû a0(k)=−2,
a1(k)=3 è ñîâïàäàþò ñ òî÷íûìè çíà÷åíèÿìè.

Âòîðîé ìåòîä îïðåäåëåíèÿ êîýôôèöèåíòîâ. Ïóñòü èçâåñòíà
èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(k, l), k = 0, 1, 2, ...; l = 0, 1, ..., ñè-
ñòåìû (4.2.8). Âûáèðàÿ âõîäíûå âèðòóàëüíûå ñèãíàëû x1(k), x2(k),
..., xn+1(k), êîòîðûå ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè ôóíêöèÿìè,
îïðåäåëèì ñîîòâåòñòâóþùèå âûõîäíûå âèðòóàëüíûå ñèãíàëû y1(k),
y2(k), ..., yn+1(k):

y1(k) =
k∑
l=0

g(k, l)x1(l),

y2(k) =
k∑
l=0

g(k, l)x2(l),

...

yn+1(k) =
k∑
l=0

g(k, l)xn+1(l).

(4.2.31)

Ïîäñòàâëÿÿ x1(k), x2(k), ..., xn+1(k) è ñîîòâåòñòâóþùèå âûõîä-
íûå ñèãíàëû (4.2.31) â óðàâíåíèå (4.2.8), ïðèõîäèì ê ñèñòåìå ëèíåé-
íûõ óðàâíåíèé


an(k)y1(k + n) + ...+ a0(k)y1(k) = x1(k),
an(k)y2(k + n) + +...+ a0(k)y2(k) = x2(k),

...

an(k)yn+1(k + n) + ...+ a0(k)yn+1(k) = xn+1(k).

(4.2.32)

Ðåøàÿ ñèñòåìó (4.2.32), íàõîäèì èñêîìûå êîýôôèöèåíòû a0(k),
a1(k), ..., an(k); k = 1, 2, ...

Ðàññìîòðèì ïðåäûäóùèé ïðèìåð. Ïóñòü èçâåñòíà èìïóëüñíàÿ
ïåðåõîäíàÿ ôóíêöèÿ ñèñòåìû (4.2.16). Ïîäàâàÿ íà âõîä ñèñòåìû
(4.2.16) âèðòóàëüíûå ñèãíàëû x1(k) = k+3, x2(k) = 4·2k−1 è èñïîëü-
çóÿ (4.2.24), ïîëó÷èì âûõîäíûå ñèãíàëû y1(k) = k, y2(k) = 2k − 1.
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Â ýòîì ñëó÷àå ñèñòåìà (4.2.32) ïðèìåò âèä{
(k + 1) a1 + ka0 = k + 3,(

2k+1 − 1
)
a1 +

(
2k − 1

)
a0 = 4 · 2k − 1.

Îòêóäà ïîëó÷èì a0(k) = −2, a1(k) = 3, ÷òî ñîâïàäàåò ñ òî÷-
íûìè çíà÷åíèÿìè. Îòìåòèì, ÷òî â ñëó÷àå îäíîçíà÷íîé ðàçðåøèìî-
ñòè ñèñòåìû óðàâíåíèé (4.2.32) äàííûé ìåòîä îêàçûâàåòñÿ áîëåå
ïðàêòè÷íûì, òàê êàê íå ïðèõîäèòñÿ ðåøàòü ñîâîêóïíîñòü óðàâíå-
íèé (4.2.15).

Ïðèìåð 4.2.2. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, îïè-
ñûâàåìûé ðàçíîñòíûì óðàâíåíèåì

a1(k)y(k + 1) + a0(k)y(k) = x(k) (4.2.33)

ïðè íà÷àëüíîì çíà÷åíèè
y(0) = 0. (4.2.34)

Ïóñòü òî÷íûìè çíà÷åíèÿìè êîýôôèöèåíòîâ ñèñòåìû (4.2.33)
áóäóò

a1(k) =

{
1 ïðè k = 0,

k ïðè k = 1, 2, ...,
a0(k) = 2 ïðè k = 0, 1, 2, ... (4.2.35)

Ïîñòàíîâêà çàäà÷è. Ïóñòü èçâåñòíû:
1) çíà÷åíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ (4.2.33) ïðè k = 0:

a0(0) = 2, a1(0) = 1,
2) âõîäíûå ñèãíàëû:

x1(k) =

{
1 ïðè k = 0,

k + 2 ïðè k = 1, 2, ...;

x2(k) =

{
1 ïðè k = 0,

k2 + 3k ïðè k = 1, 2, ...
(4.2.36)

è ñîîòâåòñâóþùèå âûõîäíûå ñèãíàëû èçìåðèòåëüíîãî ïðåîáðàçîâà-
òåëÿ (4.2.33):

y1(k) =

{
0 ïðè k = 0,

1 ïðè k = 1, 2, ...;
y2(k) = k ïðè k = 1, 2, ... (4.2.37)

Òðåáóåòñÿ îïðåäåëèòü çíà÷åíèÿ êîýôôèöèåíòîâ a0(k), a1(k),
k = 1, 2, ..., èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (4.2.33).
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Ðåøåíèå. Îïðåäåëåíèå êîýôôèöèåíòîâ áóäåì ïðîâîäèòü â
äâà ýòàïà.

Ïåðâûé ýòàï. Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè
g(k, l) èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ (4.2.33).

Âòîðîé ýòàï. Ïî íàéäåííîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè
îïðåäåëèì çíà÷åíèÿ êîýôôèöèåíòîâ a0(k), a1(k), k = 1, 2, ...

Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè.
Èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ g(k, l), k, l = 0, 1, 2, ..., ñèñòå-

ìû (4.2.33) ñ ó÷åòîì ôèçè÷åñêîé ðåàëèçóåìîñòè è íà÷àëüíûõ óñëî-
âèé (4.2.34) îïðåäåëÿåòñÿ âûðàæåíèåì

y(k) =


0 ïðè k = 0,

k∑
l=0

g(k, l)x(l) ïðè k = 1, 2, ...
(4.2.38)

Ïðåäïîëîæèì, ÷òî Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè {g(k, l)},
k, l=0, 1, 2, ..., ïî ïåðåìåííîé k óäîâëåòâîðÿåò óñëîâèþ

G(z, l) = Ĝ(z) [q(z)]−l , (4.2.39)

ãäå Ĝ(z), q(z) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè, êîòîðûå ïîäëå-
æàò îïðåäåëåíèþ. Äëÿ îïðåäåëåíèÿ Ĝ(z), q(z) ïðèìåíèì Z-ïðåîá-
ðàçîâàíèå ê óðàâíåíèþ (4.2.38) äëÿ êàæäîé ïàðû âõîäíûõ (4.2.36)
è âûõîäíûõ (4.2.37) ñèãíàëîâ. Ïðè óñëîâèè (4.2.39) íà îñíîâàíèè
(2.5.90) ïîëó÷èì ñèñòåìó óðàâíåíèé{

Ĝ(z)X1 (q(z)) = Y1(z),

Ĝ(z)X2 (q(z)) = Y2(z).
(4.2.40)

Íàéäåì Z-ïðåîáðàçîâàíèå âõîäíûõ ñèãíàëîâ (4.2.36):

X1(z) =
2z(2z − 1)

(z − 1)3
, X2(z) =

z(2z − 1)

(z − 1)2
.

Èçîáðàæåíèÿìè âûõîäíûõ ñèãíàëîâ (4.2.37) áóäóò ôóíêöèè:

Y1(z) =
z

(z − 1)2
, Y2(z) =

z

z − 1
.

Òîãäà ñèñòåìà óðàâíåíèé (4.2.40) ïðèìåò âèä
Ĝ(z)

2q(z)(2q(z)− 1)

(q(z)− 1)3
=

z

(z − 1)2
,

Ĝ(z)
q(z)(2q(z)− 1)

(q(z)− 1)2
=

z

(z − 1)
.
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Åå ðåøåíèÿìè ÿâëÿþòñÿ ôóíêöèè

q(z) = 2z − 1 è Ĝ(z) =
4z(z − 1)

8z2 − 10z + 3
.

Òîãäà G(z, l) =
4z(z − 1)

8z2 − 10z + 3
(2z − 1)−l.

Ìîæíî ïîêàçàòü, ÷òî èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ èìååò
âèä

g(k, l) =



0, k = l = 0,

(
1
2

)k − 1
2

(
3
4

)k
, l = 0,

(
1
2

)k
(k + 1)−

(
3
4

)k
, l = 1,

C2
k−1

(
1
2

)k
+
(
1
2

)k
(2k + 1)− 2

(
3
4

)k
, l = 2,

(
2C2

k−1 + C3
k−1

) (
1
2

)k
+

+3
(
1
2

)k
(k+1)−4

(
3
4

)k
,

l=3,

(
3
l−2∑
j=2

2j−2C l−j
k−1+2C l−1

k−1+C
l
k−1

)(
1
2

)k
+

+3 · 2l−3
(
1
2

)k
(k+1)−2l−1

(
3
4

)k
,

l≥4.

(4.2.41)

Òàêèì îáðàçîì, ñâÿçü ¾âõîä � âûõîä¿, èçìåðèòåëüíîãî ïðåîá-
ðàçîâàòåëÿ (4.2.33) ìîæíî çàïèñàòü â âèäå

y(k) =
k∑
l=0

g(k, l)x(l). (4.2.42)

Îòìåòèì, ÷òî âûõîäíîé ñèãíàë y(k), îïðåäåëÿåìûé âûðàæå-
íèåì (4.2.42) ñ èìïóëüñíîé ïåðåõîäíîé ôóíêöèåé (4.2.41), ïðè k = 0
èìååò çíà÷åíèå y(0) = 0, ò. å. óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì
(4.2.34).

Îïðåäåëåíèå êîýôôèöèåíòîâ
Òåïåðü, çíàÿ èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ g(k, l), îïðå-

äåëèì êîýôôèöèåíòû óðàâíåíèÿ (4.2.33).
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Äëÿ ýòîãî âìåñòî óðàâíåíèÿ (4.2.33) ðàññìîòðèì óðàâíåíèå

b1(k)∆y(k) + b0(k)y(k) = x(k). (4.2.43)

Êîýôôèöèåíòû óðàâíåíèé (4.2.33), (4.2.43) ñâÿçàíû ñîîòíîøå-
íèÿìè

a1 = b1, a0 = b0 − b1. (4.2.44)

Èñïîëüçóÿ ñâÿçü âõîä�âûõîä, êîòîðàÿ îïðåäåëÿåòñÿ ôîðìóëîé
(4.2.42) ñ èìïóëüñíîé ïåðåõîäíîé ôóíêöèåé (4.2.41), íàéäåì òàêèå
âõîäíûå ñèãíàëû xi(k), i = 1, 2, ÷òîáû èì ñîîòâåòñòâîâàëè âûõîäíûå
ñèãíàëû

y1(k) =

{
0 ïðè k = 0,

k(0) = 1 ïðè k > 0,

y2(k) =

{
0 ïðè k = 0,

k(1) = k ïðè k > 0.

(4.2.45)

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

1 =
k∑
l=0

g(k, l)x1(l), k =
k∑
l=0

g(k, l)x2(l), k = 1, 2, ... (4.2.46)

Ðåøåíèåì ñèñòåìû óðàâíåíèé (4.2.46) áóäóò ïîñëåäîâàòåëüíî-
ñòè

x1(k) = k + 2, x2(k) = k2 + 3k. (4.2.47)

Ïîäñòàâëÿÿ (4.2.45), (4.2.47) â (4.2.43), ó÷èòûâàÿ (4.2.14) ïðè
k > 0, ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ
b0(k), b1(k) :{

b0(k) = k + 2,
b1(k) + k(k + 2)(k)k = k2 + 3k,

k = 1, 2, ...

Îòñþäà b0(k) = k + 2, b1(k) = k, k = 1, 2, ... Èñïîëüçóÿ ñîîòíîøåíèå
(4.2.44), íàéäåì êîýôôèöèåíòû a0(k), a1(k):{

a1(k) = b1(k) = k,
a0(k) = b0(k)− b1(k) = 2.

Ñëåäîâàòåëüíî, êîýôôèöèåíòû óðàâíåíèÿ (4.2.33) ðàâíû a0(k) = 2,
a1(k) = k, ÷òî ñîâïàäàåò ñ òî÷íûìè èõ çíà÷åíèÿìè (ñì. (4.2.35)).

Çàìå÷àíèå. Çíà÷åíèÿ êîýôôèöèåíòîâ a0(k), a1(k) èçìåðè-
òåëüíîãî ïðåîáðàçîâàòåëÿ (4.2.33) ìîæíî íàéòè, èñïîëüçóÿ óðàâíå-
íèÿ (4.2.33). Ïîäñòàâëÿÿ ïðè k > 0 (4.2.36), (4.2.37) â (4.2.33), ïî-
ëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
èñêîìûõ êîýôôèöèåíòîâ a0(k), a1(k):
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{
a1(k) + a0(k) = k,

a1(k)(k + 1) + a0(k)k = k2 + 3k.
(4.2.48)

Òàê êàê îïðåäåëèòåëü ñèñòåìû (4.2.48) îòëè÷åí îò íóëÿ

∆ =

∣∣∣∣ 1 1
k + 1 k

∣∣∣∣ = −1 ̸= 0,

òî ñèñòåìà (4.2.48) èìååò åäèíñòâåííîå ðåøåíèå. Ðåøåíèåì (4.2.48)
áóäåò a0(k) = 2, a1(k) = k ïðè k = 1, 2, ..., ÷òî ñîâïàäàåò ñ òî÷íûìè
çíà÷åíèÿìè (4.2.35).

4.2.3. Èäåíòèôèêàöèÿ ïàðàìåòðîâ äèíàìè÷åñêèõ ñèñòåì
ïðè êîíå÷íûõ âõîäíûõ è âûõîäíûõ âûáîðêàõ

Â ïðåäûäóùèõ ðàçäåëàõ ïðåäëîæåíû àëãîðèòìû îïðåäåëåíèÿ
èìïóëüñíîé ïåðåõîäíîé ôóíêöèè è âîññòàíîâëåíèÿ ïàðàìåòðîâ äè-
íàìè÷åñêîé ñèñòåìû â êëàññè÷åñêîé ïîñòàíîâêå � â ïðåäïîëîæåíèè,
÷òî èçâåñòíû áåñêîíå÷íûå âûáîðêè âõîäíûõ è âûõîäíûõ ñèãíàëîâ.

Â äàííîì ðàçäåëå ïðåäëàãàþòñÿ ìîäèôèêàöèè ýòèõ àëãîðèò-
ìîâ â ïðåäïîëîæåíèè, ÷òî èçâåñòíû êîíå÷íûå âûáîðêè âõîäíûõ è
âûõîäíûõ ñèãíàëîâ.

Â êà÷åñòâå âõîäíûõ ñèãíàëîâ ìîæíî âçÿòü ïîñëåäîâàòåëüíîñòè
x1(k) è x2(k), ñòðåìÿùèåñÿ ê íóëþ ïðè k → ∞.

Îãðàíè÷èâøèñü ïðè ïðàêòè÷åñêîé ðåàëèçàöèè àëãîðèòìà ïåð-
âûìè N ýëåìåíòàìè ïîñëåäîâàòåëüíîñòè, ìû âíîñèì íåáîëüøóþ ïî-
ãðåøíîñòü â îïðåäåëåíèå ôóíêöèé X1(z), X2(z). Åñëè óðàâíåíèå
(4.2.8) ïðè íà÷àëüíûõ çíà÷åíèÿõ (4.2.9) îäíîçíà÷íî ðàçðåøèìî è îá-
ðàòíûé îïåðàòîð îãðàíè÷åí, òî â îïðåäåëåíèå ôóíêöèé Y1(z), Y2(z),
òàêæå âíîñèòñÿ íåçíà÷èòåëüíàÿ ïîãðåøíîñòü. Ýòî ïîçâîëÿåò âîññòà-
íîâèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ ñ äîñòàòî÷íîé òî÷íîñòüþ.

Êðîìå òîãî, â êà÷åñòâå âõîäíûõ ñèãíàëîâ ìîæíî âçÿòü ïåðè-
îäè÷åñêèå äèñêðåòíûå ôóíêöèè è îãðàíè÷èòüñÿ ïîäà÷åé íà âõîä
óñòðîéñòâà îäíîãî-äâóõ ïåðèîäîâ âõîäíîãî ñèãíàëà.

Ïðîäåìîíñòðèðóåì ñêàçàííîå íà ìîäåëüíîì ïðèìåðå.
Îòìåòèì, ÷òî äëÿ âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ðàçíîñòíî-

ãî óðàâíåíèÿ n-ãî ïîðÿäêà ïî àëãîðèòìó, îïèñàííîìó âûøå, äîñòà-
òî÷íî ðàñïîëàãàòü çíà÷åíèÿìè g(k, l), k, l = 0, 1, ..., n, èìïóëüñíîé
ïåðåõîäíîé ôóíêöèè. Îòñþäà ñëåäóåò, ÷òî ïðè ïðèáëèæåííîì îïðå-
äåëåíèè èìïóëüñíîé ïåðåõîäíîé ôóíêöèè äîñòàòî÷íî îãðàíè÷èòüñÿ
2n îòñ÷åòàìè âõîäíûõ ñèãíàëîâ.
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Ïðèìåð 4.2.3. Â ïðèìåðå 4.2.1 áûë ðàññìîòðåí èçìåðèòåëüíûé ïðå-
îáðàçîâàòåëü, îïèñûâàåìûé ðàçíîñòíûì óðàâíåíèåì

a1(k)y(k + 1) + a0(k)y(k) = x(k) (4.2.49)

ñ íà÷àëüíûì óñëîâèåì
y(0) = 0. (4.2.50)

Ïóñòü òî÷íûå çíà÷åíèÿ êîýôôèöèåíòîâ ñèñòåìû (4.2.49) áóäóò
a1(k) = 3, a0(k) = −2.

Âîçüìåì âõîäíûå ïåðèîäè÷åñêèå ñèãíàëû:

x1(k) = 3 sin

(
π(k + 1)

5

)
− 2 sin

(
πk

5

)
,

x2(k) = 3 sin

(
2π(k + 1)

5

)
− 2 sin

(
2πk

5

)
,

k = 0, 1, 2, ..., N ;

(4.2.51)

èì ñîîòâåòñòâóþò âûõîäíûå ïåðèîäè÷åñêèå ñèãíàëû, óäîâëåòâîðÿþ-
ùèå íà÷àëüíûì óñëîâèÿì (4.2.50):

y1(k) = sin

(
πk

5

)
, y2(k) = sin

(
2πk

5

)
, k = 0, 1, 2, ..., N. (4.2.52)

Çäåñü âåëè÷èíà N êðàòíà 10.
1. Íàéäåì ÈÏÔ g(k, l), k, l=0, 1, 2, ..., N, ñèñòåìû (4.2.49), êî-

òîðàÿ îïðåäåëÿåòñÿ âûðàæåíèåì

y(k) =
k∑
l=0

g(k, l)x(l), k = 0, 1, 2, ..., N. (4.2.53)

Ïðåäïîëîæèì, ÷òî Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè {g(k, l)},
k, l = 0, 1, 2, ..., ïî ïåðåìåííîé k óäîâëåòâîðÿåò óñëîâèþ

G(z, l) = Ĝ(z) [q(z)]−l , (4.2.54)

ãäå Ĝ(z), q(z) - íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè, êîòîðûå ïîäëå-
æàò îïðåäåëåíèþ. Äëÿ îïðåäåëåíèÿ Ĝ(z), q(z) ïðèìåíèì Z-ïðåîá-
ðàçîâàíèå ê óðàâíåíèþ (4.2.53) äëÿ êàæäîé ïàðû âõîäíûõ (4.2.51)
è âûõîäíûõ ñèãíàëîâ (4.2.52). Ïðè óñëîâèè (4.2.54) íà îñíîâàíèè
(2.5.90), (2.5.93) ïîëó÷èì ñèñòåìó óðàâíåíèé{

Ĝ(z)X1 (q(z)) = Y1(z),

Ĝ(z)X2 (q(z)) = Y2(z).
(4.2.55)

247



Íàéäåì Z-ïðåîáðàçîâàíèå âõîäíûõ ñèãíàëîâ (4.2.51):

X1(z) = −
√
2z
√
5−

√
5(3z − 2)

2z − 4z2 + 2
√
5z − 4

,

X2(z) =

√
2z
√

5 +
√
5(3z − 2)

2z + 4z2 − 2
√
5z + 4

.

Èçîáðàæåíèÿìè âûõîäíûõ ñèãíàëîâ (4.2.52) áóäóò ôóíêöèè:

Y1(z) = −
√
2z
√
5−

√
5

2z − 4z2 + 2
√
5z − 4

,

Y2(z) =

√
2z
√
5 +

√
5

2z + 4z2 − 2
√
5z + 4

.

Çäåñü ó÷òåíî, ÷òî

sin
(π
5

)
=

√
2
√

5−
√
5

4
è sin

(
2π

5

)
=

√
2
√
5 +

√
5

4
.

Òîãäà ñèñòåìà óðàâíåíèé (4.2.55) ïðèìåò âèä
Ĝ(z)

√
2q(z)

√
5−

√
5(3q(z)− 2)

2q(z)− 4q2(z) + 2
√
5q(z)− 4

=

√
2z
√

5−
√
5

2z − 4z2 + 2
√
5z − 4

,

Ĝ(z)

√
2q(z)

√
5 +

√
5(3q(z)− 2)

2q(z) + 4q2(z)− 2
√
5q(z) + 4

=

√
2z
√

5 +
√
5

2z + 4z2 − 2
√
5z + 4

.

Ðàçäåëèâ ïåðâîå óðàâíåíèå íà âòîðîå, ïîëó÷èì

q(z)

2q2(z)−
(√

5 + 1
)
q(z) + 2

=
z

2z2 −
(√

5 + 1
)
z + 2

,

îòêóäà q1(z) = z, q2(z) =
1

z
.

Ïðè q2(z) =
1

z
Z-ïðåîáðàçîâàíèå ôóíêöèè G(z, l) èìååò âèä

G(z, l) = Ĝ(z)zl, l = 0, 1, 2, ... è Ĝ(z) =
z

3− 2z
. Îáðàòíîå Z-ïðåîá-

ðàçîâàíèå ôóíêöèè G(z, l) =
z

3− 2z
zl ïðè l = 0, 1, 2, ..., N íå ñóùå-

ñòâóåò.

Ïðè q1(z) = z ïîëó÷èì Ĝ(z) =
1

3z − 2
è G(z, l) =

1

3z − 2
z−l,

÷òî ñîâïàäàåò ñ Z-ïðåîáðàçîâàíèåì ôóíêöèè g(k, l) ïî ïåðåìåííîé
k â ïðèìåðå 3.

248



Òîãäà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ èìååò âèä

g(k, l) = g(k − l) =

{
0 ïðè k ≤ l,

1
3

(
2
3

)k−l−1
ïðè k > l,

l = 0, 1, 2, ..., k, k = 0, 1, 2, ..., N,

(4.2.56)

è, ñëåäîâàòåëüíî,

y(k) =


0 ïðè k = 0,

1

3

k−1∑
l=0

(
2

3

)k−l−1

x(l) ïðè k = 1, 2, . . . , N.
(4.2.57)

2. Òåïåðü, çíàÿ ÈÏÔ g(k, l) = g(k−l), îïðåäåëÿåìóþ ôîðìóëîé
(4.2.23), è âûðàæåíèå äëÿ âûõîäíîãî ñèãíàëà, îïðåäåëÿåìîå ôîðìó-
ëîé (4.2.57), îïðåäåëèì êîýôôèöèåíòû óðàâíåíèÿ (4.2.49), ïðîäå-
ëûâàÿ â òî÷íîñòè âñå âûêëàäêè ïðîäåëàííûå â ïðèìåðå 4.2.1. Â ðå-
çóëüòàòå óáåæäàåìñÿ, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (4.2.49) ðàâíû
a0(k) = −2, a1(k) = 3, ÷òî ñîâïàäàåò ñ òî÷íûìè çíà÷åíèÿìè.

4.3. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

íåïðåðûâíûõ ëèíåéíûõ äèíàìè÷åñêèõ

ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè2

Áîëüøîé êëàññ çàäà÷ èäåíòèôèêàöèè ñâÿçàí ñ îïðåäåëåíèåì
ïàðàìåòðîâ ñèñòåì. Â ñëó÷àå, êîãäà ìàòåìàòè÷åñêèå ìîäåëè äèíàìè-
÷åñêèõ ñèñòåì îïèñûâàþòñÿ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè, äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèç-
âîäíûõ èëè ðàçíîñòíûìè óðàâíåíèÿìè, ïàðàìåòðè÷åñêàÿ èäåíòèôè-
êàöèÿ ñèñòåì ñâîäèòñÿ ê îïðåäåëåíèþ êîýôôèöèåíòîâ ýòèõ óðàâíå-
íèé.

Â äàííîì ðàçäåëå ïðåäëîæåí ìåòîä ïàðàìåòðè÷åñêîé èäåí-
òèôèêàöèè äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè,
îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèç-
âîäíûõ

n∑
k=1

ak(t)
∂ku(t,x)
∂tk

+
m∑
k=1

bk(t)
∂ku(t,x)
∂xk

+ c0(t)u(t, x) = f(t, x),

0 ≤ t, x <∞,
(4.3.1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(0, x) = 0,
∂ku(0, x)

∂tk
= 0, k = 1, 2, ..., n− 1, (4.3.2)

2Äàííûé ðàçäåë íàïèñàí ïî ìàòåðèàëàì ðàáîòû [32].
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è êðàåâûìè óñëîâèÿìè

u(t, 0) = 0,
∂ku(t, 0)

∂xk
= 0, k = 1, 2, ...,m− 1, (4.3.3)

ãäå f(t, x), u(t, x) − âõîäíîé è âûõîäíîé ñèãíàëû ñèñòåìû ñîîòâåò-
ñòâåííî; t − ïåðåìåííàÿ âðåìåíè, x − ïðîñòðàíñòâåííàÿ êîîðäèíà-
òà; ak(t), k = 1, 2, ..., n; bk(t), k = 1, 2, ...,m; c0(t) − êîýôôèöèåíòû,
ïîäëåæàùèå îïðåäåëåíèþ.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, ïîäàâàÿ äâà òåñòîâûõ ñèãíà-
ëà f1(t, x), f2(t, x) è ðàñïîëàãàÿ ñîîòâåòñòâóþùèìè âûõîäíûìè ñèã-
íàëàìè ñèñòåìû (4.3.1), îïðåäåëèòü åå ïàðàìåòðû ak(t), k=1, 2, ..., n;
bk(t), k = 1, 2, ...,m; c0(t).

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííîé x ê óðàâíå-
íèþ (4.3.1) ñ íà÷àëüíûìè óñëîâèÿìè (4.3.2), ïîëó÷èì îáûêíîâåííîå
äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=1

ak(t)
dkU(t, p)

dtk
+
(
bm(t)p

m + bm−1(t)p
m−1 + b1(t)p+ ...

...+ c0(t))U(t, p) = F (t, p) (4.3.4)

ñ íà÷àëüíûìè óñëîâèÿìè U(0, p) = 0, d
kU(0,p)
dtk

= 0, k = 1, 2, ..., n− 1.
Óðàâíåíèå (4.3.4) ÿâëÿåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì

óðàâíåíèåì; p áóäåì ðàññìàòðèâàòü êàê ïàðàìåòð. Ðàññìîòðèì âèð-
òóàëüíóþ äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì (4.3.4),
ãäå p − ïàðàìåòð, F (t, p), U(t, p) − âõîäíîé è âûõîäíîé ñèãíàëû ñî-
îòâåòñòâåííî, ak(t), k = 1, 2, ..., n; bk(t), k = 1, 2, ...,m; c0(t) − ïàðà-
ìåòðû ñèñòåìû, ïîäëåæàùèå îïðåäåëåíèþ. Ñèñòåìó, îïèñûâàåìóþ
óðàâíåíèåì (4.3.4), áóäåì ðàññìàòðèâàòü êàê ïàðàìåòðè÷åñêóþ ñè-
ñòåìó, à ÈÏÔ h(t, τ, p) ñèñòåìû (4.3.4) − êàê ïàðàìåòðè÷åñêóþ èì-
ïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ.

Ïîñòàâëåííóþ çàäà÷ó ðàçîáüåì íà äâå çàäà÷è.
Ïåðâàÿ çàäà÷à. Òðåáóåòñÿ, ïîäàâàÿ äâà òåñòîâûõ ñèãíàëà

f1(t, x), f2(t, x) è çíàÿ ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû u1(t, x),
u2(t, x) ñèñòåìû (4.3.1), îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíê-
öèþ ñèñòåìû (4.3.4).

Ðåøåíèå. Èçâåñòíî, ÷òî ñâÿçü âõîä�âûõîä ñèñòåìû (4.3.4)
îïèñûâàåòñÿ èíòåãðàëüíûì óðàâíåíèåì

t∫
0

h(t, τ, p)F (τ, p)dτ = U(t, p) (4.3.5)

250



äëÿ ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè âèäà
(4.3.4) ñ ïåðåìåííûìè ïàðàìåòðàìè, è óðàâíåíèåì

t∫
0

h(t− τ, p)F (τ, p)dτ = U(t, p) (4.3.6)

äëÿ ñèñòåì, îïèñûâàåìûõ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ïî-
ñòîÿííûìè ïàðàìåòðàìè.

Çäåñü U(t, p) − âûõîäíîé ñèãíàë, F (t, p) − âõîäíîé ñèãíàë,
h(t, τ, p) − èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ ñèñòåìû (4.3.4).

Çàìå÷àíèå 4.3.1. Ó÷èòûâàÿ ôèçè÷åñêóþ ðåàëèçóåìîñòü î÷åâèä-
íî, ÷òî h(t, τ, p) = 0 ïðè t < τ. Àíàëîãè÷íî h(t, p) = 0 ïðè t < 0.

Áóäåì ñ÷èòàòü, ÷òî óðàâíåíèÿ (4.3.5) è (4.3.6) îäíîçíà÷íî ðàç-
ðåøèìû. Ýòî óñëîâèå âûïîëíèìî äëÿ øèðîêîãî êëàññà óðàâíåíèé
Âîëüòåððà. Â ÷àñòíîñòè, îíî âûïîëíèìî, åñëè ôóíêöèè h(t, p) è
h(t, τ, p) äèôôåðåíöèðóåìû ïî ïåðåìåííîé t.

Ïðèìåíèì ìåòîä îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíê-
öèè, ðàññìîòðåííûé â ðàçä. 2.5.

Ïóñòü èçîáðàæåíèå Ëàïëàñà ïî ïåðåìåííîé x ôóíêöèé u1(t, x),
u2(t, x) åñòü U1(t, p), U2(t, p), à ôóíêöèé f1(t, x), f2(t, x) − F1(t, p),
F2(t, p).

Ïóñòü ôóíêöèÿ h(t, τ, p) óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ:
ñóùåñòâóþò àíàëèòè÷åñêèå â ïîëóïëîñêîñòè Rez ≥ σ(σ = const)
ôóíêöèè q(z) è H(z, p) òàêèå, ÷òî

∞∫
0

e−zth(t, τ, p)dt = e−τq(z)H(z, p),Rez ≥ σ. (4.3.7)

Òîãäà èçîáðàæåíèå Ëàïëàñà óðàâíåíèÿ (4.3.5) ïî ïåðåìåííîé
t áóäåò èìåòü âèä

H(z, p)F̂ (q(z), p) = Û(z, p), (4.3.8)

ãäå Û(z, p), F̂ (z, p) åñòü èçîáðàæåíèå Ëàïëàñà ïî ïåðåìåííîé t ôóíê-
öèé U(t, p) è F (t, p).

Çàïèøåì âûðàæåíèðå (4.3.5) â âèäå

∞∫
0

K(t, τ)h(t, τ, p)F (τ, p)dτ = U(t, p), (4.3.9)
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ãäå

K(t, τ) =

{
1 ïðè τ ≤ t,
0 ïðè τ > t.

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê ëåâîé ÷àñòè âûðàæåíèÿ
(4.3.9) è ó÷èòûâàÿ óñëîâèÿ (4.3.7), ïîëó÷èì

∞∫
0

 t∫
0

h(t, τ, p)F (τ, p)dτ

 e−tzdt =

=

∞∫
0

 ∞∫
0

K(t, τ)h(t, τ, p)F (τ, p)dτ

 e−tzdt =

=

∞∫
0

 ∞∫
τ

h(t, τ, p)e−tzdt

F (τ, p)dτ =

=

∞∫
0

 ∞∫
0

h(t, τ, p)e−tzdt

F (τ, p)dτ =

=

∞∫
0

H(z, p)e−τq(z)F (τ, p)dτ = H(z, p)

∞∫
0

e−τq(z)F (τ, p)dτ =

= H(z, p)F (q(z), p).

Îòñþäà ñëåäóåò ñïðàâåäëèâîñòü (4.3.8). Â ñëó÷àå óðàâíåíèÿ
(4.3.6) q(z) = z.

Ïóñòü U1(t, p), U2(t, p) è F1(t, p), F2(t, p) − èçîáðàæåíèÿ Ëà-
ïëàñà ïî ïåðåìåííîé x âûõîäíûõ u1(t, x), u2(t, x) è âõîäíûõ f1(t, x),
f2(t, x) ñèãíàëîâ; Û1(z, p), Û2(z, p) è F̂1(z, p), F̂2(z, p) � èçîáðàæåíèå
Ëàïëàñà ïî ïåðåìåííîé t ôóíêöèé U1(t, p), U2(t, p) è F1(t, p), F2(t, p).
Òîãäà èç ôîðìóëû (4.3.8) ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî
ôóíêöèé H(z, p), q(z){

H(z, p)F̂1(q(z), p) = Û1(z, p),

H(z, p)F̂2(q(z), p) = Û2(z, p).
(4.3.10)

Ðåøàÿ äàííóþ ñèñòåìó, íàõîäèì ôóíêöèè H(z, p), q(z).
Òîãäà ôóíêöèÿ h(t, τ, p) îïðåäåëÿåòñÿ ôîðìóëîé

h(t, τ, p) =
1

2πi

σ+i∞∫
σ−i∞

e−τq(z)H(z, p)eztdz,

ïðè÷åì ðåøåíèþ çàäà÷è ñîîòâåòñòâóþò çíà÷åíèÿ h(t, τ, p) ïðè t ≥ τ.
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Âû÷èñëÿÿ èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû ïî êâàäðàòóðíûì
ôîðìóëàì, ïîëó÷àåì ïðèáëèæåííîå çíà÷åíèå èìïóëüñíîé ïåðåõîä-
íîé ôóíêöèè.

Âòîðàÿ çàäà÷à. Òðåáóåòñÿ, çíàÿ ôóíêöèþ h(t, τ, p) èçìåðè-
òåëüíîãî ïðåîáðàçîâàòåëÿ (4.3.4), íàéòè ïàðàìåòðû ñèñòåìû ak(t),
k = 1, 2, ..., n; bk(t), k = 1, 2, ...,m; c0(t).

Ðåøåíèå. Îïðåäåëèì âèðòóàëüíûå âõîäíûå ñèãíàëû F̃1(t, p),
F̃2(t, p), ..., F̃n+1(t, p) òàê, ÷òîáû èì ñîîòâåòñòâîâàëè âûõîäíûå ñèã-
íàëû

Ũ1(t, p)=1(t)v1(p), Ũ2(t, p)=tv2(p), ..., Ũn+1(t, p)=t
nvn+1(p), (4.3.11)

ãäå â êà÷åñòâå vk(p), k=1, ..., n+1, ìîæíî âçÿòü èçîáðàæåíèÿ Ëà-

ïëàñà îò ôóíêöèè 1(t)xk, ò.å. vk(p) =
k!

pk+1
, k=1, 2, ..., n+1. Â ýòîì

ñëó÷àå âûõîäíûå ñèãíàëû ñèñòåìû (4.3.1) èìåþò âèä uk(t, x)=tkxm,
k = 0, 1, ..., n.

Èñïîëüçóÿ óðàâíåíèå (4.3.5), ïðåäñòàâèì (4.3.11) â âèäå ñîâî-
êóïíîñòè èíòåãðàëüíûõ óðàâíåíèé äëÿ îïðåäåëåíèÿ èñêîìûõ âõîä-
íûõ ñèãíàëîâ F̃1(t, p), F̃2(t, p), ..., F̃n+1(t, p):

t∫
0

h(t, τ, p)F̃1(τ, p)dτ = 1(t)v1(p),

t∫
0

h(t, τ, p)F̃2(τ, p)dτ = tv2(p),

...
t∫
0

h(t, τ, p)F̃n+1(τ, p)dτ = tnvn+1(p).

(4.3.12)

Îòìåòèì, ÷òî êàæäîå èç óðàâíåíèé ñèñòåìû (4.3.12) åñòü èí-
òåãðàëüíîå óðàâíåíèå Âîëüòåððà I ðîäà. Ðåøèâ ñèñòåìó (4.3.12), ïî-
ëó÷àåì äëÿ êàæäîãî âûõîäíîãî âèðòóàëüíîãî ñèãíàëà Ũi(t, p) ñîîò-
âåòñòâóþùèé âõîäíîé ñèãíàë F̃i(t, p); i = 1, 2, ..., n + 1. Ïîäñòàâëÿÿ
Ui(t, p) è Fi(t, p); i = 1, 2, ..., n + 1, â óðàâíåíèå (4.3.4), ïðèõîäèì ê
ñèñòåìå óðàâíåíèé:
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an(t)δ
(n−1)(t)+...+ a1(t)δ(t)+

+ (bm(t)p
m + ...+ b1(t)p+ c0(t)) =

F̃1(t, p)

v1(p)
,

an(t)δ
(n−2)(t) + ...+ a1(t)1(t)+

+ (bm(t)p
m + ...+ b1(t)p+ c0(t)) t =

F̃2(t, p)

v2(p)
,

...
n!an(t)1(t) + ...+ na1(t)t

n−1+

+(bm(t)p
m + ...+ b1(t)p+ c0(t)) t

n =
F̃n+1(t, p)

vn+1(p)
,

(4.3.13)

ãäå δ(t) − äåëüòà-ôóíêöèÿ Äèðàêà.
Àíàëîãè÷íî, êàê â ðàçä. 4.1.3, èìååì

d

dt
1(t) = δ(t),

d2

dt2
1(t) = δ′(t), . . . ,

dn

dtn
1(t) = δ(n−1)(t).

Ðàññìàòðèâàÿ δ(t)-ôóíêöèþ è åå ïðîèçâîäíûå ïðè t > 0, ïîëó÷èì

δ(t) = δ′(t) = ... = δ(n−1)(t) = 0. (4.3.14)

Òîãäà ïðè çíà÷åíèÿõ t > 0 ñèñòåìà óðàâíåíèé (4.3.13) ïðèìåò âèä



bm(t)p
m + bm−1(t)p

m−1 + ...+ b1(t)p+ c0(t) =
F̃1(t, p)

v1(p)
,

a1(t) =
F̃2(t, p)

v2(p)
− t

F̃1(t, p)

v1(p)
,

...

an(t) =
1

n!

(
F̃n+1(t, p)

vn+1(p)
− (n− 1)...2 · an−1(t)t− ...

...− na1(t)t
n−1 − F̃1(t, p)

v1(p)
tn

)
.

(4.3.15)

Èç ñèñòåìû óðàâíåíèé (4.3.15) îïðåäåëÿþòñÿ ïàðàìåòðû ak(t),
k = 1, 2, ..., n. Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ bk(t), k = 1, 2, ...,m; c0(t)
ðàññìîòðèì ïåðâîå óðàâíåíèé ñèñòåìû (4.3.15):

(
bm(t)p

m + bm−1(t)p
m−1 + ...+ b1(t)p+ c0(t)

)
=
F̃1(t, p)

v1(p)
. (4.3.16)
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Àïïðîêñèìèðóÿ ïðàâóþ ÷àñòü óðàâíåíèÿ (4.3.16) ïîëèíîìîì
ñòåïåíè m ïî ïåðåìåííîé p

F̃1(t, p)

v1(p)
= Am(t)p

m + Am−1(t)p
m−1 + ...+ A1(t)p+ A0(t) (4.3.17)

è ïðèðàâíèâàÿ êîýôôèöèåíòû ïîëèíîìà è âûðàæåíèÿ ñëåâà â óðàâ-
íåíèè (4.3.17) ïðè îäèíàêîâûõ ñòåïåíÿõ p, âû÷èñëèì èñêîìûå çíà-
÷åíèÿ ïàðàìåòðîâ bk(t) = Ak(t), k = 1, 2, ...,m; c0(t) = A0(t).

Çíà÷åíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ (4.3.17) ìîæíî íàéòè
ìåòîäîì íàèìåíüøèõ êâàäðàòîâ èëè ìåòîäîì êîëëîêàöèé.

Ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ êîýôôèöèåíòû îïðåäåëÿ-
þòñÿ èç óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà

N∑
k=0

(
Am(t)p

m
k + ...+b1(t)pk+A0(t)−

F̃1(t, pk)

v1(pk)

)2

→min, (4.3.18)

ãäå óçëû pk, k = 0, 1, ..., N, âûáðàíû â îáëàñòè, ãäå ôóíêöèÿ F̃1(t,p)
v1(p)

ÿâëÿåòñÿ àíàëèòè÷åñêîé.
Óñëîâèå ìèíèìóìà ôóíêöèîíàëà (4.3.18) ïðèâîäèò ê ñèñòåìå

óðàâíåíèé 

Am(t)
N∑
k=0

pmk + Am−1(t)
N∑
k=0

pm−1
k + ...

...+ A0(t)(N + 1) =
N∑
k=0

F̃1 (t, pk)

v1(pk)
,

Am(t)
N∑
k=0

pm+1
k + Am−1(t)

N∑
k=0

pmk + ...

...+ A0(t)
N∑
k=0

pk =
N∑
k=0

F̃1 (t, pk)

v1(pk)
pk,

...

Am(t)
N∑
k=0

p2m−1
k + Am−1(t)

N∑
k=0

p2m−2
k + ...

...+ A0(t)
N∑
k=0

pmk =
N∑
k=0

F̃1 (t, pk)

v1 (pk)
pm−1
k .
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Ïî ìåòîäó êîëëîêàöèé êîýôôèöèåíòû Ak(t), k = 0, 1, ...,m,
ðàçëîæåíèÿ (4.3.17) îïðåäåëÿþòñÿ èç ðåøåíèÿ ñèñòåìû

Am(t)p
m
1 + Am−1(t)p

m−1
1 + ...+ A0(t) =

F̃1 (t, p1)

v1 (p1)
,

Am(t)p
m
2 + Am−1(t)p

m−1
2 + ...+ A0(t) =

F̃1 (t, p2)

v1 (p2)
,

...

Am(t)p
m
m1 + Am(t)p

m−1
m+1 + ...+ A0(t) =

F̃1 (t, pm+1)

v1 (pm+1)
,

ãäå óçëû pk, k = 1, 2...,m+1, âûáðàíû â îáëàñòè, ãäå ôóíêöèÿ F̃1(t,p)
v1(p)

ÿâëÿåòñÿ àíàëèòè÷åñêîé.
Äîñòîèíñòâîì äàííîãî ìåòîäà ÿâëÿåòñÿ òî, ÷òî äëÿ îïðåäå-

ëåíèÿ êîýôôèöèåíòîâ ak(t), k = 1, 2, ..., n; bk(t), k = 1, 2, ...,m; c0(t)
óðàâíåíèÿ (4.3.1) íå òðåáóåòñÿ ïîäàâàòü ðåàëüíûå âõîäíûå ñèãíà-
ëû è ôèêñèðîâàòü îòêëèê ñèñòåìû íà ýòè âîçäåéñòâèÿ. Äîñòàòî÷-
íî îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ h(t, τ, p) ñèñòåìû
(4.3.4).

Ïðèìåð 4.3.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíè-
åì â ÷àñòíûõ ïðîèçâîäíûõ:

a
∂u

dt
+ b

∂2u

∂x2
= f(t, x), (4.3.19)

ãäå f(t, x), u(t, x) −âõîäíîé è âûõîäíîé ñèãíàëû ñèñòåìû ñîîòâåò-
ñòâåííî; a, b − ïîäëåæàùèå îïðåäåëåíèþ êîýôôèöèåíòû, õàðàêòå-
ðèçóþùèå ðàáîòó èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ. Òðåáóåòñÿ íàé-
òè êîýôôèöèåíòû óðàâíåíèÿ (4.3.19), çíàÿ äâà òåñòîâûõ âõîäíûõ è
ñîîòâåòñòâóþùèõ èì âûõîäíûõ ñèãíàëà.

Ðåøåíèå. Ïðèìåíèâ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ
(4.3.19) ïî ïåðåìåííîé x, ïîëó÷èì

a
dU(t, p)

dt
+ bp2U(t, p) = F (t, p). (4.3.20)

Îïðåäåëèì èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ h(t, τ, p) ñèñòå-
ìû, îïèñûâàåìóþ óðàâíåíèåì (4.3.19).

Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì{
u1(t, x) = tx3,
u2(t, x) = t2x2,
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èì ñîîòâåòñòâóþò âûõîäíûå ñèãíàëû:{
f1(t, x) = 2x3 + 18tx,
f2(t, x) = 4tx2 + 6t2,

êîòîðûå îïðåäåëÿþòñÿ ïðè òî÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ a = 2,
b = 3 â óðàâíåíèè (4.3.19).

Èçîáðàæåíèÿ Ëàïëàñà ôóíêöèé u1(t, x), u2(t, x), f1(t, x), f2(t, x)
ïî ïåðåìåííîé x èìåþò âèä:

� äëÿ âõîäíûõ ñèãíàëîâ:
U1(t, p) =

6t

p4
,

U2(t, x) =
2t2

p3
;

(4.3.21)

� äëÿ âûõîäíûõ ñèãíàëîâ:
F1(t, p) =

12

p4
+

18t

p2
,

F2(t, p) =
8t

p3
+

6t2

p
.

(4.3.22)

Èçîáðàæåíèÿ Ëàïëàñà ïî ïåðåìåííîé t äëÿ âûðàæåíèé (4.3.21),
(4.3.22) èìåþò âèä 

Û1(z, p) =
6t

z2p4
,

Û2(z, x) =
4

z3p3
,

(4.3.23)


F̂1(z, p) =

12

zp4
+

18

z2p2
,

F̂2(z, p) =
8

z2p3
+

12

z3p

(4.3.24)

Ïîäñòàâëÿÿ (4.3.23), (4.3.24) â ñèñòåìó óðàâíåíèé (4.3.10), ïî-
ëó÷èì 

Ĥ(z, p)
8q(z) + 12p2

q3(z)p3
=

4

z3p3
,

Ĥ(z, p)
12q(z) + 18p2

q2(z)p4
=

6

z2p4
.
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Îòñþäà Ĥ(z, p) = 1
2z+3p2 , q(z) = z; H(z, τ, p) = 1

2z+3p2e
−τz.

Òàê êàê îðèãèíàëîì ïî ïåðåìåííîé z äëÿ Ĥ(z, p) = 1
2z+3p2 ÿâëÿåòñÿ

ôóíêöèÿ ĥ(t, p) = 1
2e

−3
2p

2t, òî ïî òåîðåìå ñìåùåíèÿ ïîëó÷èì

h(t, τ, p) =
1

2
e−

3
2p

2(t−τ). (4.3.25)

Äëÿ íàéäåííîé ÈÏÔ h(t, τ, p) ñèñòåìû (4.3.19) âû÷èñëèì âèð-
òóàëüíûå âõîäíûå ñèãíàëû F ∗

1 (t, p), F
∗
2 (t, p) òàê, ÷òîáû ñîîòâåòñòâó-

þùèå âûõîäíûå ñèãíàëû èìåëè âèä

U ∗
1 (t, p) =

{
1(t)v1(p), t > 0,
0, t ≤ 0,

U ∗
2 (t, p) =

{
tv1(p), t > 0,
0, t ≤ 0,

(4.3.26)

ãäå v1(p), v2(p) åñòü íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè, äëÿ êîòîðûõ
îïðåäåëåíî îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà.

Èñêîìûå ñèãíàëû F ∗
1 (t, p), F

∗
2 (t, p) íàéäåì èç ðåøåíèÿ èíòå-

ãðàëüíûõ óðàâíåíèé:

1(t)v1(p) =
1
2

t∫
0

e−
3
2p

2(t−τ)F ∗
1 (τ, p)dτ, tv2(p) =

1
2

t∫
0

e−
3
2p

2(t−τ)F ∗
2 (τ, p)dτ .

Ïîëó÷åííûå èíòåãðàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ óðàâíåíèÿìè
â ñâåðòêàõ. Ðåøàÿ èõ îïåðàöèîííûì ìåòîäîì, ïðèõîäèì ê àëãåáðà-
è÷åñêèì óðàâíåíèÿì îòíîñèòåëüíî èçîáðàæåíèé èñêîìûõ ôóíêöèé
F ∗
1 (z, p), F

∗
2 (z, p) ïî ïåðåìåííîé t:

F ∗
1 (z, p)

1

2z + 3p2
= v1(p)

1

z
,

F ∗
2 (z, p)

1

2z + 3p2
= v2(p)

1

z2
.

Ðåøåíèåì ýòèõ óðàâíåíèé ÿâëÿþòñÿ ôóíêöèè

F ∗
1 (z, p) =

(
2 +

3p2

z

)
v1(p),

F ∗
2 (z, p) =

(
2

z
+

3p2

z2

)
v2(p),

îðèãèíàëàìè êîòîðûõ ÿâëÿþòñÿ ôóíêöèè F ∗
1 (t, p)=

(
2δ(t)+3p2

)
v1(p),

F ∗
2 (t, p)=

(
2 + 3p2t

)
v2(p). Ïðè t > 0, ó÷èòûâàÿ óñëîâèå (4.3.13), ïî-

ëó÷èì

F ∗
1 (t, p) = 3p2v1(p), F

∗
2 (t, p) =

(
2 + 3p2t

)
v2(p). (4.3.27)
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Ïîäñòàâëÿÿ (4.3.26), (4.3.27) â (4.3.20), ïîëó÷èì{
bp2v1(p) = 3p2v1(p),
av2(p) + bp2v2(p)t =

(
2 + 3p2t

)
v2(p).

Îòêóäà ïîëó÷èì èñêîìûå êîýôôèöèåíòû a = 2, b = 3. Ïî-
ëó÷åííûå êîýôôèöèåíòû â òî÷íîñòè ñîâïàäàþò ñ êîýôôèöèåíòàìè
óðàâíåíèÿ (4.3.19).

4.4. Îïðåäåëåíèå ïàðàìåòðîâ ôèçè÷åñêèõ

ïðîöåññîâ3

Îäíîé èç âàæíûõ ïðîáëåì ïðè ïðîåêòèðîâàíèè ñèñòåì, îáåñ-
ïå÷èâàþùèõ ìîäåëèðîâàíèå ôèçè÷åñêèõ ïðîöåññîâ, òàêèõ êàê êî-
ëåáàíèÿ, âèáðàöèÿ, òåïëîïðîâîäíîñòü è ò.ä., ÿâëÿåòñÿ âûáîð ïàðà-
ìåòðîâ ýòèõ ñèñòåì. Íà ïðàêòèêå â ðÿäå ñëó÷àåâ âûáîð ïàðàìåòðîâ
ñèñòåì îñóùåñòâëÿåòñÿ ýìïèðè÷åñêè, äîïóñêàÿ íåêîòîðûå îãðàíè÷å-
íèÿ è äîïóùåíèÿ, êîòîðûå íå âñåãäà ó÷èòûâàþò îñîáåííîñòè ôèçè-
÷åñêèõ ïðîöåññîâ. Íåêîòîðûå ìåòîäû èäåíòèôèêàöèè ïàðàìåòðîâ â
ñèñòåìàõ óïðàâëåíèÿ òåõíîëîãè÷åñêèìè ïðîöåññàìè ðàññìîòðåíû â
ðàáîòå [33].

Â äàííîì ðàçäåëå ïðåäëîæåí ìåòîä îïðåäåëåíèÿ ïàðàìåòðîâ
ñèñòåì, ìîäåëèðóþùèõ ôèçè÷åñêèå ïðîöåññû, ìàòåìàòè÷åñêèå ìîäå-
ëè êîòîðûõ îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñò-
íûõ ïðîèçâîäíûõ. Èçëîæåíèå âåäåòñÿ íà ïðèìåðå óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè ñ ïåðåìåííûìè êîýôôèöèåíòàìè

a(x, t)
∂u(x, t)

∂t
+ b(x, t)

∂2u(x, t)

∂x2
= f(x, t), 0 ≤ x ≤ l, t ≥ 0, (4.4.1)

ñ íà÷àëüíûìè óñëîâèÿìè u(x, 0)=0 è ãðàíè÷íûìè u(0, t)=u(l, t)=0
óñëîâèÿìè.
Çäåñü u(x, t) � âûõîäíîé ñèãíàë ñèñòåìû, f(x, t) � âõîäíîé ñèãíàë.

Â êà÷åñòâå ïàðàìåòðîâ ñèñòåìû áóäåì ðàññìàòðèâàòü êîýô-
ôèöèåíòû óðàâíåíèÿ (4.4.1), êîòîðûå áóäóò îïðåäåëÿòü òðåáóåìûé
ïðîöåññ.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ îïðåäåëèòü ïàðàìåòðû a(x, t),
b(x, t) ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (4.4.1) ïðè ïîäà÷å äâóõ
âõîäíûõ ñèãíàëîâ fi(x, t), i = 1, 2.

Ðåøåíèå. Ïîñòàâëåííóþ çàäà÷ó áóäåì ðàññìàòðèâàòü, êàê çà-
äà÷ó ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ñèñòåì ñ ðàñïðåäåëåííûìè

3Äàííûé ðàçäåë íàïèñàí ïî ðåçóëüòàòàì ðàáîò [27,108].
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ïàðàìåòðàìè. Èçâåñòíî [46], ÷òî ðåøåíèå óðàâíåíèÿ (4.4.1) ìîæíî
âûðàçèòü ÷åðåç ôóíêöèþ Ãðèíà G(x, ξ, t, τ) â âèäå

u(x, t) =

t∫
0

x∫
0

G(x, ξ, t, τ)f(ξ, τ)dξdτ, (4.4.2)

ãäå t ≥ 0 � ïåðåìåííàÿ âðåìåíè; 0 ≤ x ≤ l � ïðîñòðàíñòâåííàÿ
ïåðåìåííàÿ; f(ξ, τ) � âõîäíîé ñèãíàë; u(x, t) � âûõîäíîé ñèãíàë;
G(x, ξ, t, τ) � ôóíêöèÿ Ãðèíà, êîòîðàÿ âûñòóïàåò êàê èìïóëüñíàÿ
ïåðåõîäíàÿ ôóíêöèÿ èëè ôóíêöèÿ âëèÿíèÿ ñèñòåìû.

Ïîñòàâëåííóþ çàäà÷ó áóäåì ðåøàòü â äâà ýòàïà: ïåðâûé �
îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè G(x, ξ, t, τ) ñèñòåìû,
îïèñûâàåìîé óðàâíåíèåì (4.4.2) è âòîðîé � îïðåäåëåíèå ïåðåìåííûõ
êîýôôèöèåíòîâ ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (4.4.1).

4.4.1. Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè

Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ïðîâîäèòñÿ ïî
àíàëîãèè ñ ðåçóëüòàòàìè ïðåäûäóùåãî ðàçäåëà. Çäåñü îíî ïðèâîäèò-
ñÿ äëÿ öåëîñòíîñòè èçëîæåíèÿ.

Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè îñíîâàíî íà
ñëåäóþùåì óòâåðæäåíèè.

Òåîðåìà 4.4.1. Ïóñòü èçîáðàæåíèå Ëàïëàñà ôóíêöèè G(x, ξ, t, τ)
ïî ïåðåìåííûì x, t óäîâëåòâîðÿåò óñëîâèþ

Ĝ(p1, ξ, p2, τ) =

∞∫
0

∞∫
0

G(x, ξ, t, τ)e−(p1x+p2t)dxdt =

= G0(p1, p2)e
−(ξq1(p1)+τq2(p2)), (4.4.3)

ãäå G0(p1, p2), q1(p1), q2(p2) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè â
îáëàñòè Re(pk) > σ, k = 1, 2.

Òîãäà èçîáðàæåíèå Ëàïëàñà óðàâíåíèÿ

u(x, t) =

∞∫
0

∞∫
0

G(x, ξ, t, τ)f(ξ, τ)dξdτ (4.4.4)

áóäåò èìåòü âèä

U(p1, p2) = G0(p1, p2)F (q1(p1), q2(p2)), (4.4.5)

ãäå U(p1, p2) � èçîáðàæåíèå Ëàïëàñà u(x, t), è F (p1, p2) � èçîáðàæå-
íèå f(x, t).
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Äîêàçàòåëüñòâî. Íàéäåì èçîáðàæåíèå óðàâíåíèÿ (4.4.4) ïî ïåðå-
ìåííûì x, t:

∞∫
0

∞∫
0

u(x, t)e−(p1x+p2t)dxdt =

=

∞∫
0

∞∫
0

 ∞∫
0

∞∫
0

G(x, ξ, t, τ) f(ξ, τ)dξdτ))e−(p1x+p2t)dxdt. (4.4.6)

Ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ â èíòåãðàëå ñïðàâà ïî ñîâî-
êóïíîñòè ïåðåìåííûõ (x, t) è (ξ, τ), ïîëó÷èì

U(p1, p2) =

∞∫
0

∞∫
0

f(ξ, τ)

 ∞∫
0

∞∫
0

G(x, ξ, t, τ)e−(p1x+p2t)dxdt

 dξdτ =

=

∞∫
0

∞∫
0

f(ξ, τ)Ĝ(p1, ξ, p2, τ)dξdτ. (4.4.7)

Ó÷èòûâàÿ óñëîâèå (4.4.3), (4.4.7) ïðèìåò âèä

U(p1, p2) = G0(p1, p2)

∞∫
0

∞∫
0

f(ξ, τ)e−(ξq1(p1)+τqn(pn))dξdτ.

Îòñþäà ñëåäóåò ñïðàâåäëèâîñòü ðàâåíñòâà (4.4.5), ò.å.

U(p1, p2) = G0(p1, p2)F (q1(p1), q2(p2)).

Ñëåäñòâèå. Ïóñòü ñèñòåìà îïèñûâàåòñÿ óðàâíåíèåì

u(x, t) =

t∫
0

x∫
0

G(x, ξ, t, τ)f(ξ, τ)dξdτ, (4.4.8)

ãäå f(ξ, τ) � âõîäíîé ñèãíàë ñèñòåìû; u(x, t) � âûõîäíîé ñèãíàë ñè-
ñòåìû; G(x, ξ, t, τ) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ.

Èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ G(x, ξ, t, τ) óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì: 1) óñëîâèþ ôèçè÷åñêîé ðåàëèçóåìîñòè:

G(x, ξ, t, τ) = 0 ïðè ξ > x è τ > t; (4.4.9)
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2) ïðåîáðàçîâàíèå Ëàïëàñà èìïóëüñíîé ïåðåõîäíîé ôóíêöèè
G(x, ξ, t, τ) ïî ïåðåìåííûì x, t óäîâëåòâîðÿåò óñëîâèþ

Ĝ(p1, ξ, p2, τ) =

∞∫
0

∞∫
0

G(x, ξ, t, τ)e−(p1x+p2t)dxdt =

= G0(p1, p2)e
−(ξq1(p1)+τq2(p2)), (4.4.10)

ãäå G0(p1, p2), q1(p1), q2(p2) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè â
îáëàñòè Repk > σ, k = 1, 2.

Òîãäà èçîáðàæåíèå Ëàïëàñà óðàâíåíèÿ (4.4.8) áóäåò èìåòü âèä

U(p1, p2) = G0(p1, p2)F (q1(p1), q2(p2)), (4.4.11)

ãäå U(p1, p2) � èçîáðàæåíèå Ëàïëàñà u(x, t), è F (p1, p2) � èçîáðàæå-
íèå f(x, t).

Çàìå÷àíèå 4.4.1. Ðàññìîòðåííàÿ òåîðåìà â îäíîìåðíîì ñëó÷àå
ÿâëÿåòñÿ òåîðåìîé Áîðåëÿ [185], ïðèìåíåíèå êîòîðîé ê èäåíòè-
ôèêàöèè îäíîìåðíûõ ñèñòåì ðàññìîòðåíî â ðàçä. 2.5.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ ïî èçâåñòíûì âõîäíûì ñèã-
íàëàì f1(x, t), f2(x, t), f3(x, t) è ñîîòâåòñòâóþùèì âûõîäíûì ñèã-
íàëàì u1(x, t), u2(x, t), u3(x, t) îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ
ôóíêöèþ G(x, ξ, t, τ) ñèñòåìû (4.4.8).

Ðåøåíèå. Ïî çàäàííûì ôóíêöèÿì u1(x, t), u2(x, t), u3(x, t) è
f1(x, t), f1(x, t), 2(x, t), f3(x, t), èñïîëüçóÿ ñîîòíîøåíèå (4.4.8), ñîñòà-
âèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

u1(x, t) =
t∫
0

x∫
0

G(x, ξ, t, τ)f1(ξ, t)dξdτ,

u2(x, t) =
t∫
0

x∫
0

G(x, ξ, t, τ)f2(ξ, t)dξdτ,

u3(x, t) =
t∫
0

x∫
0

G(x, ξ, t, τ)f3(ξ, t)dξdτ

(4.4.12)

îòíîñèòåëüíî èñêîìîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè G(x, ξ, t, τ).
Ïóñòü ôóíêöèÿ G(x, ξ, t, τ) óäîâëåòâîðÿåò óñëîâèÿì (4.4.9), (4.4.10);
òîãäà èçîáðàæåíèåì ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (4.4.12), ïî-
ëó÷åííîé íà îñíîâàíèè (4.4.11), áóäåò ñèñòåìà àëãåáðàè÷åñêèõ óðàâ-
íåíèé 

U1(p1, p2) = G0(p1, p2)F1(q1(p1), q2(p2)),
U2(p1, p2) = G0(p1, p2)F2(q1(p1), q2(p2)),
U3(p1, p2) = G0(p1, p2)F3(q1(p1), q2(p2)).

(4.4.13)
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Ðåøàÿ ñèñòåìó (4.4.13) îòíîñèòåëüíî èñêîìûõ ôóíêöèé G0(p1, p2),
q1(p1), q2(p2), íàéäåì èçîáðàæåíèå èìïóëüñíîé ïåðõîäíîé ôóíêöèè
â âèäå

Ĝ(p1, ξ, p2, τ) = G0(p1, p2)e
−(ξq1(p1)+τq2(p2)).

Èìïóëüñíóþ ïåðåõîäíóþ ôóêíêöèþG(x, ξ, t, τ) îïðåäåëèì êàê
îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåííûì p1, p2

G(x, ξ, t, τ) = − 1

4π

σ+i∞∫
σ−i∞

σ+i∞∫
σ−i∞

Ĝ(p1, ξ, p1, τ)e
(p1x+p2t)dp1dp2 =

= − 1

4π

σ+i∞∫
σ−i∞

σ+i∞∫
σ−i∞

G0(p1, p1)e
(p1x+p2t)−(ξq1(p1)+τq2(p2))dp1dp2.

Òàêèì îáðàçîì, ïî òðåì òåñòîâûì âõîäíûì è ñîîòâåòñâóþùèì
âûõîäíûì ñèãíàëàì îïðåäåëåíà èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ
G(x, ξ, t, τ) ñèñòåìû, îïèñûâàåìîé óðàâíåíèåì (4.4.2).

4.4.2. Îïðåäåëåíèå ïàðàìåòðîâ ñèñòåìû

Ñëåäóÿ ìåòîäó, èçëîæåííîìó â ðàçäåëå 4.1.3, âîçüìåì äâå ëè-
íåéíî íåçàâèñèìûå ôóíêöèè u1(x, t) è u2(x, t). Èñïîëüçóÿ ñîîòíîøå-
íèå (4.4.2), ñîñòàâèì äâà èíòåãðàëüíûõ óðàâíåíèÿ äëÿ îïðåäåëåíèÿ
ñîîòâåòñòâóþùèõ âõîäíûõ ñèãíàëîâ f1(x, t) è f2(x, t):

u1(x, t) =

t∫
0

x∫
0

G(x, ξ, t, τ)f1(ξ, τ)dξdτ ,

u2(x, t) =

t∫
0

x∫
0

G(x, ξ, t, τ)f2(ξ, τ)dξdτ. (4.4.14)

Èç ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (4.4.14) íàéäåì
âèðòóàëüíûå ñèãíàëû f1(x, t) è f2(x, t).

Ïîäñòàâëÿÿ u1(x, t), u2(x, t) è f1(x, t), f2(x, t) â (4.4.1), ïîëó÷èì
ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî èñêîìûõ êîýôôè-
öèåíòîâ a(x, t) è b(x, t):


a(x, t)

∂u1(x, t)

∂t
+ b(x, t)

∂2u1(x, t)

∂x2
= f1(x, t),

a(x, t)
∂u2(x, t)

∂t
+ b(x, t)

∂2u2(x, t)

∂x2
= f2(x, t).

(4.4.15)
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Ðåøåíèå ñèñòåìû (4.4.15) èìååò âèä

a(x, t) =

∣∣∣∣∣∣∣∣∣
f1(x, t)

∂2u1(x, t)

∂x2

f2(x, t)
∂2u2(x, t)

∂x2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∂u1(x, t)

∂t

∂2u1(x, t)

∂x2
∂u2(x, t)

∂t

∂2u2(x, t)

∂x2

∣∣∣∣∣∣∣
,

b(x, t) =

∣∣∣∣∣∣∣
∂u1(x, t)

∂t
f1(x, t)

∂u2(x, t)

∂t
f2(x, t)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
∂u1(x, t)

∂t

∂2u1(x, t)

∂x2
∂u2(x, t)

∂t

∂2u2(x, t)

∂x2

∣∣∣∣∣∣∣
. (4.4.16)

Ðåøåíèå (4.4.16) ñèñòåìû (4.4.15) áóäåò èìåòü áîëåå ïðîñòîé
âèä åñëè â êà÷åñòâå âûõîäíûõ ñèãíàëîâ âçÿòü u1(x, t) = φ1(t) è
u2(x, t) = φ2(x). Òîãäà êîýôôôèöèåíòû óðàâíåíèÿ (4.4.1) áóäóò
îïðåäåëÿòüñÿ ôîðìóëàìè

a(x, t) =
f1(x, t)

φ
′
1(t)

, b(x, t) =
f2(x, t)

φ
′′
2(x)

. (4.4.17)

Â ÷àñòíîñòè, åñëè φ1(t) = t è φ2 = x2, òî (4.4.17) ïðèìåò âèä

a(x, t) = f1(x, t), b(x, t) =
1

2
f2(x, t).

Âûâîä
Ïðåäëîæåíûå ìåòîäû îïðåäåëåíèÿ ïàðàìåòðîâ ñèñòåì ïîçâî-

ëÿþò:
1) ïîñòðîèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ, êîòîðàÿ õà-

ðàêòåðèçóåò êà÷åñòâî ïåðåõîäíûõ ïðîöåññîâ äàííîé ñèñòåìû;
2) ïîñòðîèòü åå ìàòåìàòè÷åñêóþ ìîäåëü â âèäå äèôôåðíö-

ìàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ïàðàìåòðû êîòîðîãî
õàðàêòåðèçóþò ôóíêöèîíèðîâàíèå äàííîé ñèñòåìû.
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4.5. Èäåíòèôèêàöèÿ äèñêðåòíûõ äèíàìè÷åñêèõ

ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè4

Â äàííîì ðàçäåëå ïðåäëàãàåòñÿ ìåòîä ïàðàìåòðè÷åñêîé èäåí-
òèôèêàöèè äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåì ñ ðàñïðåäåëåííûìè
ïàðàìåòðàìè, îïèñûâàåìûõ ðàçíîñòíûìè óðàâíåíèÿìè

n∑
i=1

ai(k)u(k + i, l)+
m∑
j=1

aj(k)u(k, l + j)+c0(k)u(k, l)=f(k, l),

k, l = 0, 1, 2, ...
(4.5.1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(0, l) = 0, u(i, l) = 0, i = 1, 2, ..., n− 1; l = 0, 1, 2, ... (4.5.2)

è êðàåâûìè óñëîâèÿìè

u(k, 0) = 0, u(k, j) = 0, j = 1, 2, ...,m− 1; k = 0, 1, 2, ... (4.5.3)

ãäå âõîäíîé è âûõîäíîé ñèãíàëû f(k, l) è u(k, l), k, l = 0, 1, 2, ...;
ai(k), bj(k), i = 1, 2, ..., n, j = 1, 2, ...m; c0(k), k = 0, 1, 2, ... � êîýô-
ôèöèåíòû, êîòîðûå ÿâëÿþòñÿ ïàðàìåòðàìè ñèñòåìû.

Îäíèì èç êëàññîâ ìàòåìàòè÷åñêèõ ìîäåëåé, èñïîëüçóåìûõ ïðè
îïèñàíèè ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, ÿâëÿþòñÿ äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Íàïðèìåð, óðàâ-
íåíèå òåïëîïðîâîäíîñòè, äèôôóçèè è ò.ä. Ïðè ýòîì çíà÷åíèå ôèçè-
÷åñêîãî ïîëÿ, êîòîðîå õàðàêòåðèçóåò ïðîòåêàíèå ôèçè÷åñêîãî ïðî-
öåññà, êàê ïðàâèëî, èçâåñòíî â äèñêðåòíûå çíà÷åíèÿ âðåìåíè è â
îïðåäåëåííûõ òî÷êàõ ïðîñòðàíñòâà. Ïîýòîìó îò äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðåõîäÿò ê ðàçíîñòíûì óðàâíå-
íèÿì âèäà (4.5.1). Êîýôôèöèåíòû â óðàâíåíèè (4.5.1) õàðàêòåðè-
çóþò ñ íåêîòîðîé ïîãðåøíîñòüþ ïðîòåêàíèå ôèçè÷åñêîãî ïðîöåññà.
Ïîýòîìó èõ îïðåäåëåíèå ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Âîññòàíîâëå-
íèå ïàðàìåòðîâ íåïðåðûâíûõ ñèñòåì ðàññìîòðåíî â ðàçä. 4.1.3 (äëÿ
ñèñòåì, îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè) è â ðàçä. 4.6.1, 4.6.2( äëÿ ñèñòåì, îïèñûâàåìûõ îáûêíîâåí-
íûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è óðàâíåíèÿìè â ÷àñòíûõ
ïðîèçâîäíûõ äðîáíûõ ïîðÿäêîâ). Íèæå ïðåäëàãàåòñÿ ìåòîä âîññòà-
íîâëåíèÿ ïàðàìåòðîâ äèñêðåòíûõ ñèñòåì ñ ðàñïðåäåëåííûìè ïàðà-
ìåòðàìè.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, ïîäàâàÿ äâà òåñòîâûõ ñèã-
íàëà f1(k, l), f2(k, l), k, l = 0, 1, 2, ..., è çíàÿ ñîîòâåòñòâóþùèå âûõîä-
íûå ñèãíàëû u1(k, l), u2(k, l), k, l = 0, 1, 2, ..., ñèñòåìû (4.5.1), íàéòè

4Äàííûé ðàçäåë íàïèñàí ïî ìàòåðèàëàì ðàáîòû [31].
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ïàðàìåòðû ñèñòåìû ai(k), i = 1, 2, ..., n; bj(k), j = 1, 2, ...,m; c0(k),
k = 0, 1, 2, ...

Ðàññìîòðèì Z-ïðåîáðàçîâàíèÿ äëÿ âõîäíîãî è âûõîäíîãî ñèã-
íàëîâ ïî ïåðåìåííîé l, êîòîðûå îïðåäåëÿþòñÿ ðàâåíñòâàìè [158]:

U(k, z1) = Z [u(k, l)] =
∞∑
l=0

u(k, l)z−l1 � äëÿ âûõîäíîãî ñèãíàëà,

F (k, z1) = Z [f(k, l)] =
∞∑
l=0

f(k, l)z−l1 � äëÿ âõîäíîãî ñèãíàëà.

Ïðèìåíèâ ê óðàâíåíèþ (4.5.1) ñ íà÷àëüíûìè óñëîâèÿìè (4.5.2)
Z-ïðåîáðàçîâàíèå ïî ïåðåìåííîé l [158], ïðèõîäèì ê óðàâíåíèþ

n∑
i=1

ai(k)U(k + i, z1)+ (bm(k)z
m
1 +...+c0(k))U(k, z1)=F (k, z1).

Ââåäÿ îáîçíà÷åíèå a0(k, z1) = bm(k)z
m
1 + bm−1(k)z

m−1
1 + ...c0(k), ïî-

ëó÷èì ðàçíîñòíîå óðàâíåíèå
n∑
i=1

ai(k)U(k + i, z1) + a0(k, z1)U(k, z1) = F (k, z1) (4.5.4)

ñ íà÷àëüíûìè óñëîâèÿìè U(0, z1)=0, U(k, z1)=0, k=1, 2, ..., n− 1.
Óðàâíåíèå (4.5.4) ÿâëÿåòñÿ ðàçíîñòíûì óðàâíåíèåì; z1 áóäåì

ðàññìàòðèâàòü êàê ïàðàìåòð. Ðàññìîòðèì âèðòóàëüíóþ äèíàìè÷å-
ñêóþ ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì (4.5.4), ãäå z1 � ïàðàìåòð,
F (k, z1), U(k, z1) � âõîäíîé è âûõîäíîé ñèãíàëû ñîîòâåòñòâåííî;
ai(k), i = 1, 2, ..., n; bj(k), j = 1, 2, ..., m; c0(k) � ïàðàìåòðû ñèñòå-
ìû, ïîäëåæàùèå îïðåäåëåíèþ. Ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì
(4.5.4), áóäåì ðàññìàòðèâàòü êàê ïàðàìåòðè÷åñêóþ ñèñòåìó, à èì-
ïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ h(k, l, z1) ñèñòåìû (4.5.4) � êàê ïà-
ðàìåòðè÷åñêóþ èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ.

Ïîñòàâëåííóþ çàäà÷ó ðàçîáüåì íà äâå çàäà÷è.
Ïåðâàÿ çàäà÷à. Òðåáóåòñÿ, ïîäàâàÿ äâà òåñòîâûõ ñèãíàëà

f1(k, l), f2(k, l) è çíàÿ ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû u1(k, l),
u2(k, l) ñèñòåìû (4.5.1), îïðåäåëèòü èìïóëüñíóþ ïåðåõîäíóþ ôóíê-
öèþ ñèñòåìû (4.5.4).

Ðåøåíèå. Îïðåäåëåíèå èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ñè-
ñòåìû (4.5.4) îñíîâàíî íà ñëåäóþùåé òåîðåìå.

Òåîðåìà 4.5.1. Ïóñòü ïîñëåäîâàòåëüíîñòè x(k), y(k), k = 0, 1, 2, ...,
ñâÿçàíû ôîðìóëîé

y(k) =
k∑
l=0

g(k, l)x(l), k = 0, 1, 2, ..., (4.5.5)
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Z-ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè g(k, l) ïî ïåðåìåííîé k èìå-
åò âèä

G(z, l) = Z [g(k, l)] =
∞∑
k=0

g(k, l)z−k

è óäîâëåòâîðÿåò óñëîâèþ

G(z, l) = Ĝ(z) [q(z)]−l . (4.5.6)

Òîãäà
Y (z) = Ĝ(z)X(q(z)). (4.5.7)

Äîêàçàòåëüñòâî. Z-ïðåîáðàçîâàíèå âûðàæåíèÿ (4.5.5) èìååò âèä

Y (z) =
∞∑
k=0

( ∞∑
l=0

g(k, l)x(l)z−k

)
.

Ìåíÿÿ ïîðÿäîê ñóììèðîâàíèÿ (âîçìîæíîñòü äàííîãî äåéñòâèÿ ñëå-
äóåò [157] èç ñõîäèìîñòè ïîñëåäîâàòåëüíîñòåé g(k, l), y(k) ïî k, l),
ïîëó÷èì

Y (z) =
∞∑
l=0

(
x(l)

∞∑
k=0

g(k, l)z−k
)

=
∞∑
l=0

x(l)Ĝ(z) [q(z)]−l =

= Ĝ(z)
∞∑
l=0

x(l) [q(z)]−l = Ĝ(z)X(q(z)).

Îòñþäà ñëåäóåò ñïðàâåäëèâîñòü (4.5.7).
Cëåäñòâèå. Â ñëó÷àå êîãäà ïîñëåäîâàòåëüíîñòü g(k, l) èíâà-

ðèàíòíà ê ñäâèãó, ò. å. èìååò âèä g(k, l) = g(k − l), ïîëó÷àåì èç-
âåñòíóþ òåîðåìó î Z-ïðåîáðàçîâàíèè ñâåðòêè äâóõ ïîñëåäîâàòåëü-
íîñòåé [158], êîòîðàÿ îïðåäåëÿåòñÿ âûðàæåíèåì

y(k) =
k∑
l=0

g(k − l)x(l). (4.5.8)

Ïóñòü

X(z) = Z [x(k)] =
∞∑
k=0

x(k)z−k,

Y (z) = Z [y(k)] =
∞∑
k=0

y(k)z−k,

G(z) = Z [g(k)] =
∞∑
k=0

g(k)z−k.
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Òîãäà Z-ïðåîáðàçîâàíèå (4.5.8) èìååò âèä

Y (z) = G(z)X(z). (4.5.9)

Äåéñòâèòåëüíî, òàê êàê Z [g(k)] =G(z), òî ïî òåîðåìå ñìåùå-
íèÿ Z [g(k − l)] =G(z)z−l è ñëåäîâàòåëüíî óäîâëåòâîðÿåò óñëîâèþ
(4.5.6), ãäå q(z) = z, ò. å. èç (4.5.7) ñëåäóåò (4.5.9).

Ïðèâåäåííàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì òåîðåìû Áîðåëÿ äëÿ
íåïðåðûâíûõ ñèñòåì, ðàññìîòðåííîé â ðàçä. 2.5. Òàì æå ïðåäëîæåí
ìåòîä èäåíòèôèêàöèè íåïðåðûâíûõ äèíàìè÷åñêèõ ñèñòåì, îñíîâàí-
íûé íà ïðèìåíåíèè òåîðåìû Áîðåëÿ.

Ñëåäóÿ [129], ïðåäñòàâèì ñâÿçü âõîä�âûõîä ñèñòåìû (4.5.4)
óðàâíåíèåì

U(k, z1) =
∞∑
l=0

h(k, l, z1)F (l, z1) (4.5.10)

äëÿ ñèñòåì îïèñûâàåìûõ ðàçíîñòíûìè óðàâíåíèÿìè âèäà (4.5.4) ñ
ïåðåìåííûìè ïàðàìåòðàìè, è óðàâíåíèåì

U(k, z1) =
∞∑
l=0

h(k − l, z1)F (l, z1) (4.5.11)

äëÿ ñèñòåì, èíâàðèàíòíûõ ê ñäâèãó, îïèñûâàåìûõ ðàçíîñòíûìè óðàâ-
íåíèÿìè ñ ïîñòîÿííûìè ïàðàìåòðàìè.

Çäåñü U(k, z1) � âûõîäíîé ñèãíàë, F (k, z1) � âõîäíîé ñèãíàë,
h(k, l, z1) � èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ ñèñòåìû (4.5.4).

Äëÿ óðàâíåíèÿ (4.5.10) óòâåðæäåíèå äàííîé òåîðåìû ïðèìåò
ñëåäóþùèé âèä. Ïóñòü Z-ïðåîáðàçîâàíèå ïî ïåðåìåííîé l ôóíêöèè
u(k, l) åñòü U(k, z1), äëÿ ôóíêöèè f(k, l) � F (k, z1) è Z-ïðåîáðàçîâàíèÿ
ïî ïåðåìåííîé k ôóíêöèé U(k, z1) è F (k, z1) åñòü Û(z2, z1), F̂ (z2, z1).

Ïóñòü Z-ïðåîáðàçîâàíèå ôóíêöèè h(k, l, z1) ïî ïåðåìåííîé k

èìååò âèä Z [h(k, l, z1)] =
∞∑
k=0

h(k, l, z1)z
−k
2 = H(z2, l, z1) è óäîâëå-

òâîðÿåò ñëåäóþùåìó óñëîâèþ: Z-ïðåîáðàçîâàíèå ïî ïåðåìåííîé k
èìååò âèä

H(z2, l, z1) = Ĥ(z2, z1) [q(z2)]
−l , (4.5.12)

ãäå ôóíêöèè q(z2) è Ĥ(z2, z1) åñòü íåêîòîðûå àíàëèòè÷åñêèå ôóíê-
öèè.

Òîãäà Z-ïðåîáðàçîâàíèå óðàâíåíèÿ (4.5.10) ïî ïåðåìåííîé k
áóäåò èìåòü âèä

Ĥ(z2, z1)F̂ (q(z2), z1) = Û(z2, z1). (4.5.13)
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Ïîäàâàÿ íà âõîä ñèñòåìû (4.5.1) äâà òåñòîâûõ âõîäíûõ ñèã-
íàëà u1(k, l), u2(k, l), ïîëó÷èì ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû
f1(k, l), f2(k, l). Îïðåäåëèì èõ Z-ïðåîáðàçîâàíèÿ ïî îáåèì ïåðåìåí-
íûì: Û1(z2, z1), Û2(z2, z1), F̂1(q(z2), z1), F̂2(q(z2), z1).

Âîñïîëüçîâàâøèñü (4.5.13), ïîëó÷èì ñèñòåìó óðàâíåíèé îòíî-
ñèòåëüíî ôóíêöèé H(z2, z1), q(z2):{

Ĥ(z2, z1)F̂1(q(z2), z1) = Û1(z2, z1),

Ĥ(z2, z1)F̂2(q(z2), z1) = Û2(z2, z1).
(4.5.14)

Ðåøàÿ äàííóþ ñèñòåìó, íàõîäèì ôóíêöèè H(z2, z1), q(z2).
Òîãäà ôóíêöèÿ h(k, l, z1) îïðåäåëÿåòñÿ êàê îáðàòíîå Z-ïðåîá-

ðàçîâàíèå ôîðìóëîé

h(k, l, z1) =
1

2πi

∮
C

H(z2, l, z1)z
k−1
2 dz2 =

=
1

2πi

∮
C

Ĥ(z2, z1) [q(z2)]
−l zk−1

2 dz2. (4.5.15)

Âû÷èñëÿÿ èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû ïî êâàäðàòóðíûì
ôîðìóëàì, ïîëó÷àåì ïðèáëèæåííîå çíà÷åíèå èìïóëüñíîé ïåðåõîä-
íîé ôóíêöèè.

Îòìåòèì, ÷òî âû÷èñëåíèå êîíòóðíîãî èíòåãðàëà â âûðàæåíè-
ÿõ (4.5.15) ÿâëÿåòñÿ äîñòàòî÷íî òðóäîåìêîé çàäà÷åé. Ïîýòîìó äëÿ
íàõîæäåíèÿ îáðàòíîãî Z-ïðåîáðàçîâàíèÿ ìîæíî âîñïîëüçîâàòüñÿ
ñëåäóþùåé âû÷èñëèòåëüíîé ñõåìîé [14], îñíîâàííîé íà ìåòîäå êîë-
ëîêàöèé.

Z-ïðåîáðàçîâàíèå ôóíêöèè h(k, l, z1) ïî ïåðåìåííîé k èìååò
âèä

Z [h(k, l, z1)] =
∞∑
k=0

h(k, l, z1)z
−k
2 = H(z2, l, z2). (4.5.16)

Ðàññìîòðèì (4.5.16) êàê óðàâíåíèÿ îòíîñèòåëüíî ôóíêöèè h(k, l, z1).
Ïðèìåíÿÿ ìåòîä ðåäóêöèè è ó÷èòûâàÿ ôèçè÷åñêóþ ðåàëèçóåìîñòü
èìïóëüñíîé ïåðåõîäíîé ôóíêöèè (h(k, l, z1) = 0 ïðè k < l), óðàâíå-
íèå (4.5.16) ïðåäñòàâèì â âèäå

N∑
k=l

h(k, l, z1)z
−k
2 = H(z2, l, z1), l = 0, 1, . . . , N, (4.5.17)

ãäå N � äîñòàòî÷íî áîëüøîå ÷èñëî.
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Â óðàâíåíèè (4.5.17) äëÿ êàæäîãî ôèêñèðîâàííîãî çíà÷åíèÿ
l = 0, 1, 2, ...N íà îêðóæíîñòè ðàäèóñà R, ñîäåðæàùåé âñå îñîáûå
òî÷êè ôóíêöèè g(k, l, z1): γ = {z1|z1| = R}, âûáèðàåì (N − l + 1)

ðàâíîñòîÿùóþ òî÷êó z(k)2 , k = 0, 1, .., N − l, è ïðèðàâíÿåì ëåâûå è
ïðàâûå ÷àñòè óðàâíåíèÿ (4.5.17) â ýòèõ òî÷êàõ. Â ðåçóëüòàòå ïðèõî-
äèì ê (N + 1) ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

N∑
k=l

g(k, l, z1)
(
z
(v)
2

)−k
= H(z

(v)
2 , l, z1), ν = 0, 1, ..., N − l, (4.5.18)

ãäå l = 0, 1, . . . , N. Ñèñòåìà (4.5.18) îäíîçíà÷íî ðàçðåøèìà, òàê êàê
îïðåäåëèòåëü l-é ñèñòåìû (N − l + 1) ïîðÿäêà (l = 0, 1, ..., N) åñòü
îïðåäåëèòåëü Âàíäåðìîíäà [137], êîòîðûé ðàâåí

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1(
z
(0)
2

)l 1(
z
(0)
2

)l+1
...

1(
z
(0)
2

)N
1(
z
(1)
2

)l 1(
z
(1)
2

)l+1
...

1(
z
(1)
2

)N
. . ... .
1(

z
(N−i)
2

)l 1(
z
(N−i)
2

)l+1
...

1(
z
(N−i)
2

)N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=
1(

z
(0)
2 · · · z(N−i)

2

)l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
1

z
(0)
2

...
1(

z
(0)
2

)N−l

1
1

z
(1)
2

...
1(

z
(1)
2

)N−l

. . ... .

1
1

z
(N−i)
2

...
1(

z
(N−i)
2

)N−l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=
1(

z
(0)
2 · · · z(N−i)

2

)l∏
i>j

(
1

z
(i)
2

− 1

z
(j)
2

)
̸= 0.

Ðåøàÿ ñèñòåìó (4.5.18) ïðè êàæäîì çíà÷åíèè l = 0, 1, 2, ..., N ,
íàõîäèì ýëåìåíòû ïîñëåäîâàòåëüíîñòè {h(k, l, z1)}, k = l, l+1, ..., N.

Âòîðàÿ çàäà÷à. Òðåáóåòñÿ, çíàÿ ÈÏÔ h(k, l, z1) ïðåîáðàçî-
âàòåëÿ (4.5.4), íàéòè ïàðàìåòðû ñèñòåìû ai(k), i = 1, 2, ..., n; bj(k),
j = 1, 2, ...,m; c0(k), k = 1, 2, ...
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Ðåøåíèå. Äëÿ óðàâíåíèÿ (4.5.4) ðàññìîòðèì ýêâèâàëåíòíîå
ðàçíîñòíîå óðàâíåíèå

Bn(k, z1)∆
nU(k, z1) +Bn−1(k, z1)∆

n−1U(k, z1) + ...

...+B0(k, z1)U(k, z1) = F (k, z1), (4.5.19)

ãäå ∆nU(k, z1) åñòü ðàçíîñòè n-ãî ïîðÿäêà:

∆U(k, z1) = U(k + 1, z1)− U(k, z1),
∆2U(k, z1)) = ∆(∆U(k + 1, z1)− U(k, z1)) =
= U(k + 2, z1)− 2U(k + 1, z1) + U(k, z1),

...
∆nU(k, z1) = ∆(∆n−1U(k + 1, z1)− U(k, z1)) =

=
n∑

m=0
(−1)n−mCm

n U(k +m, z1).

Ñëåäóÿ [61], ìîæíî ïîêàçàòü, ÷òî êîýôôèöèåíòû óðàâíåíèé
(4.5.4) è (4.5.19) ñâÿçàíû ñîîòíîøåíèåì

an(k) = Bn(k, z1),
an−1(k)=C

n−1
n−1Bn−1(k, z1)−Cn−1

n Bn(k, z1)=
= Bn−1(k, z1)− nBn(k, z1),

...
a0(k)=B0(k, z1)−B1(k, z1)+...+(−1)nBn(k, z1)=

=
n∑

m=0

(−1)mBm(k, z1). (4.5.20)

Ïîýòîìó äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ a0(k), a1(k), ..., an(k),
k = 1, 2, ..., óðàâíåíèÿ (4.5.4) äîñòàòî÷íî íàéòè êîýôôèöèåíòû
B0(k, z1), B1(k, z1), ..., Bn(k, z1), k = 1, 2, ..., óðàâíåíèÿ (4.5.19).

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâB0(k, z1),B1(k, z1), ...,Bn(k, z1);
k = 1, 2, ..., óðàâíåíèÿ (4.5.19) ïî èçâåñòíîé èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè h(k, l, z1), íàéäåì âèðòóàëüíûå âõîäíûå ñèãíàëû Fi(k, z1),
k = 1, 2, ..., i = 1, 2, ..., n+ 1, òàê, ÷òîáû èì ñîîòâåòñòâîâàëè âûõîä-
íûå ñèãíàëû

Ui(k, z1) = k(i)Vi(z1), i = 0, ..., n, (4.5.21)

ãäå îáîáùåííûå ñòåïåííûå ôóíêöèè [61], [119]

k(0) = 1(k) =

{
1 ïðè k ≥ 0,
0 ïðè k < 0,
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k(1) =

{
k ïðè k ≥ 0,
0 ïðè k < 0,

k(2) =

{
k(k − 1) ïðè k ≥ 1,

0 ïðè k < 0,

...

k(n) =

{
k(k − 1)(k − 2)...(k − n+ 1) ïðè k ≥ n,

0 ïðè k < 0

óäîâëåòâîðÿþò óñëîâèÿì

∆k(n) = nk(n−1),

∆2k(n) = n(n− 1)k(n−2),
· · ·

∆nk(n) = n!k(0) = n!1(k),

∆n+1k(n) = 0, ïðè k > 0. (4.5.22)

Èñïîëüçóÿ èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ h(k, l, z1), ïðåä-
ñòàâèì êàæäûé èç âûõîäíûõ ñèãíàëîâ (4.5.21) â âèäå óðàâíåíèé:

U1(k, z1) =
k∑
l=0

H(k, l, z1)F1(l, z1),

U2(k, z1) =
k∑
l=0

H(k, l, z1)F2(l, z1),

...

Un+1(k, z1) =
k∑
l=0

H(k, l, z1)Fn+1(l, z1).

(4.5.23)

Èç ðåøåíèÿ ñèñòåìû óðàâíåíèé (4.5.23) ïîëó÷èì ïîñëåäîâà-
òåëüíîñòè âèðòóàëüíûõ âõîäíûõ ñèãíàëîâ Fi(k, z1), k = 1, 2, ...,
i = 1, 2, ..., n + 1, äëÿ êàæäîé çàäàííîé ïîñëåäîâàòåëüíîñòè âûõîä-
íûõ ñèãíàëîâ (4.5.21).

Ïîäñòàâëÿÿ (4.5.21) è ðåøåíèå ñèñòåìû (4.5.23) â (4.5.19) è ó÷è-
òûâàÿ (4.5.22), ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé äëÿ ïîñëåäî-
âàòåëüíîãî âû÷èñëåíèé çíà÷åíèé èñêîìûõ êîýôôèöèåíòîâ B0(k, z1),
B1(k, z1),..., Bn(k, z1), k = 1, 2, ...:
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B0(k, z1) = F1(k, z1),

B1(k, z1) = F2(k, z1)−B0(k, z1)k
(1),

B2(k, z1) =
1
2!

(
F3(k, z1)− 2B1(k, z1)k

(1) −B0(k, z1)k
(2) ,

...

Bn(k, z1) =
1
n!

(
Fn+1(k, z1)− n(n− 1) · · · · · 2Bn(k, z1)k

(1) − ...

−B1(k, z1)∆k
(n) −B0(k, z1)k

(n)
)
.

Çíà÷åíèÿ èñêîìûõ êîýôôèöèåíòîâ èñõîäíîãî ðàçíîñòíîãî óðàâ-
íåíèÿ (4.5.4) íàéäåì èç ñîîòíîøåíèé (4.5.20).

Äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ bj(k), k = 1, 2, ...,m, c0(k) óðàâ-
íåíèÿ (4.5.1) âîñïîëüçóåìñÿ âû÷èñëåííûì êîýôôèöèåíòîì a0(k, z1),
äëÿ êîòîðîãî çàïèøåì âûðàæåíèå(
bm(k)z

m
1 + bm−1(k)z

m−1
1 + ...+ b1(k)z1 + c0(k)

)
= a0(k, z1). (4.5.24)

Àïïðîêñèìèðóÿ ïðàâóþ ÷àñòü óðàâíåíèÿ (4.5.24) ïîëèíîìîì
ñòåïåíè m ïî ñòåïåíÿì z1

a0(k, z1) = Am(k)z
m
1 +Am−1(k)z

m−1
1 + ...+A1(k)z1 +A0(k) (4.5.25)

è ïðèðàâíèâàÿ êîýôôèöèåíòû ïîëèíîìà è âûðàæåíèÿ ñëåâà â óðàâ-
íåíèè (4.5.24) ïðè îäèíàêîâûõ ñòåïåíÿõ z1, âû÷èñëèì èñêîìûå çíà-
÷åíèÿ ïàðàìåòðîâ bi(k) = Ai(k), i = 1, 2, ...,m, c0(k) = A0(k).

Òàêèì îáðàçîì, âîññòàíîâëåíèå êîýôôèöèåíòîâ èñõîäíîãî ðàç-
íîñòíîãî óðàâíåíèÿ (4.5.1) ñâîäèòñÿ ê âîññòàíîâëåíèþ ïàðàìåòðè÷å-
ñêîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè äëÿ óðàâíåíèÿ (4.5.4), êîòî-
ðàÿ îïðåäåëÿåòñÿ ïî äâóì òåñòîâûì ñèãíàëàì ìåòîäîì, îïèñàííûì
â ðàçä. 4.5. Îòìåòèì, ÷òî ïðè èçâåñòíîé èìïóëüñíîé ïåðåõîäíîé
ôóíêöèè ñèñòåìû äëÿ âîññòàíîâëåíèÿ êîýôôèöèåíòîâ ðàçíîñòíîãî
óðàâíåíèÿ íå òðåáóåòñÿ ïðîâîäèòü ðåàëüíûå èñïûòàíèÿ.

Ïðèìåð 4.5.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíê-
öèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ ðàçíîñòíûì óðàâíåíèåì:

a(k)u(k + 1, l) + b(k)u(k, l + 1) = f(k, l), (4.5.26)

ãäå f(k, l), u(k, l) � âõîäíîé è âûõîäíîé ñèãíàëû ñîîòâåòñòâåííî;
a(k), b(k)− ïîäëåæàùèå îïðåäåëåíèþ êîýôôèöèåíòû, õàðàêòåðè-
çóþùèå ðàáîòó èçìåðèòåëüíîãî ïðåîáðàçîâàòåëÿ. Ïóñòü a(k) = 2,
b(k) = 3. Òðåáóåòñÿ, íàéòè êîýôôèöèåíòû óðàâíåíèÿ (4.5.26), çíàÿ
äâà òåñòîâûõ âõîäíûõ è ñîîòâåòñòâóþùèõ èì âûõîäíûõ ñèãíàëà.
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Ðåøåíèå. Ïðèìåíèâ Z-ïðåîáðàçîâàíèå ê óðàâíåíèþ (4.5.26)
ïî ïåðåìåííîé l, ïîëó÷èì

a(k)U(k + 1, z1) + b(k)z1U(k, z1) = F (k, z1)

è, îáîçíà÷àÿ b(k)z1 ÷åðåç a0(k, z1), ïðèõîäèì ê óðàâíåíèþ

a(k)U(k + 1, z1) + a0(k, z1)U(k, z1) = F (k, z1). (4.5.27)

Îïðåäåëèì èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ h(k, l, z1) ñèñòå-
ìû, îïèñûâàåìîé óðàâíåíèåì (4.5.27).

Â êà÷åñòâå âõîäíûõ ñèãíàëîâ âîçüìåì

f1(k, l) = 3k + 2l + 5kl,
f2(t, x) = 12 · 2lk · 3k − 8 · 2l − 9 · 3k + 5,

èì ñîîòâåòñòâóþò âûõîäíûå ñèãíàëû:

u1(k, l) = kl,
u2(t, x) =

(
2l − 1

) (
3k − 1

)
.

Z-ïðåîáðàçîâàíèå ôóíêöèé u1(k, l), u2(k, l), f1(k, l), f2(k, l) ïî
ïåðåìåííîé l èìåþò âèä:

� äëÿ âõîäíûõ ñèãíàëîâ:

F1(k, z1) =
z1 (2k + 3kz1 + 2)

(z1 − 1)2
,

F2(k, z1) =
z1
(
3k+1z1 − 3z1 + 2 · 3k+1 − 2

)
(z1 − 1) (z1 − 2)

; (4.5.28)

� äëÿ âûõîäíûõ ñèãíàëîâ:

U1(k, z1) =
kz1

(z1 − 1)2
,

U2(k, z2) =
z1
(
3k − 1

)
(z1 − 1) (z1 − 2)

. (4.5.29)

Z-ïðåîáðàçîâàíèå ôóíêöèé F1(k, z1), F2(k, z1), U1(k, z1), U2(k, z1)
ïî ïåðåìåííîé k äëÿ âûðàæåíèé (4.5.28), (4.5.29) èìåþò âèä

F̂1(z2, z1) =
z2z1 (2z2 + 3z1)

(z2 − 1)2 (z1 − 1)2
,

F̂2(z2, z1) =
2z2z1 (2z2 + 3z1)

(z2 − 1) (z2 − 3) (z1 − 1) (z1 − 2)
, (4.5.30)
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Û1(z2, z1) =
z2z1

(z2 − 1)2 (z1 − 1)2
,

Û2(z2, z1) =
2z2z1

(z2 − 1) (z2 − 3) (z1 − 1) (z1 − 2)
. (4.5.31)

Ïîäñòàâëÿÿ (4.5.30), (4.5.31) â ñèñòåìó óðàâíåíèé (4.5.14), ïî-
ëó÷èì

Ĥ(z2, z1)
q(z2)z1 (2q(z2) + 3z1)

(q(z2)− 1)2 (z1 − 1)2
=

z2z1

(z2 − 1)2 (z1 − 1)2
,

Ĥ(z, p)
2q(z2)z1 (2q(z2) + 3z1)

(q(z2)− 1) (q(z2)− 3) (z1 − 1) (z1 − 2)
=

=
2z2z1

(z2 − 1) (z2 − 3) (z1 − 1) (z1 − 2)
.

Îòñþäà

Ĥ(z2, z1) =
1

2z2 + 3z1
, q(z2) = z2,

H(z2, l, z1) =
1

2z2 + 3z1
z−l2 .

Íàéäåì îáðàòíîå Z-ïðåîáðàçîâàíèå ïî ïåðåìåííîé z2 äëÿ ôóíê-
öèè Ĥ(z2, z1) =

1
2z2+3z1

. Ðàçëîæèì Ĥ(z2, z1) â ðÿä Ëîðàíà:

Ĥ(z2, z1) =
1

2z2+3z1
= 1

2z2
1

1+( 3z1
2 )z

−1
2

=

= 1
2z2

(
1−

(
3z1
2

)
z−1
2 +

(
3z1
2

)2
z−2
2 − ...+ (−1)k

(
3z1
2

)k
z−k2 + ...

)
=

=
(
1
2z

−1
2 −1

2

(
3z1
2

)
z−2
2 +1

2

(
3z1
2

)2
z−3
2 −...+(−1)k−1 1

2

(
3z1
2

)k−1
z−k2 +...

)
.

Îáðàòíîå Z-ïðåîáðàçîâàíèå äëÿ ôóíêöèè Ĥ(z2, z1) ïî ïåðå-
ìåííîé z2 áóäåò ðàâíî

ĥ(k, z1) =

{
0, k = 0 ,

(−1)k−1 1
2

(
3z1
2

)k−1
, k = 1, 2, ...

Ïî òåîðåìå ñìåùåíèÿ îáðàòíîå Z-ïðåîáðàçîâàíèå äëÿ ôóíê-
öèè

H(z2, l, z1) =
1

2z2 + 3z1
z−l2
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áóäåò îïðåäåëÿòüñÿ

Z−1 [H(z2, l, z1)] = Z−1
[
ĥ(k − l, z1)

]
,

ò.å.

h(k, l, z1)=h(k − l, z1)=

{
0, k = l,

(−1)k−l−1 1
2

(
3z1
2

)k−1−1
, k>l, k=1, 2, ...,

U(k, z1) =
1

2

k−1∑
l=0

(−1)k−l−1

(
3z1
2

)k−l−1

F (l, z1).

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ (4.5.27) ðàññìîò-
ðèì ýêâèâàëåíòíîå êîíå÷íî-ðàçíîñòíîå óðàâíåíèå

B1(k, z1)∆U(k + 1, z1) +B0(k, z1)U(k, z1) = F (k, z1). (4.5.32)

Êîýôôèöèåíòû óðàâíåíèÿ ñâÿçàíû ñîîòíîøåíèÿìè (4.5.20) è
â äàííîì ñëó÷àå èìåþò âèä{

a(k, z1) = B1(k, z1),
a0(k, z1) = B0(k, z1)−B1(k, z1).

(4.5.33)

Äëÿ íàéäåííîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè h(k − l, z1)
ñèñòåìû (4.5.27) âû÷èñëèì âèðòóàëüíûå âõîäíûå ñèãíàëû F1(k, z1),
F2(k, z1) òàê, ÷òîáû ñîîòâåòñòâóþùèå âûõîäíûå ñèãíàëû èìåëè âèä:

U1(k, z1) =

{
1(k)v1(z1), k ≥ 0,

0, k < 0,

U2(t, p) =

{
kv2(z1), k ≥ 0,

0, k < 0,

(4.5.34)

ãäå v1(z1), v2(z1) � íåêîòîðûå àíàëèòè÷åñêèå ôóíêöèè, äëÿ êîòîðûõ
îïðåäåëåíî îáðàòíîå Z-ïðåîáðàçîâàíèå.

Èñêîìûå ïîñëåäîâàòåëüíîñòè F1(k, z1), F2(k, z1) íàéäåì èç ðå-
øåíèÿ óðàâíåíèé

1(k)v1(z1) =
1

2

k−1∑
l=0

(−1)k−l−1

(
3z1
2

)k−l−1

F (l, z1),

kv2(z1) =
1

2

k−1∑
l=0

(−1)k−l−1

(
3z1
2

)k−l−1

F (l, z1).

Íàéäåì ðåøåíèå ïåðâîãî óðàâíåíèÿ.
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Ïðè k = 1 ïîëó÷èì 2v1(z1) = F (0, z1).
Ïðè k = 2 ïîëó÷èì 2v1(z1) = −

(
3z1
2

)
F (0, z1)+F (1, z1), îòêóäà

F (1, z1) = 2v1(z1) + 3z1v1(z1) èëè

F (1, z1) = (2 + 3z1) v1(z1).

Ïðè k = 3 ïîëó÷èì

2v1(z1) =

(
3z1
2

)2

F (0, z1)−
(
3z1
2

)
F (1, z1) + F (2, z1),

îòêóäà

F (2, z1) = 2v1(z1)−
(
3z1
2

)2

2 +

(
3z1
2

)
(2 + 3z1) v1(z1)

èëè

F (2, z1) = (2 + 3z1) v1(z1).

Ïî èíäóêöèè èìååì

F (k, z1) = (2 + 3z1) v1(z1).

Ðåøåíèåì ïåðâîãî óðàâíåíèÿ áóäåò ïîñëåäîâàòåëüíîñòü

F (k, z1) =

{
2, k = 0,

(2 + 3z1) v1(z1), k = 1, 2, ...
(4.5.35)

Íàéäåì ðåøåíèå âòîðîãî óðàâíåíèÿ.
Ïðè k = 1 ïîëó÷èì 2v2(z1) = F (0, z1).
Ïðè k = 2 ïîëó÷èì 2 · 2v2(z1) = −

(
3z1
2

)
F (0, z1) + F (1, z1),

îòêóäà F (1, z1) = 2 · 2v2(z1) + 3z1v2(z1) èëè

F (1, z1) = (2 · 2 + 3z1) v2(z1).

Ïðè k = 3 ïîëó÷èì

2 · 3v2(z1) =
(
3z1
2

)2

F (0, z1)−
(
3z1
2

)
F (1, z1) + F (2, z1),

îòêóäà

F (2, z1) = 2 · 3v2(z1)−
(
3z1
2

)2

2 +

(
3z1
2

)
(2 · 2 + 3z1) v2(z1)

èëè
F (2, z1) = (2 · 3 + 2 · 3z1) v1(z1).
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Ïî èèíäóêöèè èìååì

F (k, z1) = (2k + (k − 1)3z1) v1(z1), k = 1, 2, ...,

èëè çàìåíÿÿ k − 1 íà k, ïîëó÷èì ðåøåíèå âòîðîãî óðàâíåíèÿ

F (k, z1) = (2k + 3kz1 + 2) v1(z1), k = 0, 1, 2, ... (4.5.36)

Ïîäñòàâëÿÿ (4.5.34), (4.5.35), (4.5.36) â (4.5.32), ïîëó÷èì ñèñòå-
ìó óðàâíåíèé{

B0(k, z1) = 2 + 3z1,
B1(k, z1) +B0(k, z1)k = 2k + 3kz1 + 2,

k = 1, 2, ...

Îòñþäà B0(k) = 2+ 3z1, B1(k) = 2, k = 1, 2, ... Èñïîëüçóÿ ñîîòíîøå-
íèå (4.5.30), íàéäåì êîýôôèöèåíòû a0(k, z1), a(k):{

a(k) = B1(k) = 2,
a0(k, z1) = B0(k)−B1(k) = 3z1.

Ñëåäîâàòåëüíî, êîýôôèöèåíòû óðàâíåíèÿ (4.5.20) ðàâíû a(k) = 2,
b(k) = 3, ÷òî ñîâïàäàåò ñ òî÷íûìè çíà÷åíèÿìè.

4.6. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ

ýðåäèòàðíûõ ñèñòåì5

Ïðè èññëåäîâàíèè ìíîãèõ äèíàìè÷åñêèõ ñèñòåì, êîãäà ïîâå-
äåíèå ñèñòåìû îïðåäåëÿåòñÿ íå òîëüêî ìãíîâåííûìè çíà÷åíèÿìè åå
ñîñòàâëÿþùèõ, íî è ñîñòîÿíèåì ñèñòåìû â ïðåäøåñòâóþùèå ïðîìå-
æóòêè âðåìåíè, âîçíèêàåò çàäà÷à ó÷åòà ïîñëåäåéñòâèé.

Äèíàìè÷åñêèå ïðîöåññû ñ ïîñëåäñòâèÿìè â ïîñëåäíåå âðåìÿ
àêòèâíî èññëåäóþòñÿ â ðàçëè÷íûõ ðàçäåëàõ òåõíèêè, ôèçèêè, ýêî-
ëîãèè è áèîëîãèè è ïîëó÷èëè îáùåå íàçâàíèå ýðåäèòàðíûõ. Ó÷åò
ýðåäèòàðíîñòè ïðîöåññîâ ïîçâîëÿåò âûÿâèòü ìíîãèå ðàíåå íåèçâåñò-
íûå ñâîéñòâà äèíàìè÷åñêèõ ñèñòåì, à ñîâðåìåííîå ñîñòîÿíèå âû÷èñ-
ëèòåëüíîé òåõíèêè è ÷èñëåííûõ ìåòîäîâ ïîçâîëÿåò èõ óñïåøíî ìî-
äåëèðîâàòü. Ýòèìè îáñòîÿòåëüñòâàìè îáúÿñíÿåòñÿ àêòèâíîå èçó÷å-
íèå òåîðèè ýðåäèòàðíûõ ïðîöåññîâ â íàñòîÿùåå âðåìÿ. Ïîäðîáíîå
èçëîæåíèå òåîðèè è îñíîâíûå ïðèëîæåíèÿ ýðåäèòàðíûõ ïðîöåññîâ
ñîäåðæàòñÿ â êíèãàõ [124,146,172].

5Äàííûé ðàçäåë íàïèñàí ïî ìàòåðèàëàì ðàáîò [29,30].
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Â áîëüøèíñòâå ñëó÷àåâ ýðåäèòàðíûå ïðîöåññû îïèñûâàþòñÿ
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ äðîáíûìè ïðîèçâîäíûìè. Ïî-
ìèìî óêàçàííûõ âûøå êíèã, èìååòñÿ áîëüøîå ÷èñëî ïóáëèêàöèé,
â êîòîðûõ ðåøàåòñÿ ïðÿìàÿ çàäà÷à � èññëåäîâàíèå äèíàìè÷åñêîãî
ïðîöåññà ïðè èçâåñòíûõ ïàðàìåòðàõ. Àâòîðàì íåèçâåñòíû ðàáîòû, â
êîòîðûõ èññëåäóåòñÿ èäåíòèôèêàöèÿ ñèñòåì, îïèñûâàåìûõ óðàâíå-
íèÿìè ñ äðîáíûìè ïðîèçâîäíûìè. Ýòîìó âîïðîñó ïîñâÿùåí äàííûé
ðàçäåë. Îòìåòèì, ÷òî èäåíòèôèêàöèÿ ñèñòåì, îïèñûâàåìûõ ïðîèç-
âîäíûìè öåëîãî ïîðÿäêà, ðàññìàòðèâàëàñü â ðàáîòàõ [14,26,138].

4.6.1. Äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè
ñ äðîáíûìè ïðîèçâîäíûìè

Ðàññìîòðèì äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå äèôôåðåí-
öèàëüíûìè óðàâíåíèÿìè ñ äðîáíûìè ïðîèçâîäíûìè

n∑
k=1

AkD
αk

0t y(t) = x(t) (4.6.1)

è c íà÷àëüíûìè óñëîâèÿìè

Dαk−j
0t y(t) = bkj, k = 1, 2, ..., n; j = 1, 2, ...,mk;mk = [αk] + 1. (4.6.2)

Çäåñü [172]:

Dαk
0t y(t) =

1

Γ(mk − αk)

dmk

dtmk

t∫
0

y(τ)

(t− τ)αk−mk+1dτ, k = 1, 2, ..., n.

Áóäåì ñ÷èòàòü, ÷òî ïàðàìåòðû ñèñòåìû óäîâëåòâîðÿþò óñëî-
âèÿì αk > 0,mk − 1 < αk ≤ mk, Ak ∈ R, k = 1, 2, ..., n.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, çíàÿ âõîäíîé x(t) è ñîîòâåò-
ñòâóþùèé âûõîäíîé y(t) ñèãíàëû ñèñòåìû, íàéòè åå ïàðàìåòðû αk,
Ak ∈ R, k = 1, 2, ..., n.

Ðåøåíèå. Ðåøåíèå ïîñòàâëåííîé çàäà÷è îñíîâàíî íà ïðèìå-
íåíèè ìåòîäà íàèìåíüøèõ êâàäðàòîâ äëÿ ìèíèìèçàöèè ôóíêöèî-
íàëîâ îò ïîëèíîìîâ ñ íåèçâåñòíûìè êîýôôèöèåíòàìè è äðîáíûìè
ïîêàçàòåëÿìè â ñïåêòðàëüíîé îáëàñòè.

Ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ïðîèçâîäíîé äðîáíîãî ïîðÿäêà
èìååò âèä [172]:

L [Dα
0ty(t)] = pαY (p)−

n∑
j=1

bjp
j−1,
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ãäå Y (p) =

+∞∫
0

y(t)e−ptdp � ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè y(t) â

îáëàñòè Rep > σ, â êîòîðîé ôóíêöèÿ Y (p) ÿâëÿåòñÿ àíàëèòè÷åñêîé;
bj = Dα−j

0t y, j = 1, 2, ..., n, n = [α] + 1, � çíà÷åíèÿ ïðîèçâîäíûõ
ñîîòâåòñòâóþùèõ ïîðÿäêîâ ôóíêöèè y(t) ïðè t = 0.

Ïðèìåíèâ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ (4.6.1) ñ íà-
÷àëüíûìè óñëîâèÿìè (4.6.2), ïîëó÷èì

Y (p)
n∑
k=1

Akp
αk −

n∑
k=1

Ak

mk∑
j=1

bkjp
j−1 = X(p).

Îòñþäà ïðè çíà÷åíèÿõ p òàêèõ, ÷òî Y (p) ̸= 0 è Rep > σ, èìååì

n∑
k=1

Akp
αk =

n∑
k=1

Ak

mk∑
j=1

bkjp
j−1

Y (p)
+
X(p)

Y (p)
. (4.6.3)

Ýòà ôîðìóëà ïîëîæåíà â îñíîâó àëãîðèòìà îïðåäåëåíèÿ ïàðà-
ìåòðîâ αk, Ak, k = 1, 2, ..., n.

Âíà÷àëå ðàññìîòðèì ÷àñòíûå ñëó÷àè.
Ïåðâûé ÷àñòíûé ñëó÷àé. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë

x(t), ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) ñèñòåìû (4.6.1) è êî-
ýôôèöèåíòû Ak ∈ R, k = 1, 2, ..., n, íàéòè äðîáíûå ïîêàçàòåëè
αk, k = 1, 2, ..., n.

Ïðàâóþ ÷àñòü ôîðìóëû (4.6.3) îáîçíà÷èì ÷åðåç

F (p) =

n∑
k=1

Ak

mk∑
j=1

bkjp
j−1

Y (p)
+
X(p)

Y (p)
.

Ôóíêöèþ F (p) àïïðîêñèìèðóåì âûðàæåíèåì F1(p) =
n∑
k=1

Akp
βk

ñ íåèçâåñòíûìè ïàðàìåòðàìè βk, k = 1, 2, ..., n, çíà÷åíèÿ êîòîðûõ
íàéäåì ìåòîäîì íàèìåíüøèõ êâàäðàòîâ íà ñåãìåíòå ∆ = [a, b] . Ñåã-
ìåíò [a, b] ðàñïîëîæåí â îáëàñòè [C,+∞), C = max (c1, c2). Çíà÷åíèÿ
c1, c2 îïðåäåëÿþòñÿ èç ñëåäóþùèõ óñëîâèé:

ôóíêöèÿ X(p) àíàëèòè÷åñêàÿ ïðè Rep ≥ c1,
ôóíêöèÿ Y (p) àíàëèòè÷åñêàÿ ïðè Rep ≥ c2,

ïðè÷åì Y (p) ̸= 0 ïðèRep ∈ [a, b] .
(4.6.4)
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Íà ñåãìåíòå [a, b] ââåäåì óçëû tk = a + b−a
N k, k = 1, 2, ..., N.

Îïðåäåëèì ôóíêöèîíàë Φ (β1, β2, ..., βn) =
N∑
i=1

(
n∑
k=1

Akt
βk

i − F (ti)

)2

.

Çíà÷åíèÿ èñêîìûõ êîýôôèöèåíòîâ β1, β2, ..., βn áóäåì èñêàòü èç óñëî-
âèÿ

Φ (β1, β2, ..., βn) → min .

Íåîáõîäèìîå óñëîâèå ìèíèìóìà èìååò âèä
∂Φ

∂βj
= 0, j = 1, 2, ..., n.

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

n∑
k=1

Ak

N∑
i=1

t
βk+βj
i ln ti =

N∑
i=1

F (ti) t
βj
i ln ti, j = 1, 2, ..., n.

Ðåøàÿ äàííóþ ñèñòåìó, íàõîäèì çíà÷åíèÿ βk, k = 1, 2, ..., n, êîòîðûå
ÿâëÿþòñÿ ïðèáëèæåííûìè çíà÷åíèÿìè èñêîìûõ äðîáíûõ ïîêàçàòå-
ëåé αk, k = 1, 2, ..., n.

Âòîðîé ÷àñòíûé ñëó÷àé. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë
x(t) è ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) ñèñòåìû (4.6.1) ñ íó-
ëåâûìè íà÷àëüíûìè óñëîâèÿìè bkj = 0, k = 1, 2, ..., n; j = 1, 2, ...,
mk; mk = [αk] + 1, íàéòè êîýôôèöèåíòû Ak ∈ R, k = 1, 2, ..., n, è
äðîáíûå ïîêàçàòåëè αk, k = 1, 2, ..., n.

Â äàííîì ñëó÷àå âûðàæåíèå (4.6.3) áóäåò èìåòü âèä

n∑
k=1

Akp
αk =

X(p)

Y (p)
.

Ïî äàííîìó âûðàæåíèþ îïðåäåëèì ôóíêöèþ F (p)=
X(p)

Y (p)
, êîòîðóþ

àïïðîêñèìèðóåì âûðàæåíèåì F1(p)=
n∑
k=1

Bkp
βk ñ íåèçâåñòíûìè ïà-

ðàìåòðàìè Bk, βk, k = 1, 2, ..., n. Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ ïàðà-
ìåòðîâ âîñïîëüçóåìñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ íà ñåãìåíòå
∆= Rep∈ [a, b] . Ñåãìåíò [a, b] îïðåäåëÿåòñÿ óñëîâèÿìè (4.6.4).

Íà ñåãìåíòå [a, b] ââåäåì óçëû tk = a+
b− a

N
k, k = 1, 2, ..., N.

Îïðåäåëèì ôóíêöèîíàë

Φ (B1, B2, ..., Bn, β1, β2, ..., βn) =
N∑
i=1

(
n∑
k=1

Bkt
βk

i − F (ti)

)2

.
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Çíà÷åíèÿ èñêîìûõ êîýôôèöèåíòîâ B1, B2, ..., Bn, β1, β2, ..., βn
áóäåì èñêàòü èç óñëîâèÿ Φ (B1, B2, ..., Bn, β1, β2, ..., βn) → min .

Íåîáõîäèìûìè óñëîâèÿìè ìèíèìóìà ôóíêöèîíàëà

Φ (B1, B2, ..., Bn, β1, β2, ..., βn)

ÿâëÿåòñÿ ðåøåíèå ñèñòåìû óðàâíåíèé
∂Φ

∂βj
= 0, j = 1, 2, ..., n,

∂Φ

∂Bj
= 0, j = 1, 2, ..., n.

Ïðîäåëûâàÿ î÷åâèäíûå âûêëàäêè, èìååì
n∑
k=1

Bk

n∑
k=1

t
βk+βj
i =

n∑
k=1

F (ti)t
βk
i , j = 1, 2, ..., n,

n∑
k=1

Bk

n∑
k=1

t
βk+βj
i ln(ti) =

n∑
k=1

F (ti)t
βk
i ln(ti), j = 1, 2, ..., n.

Ðåøàÿ äàííóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ B1, B2, ..., Bn, β1,
β2, ..., βn, ïîëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ íåèçâåñòíûõ
A1, A2, ..., An, α1, α2, ..., αn.

Òðåòèé ÷àñòíûé ñëó÷àé. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë
x(t), ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) è äðîáíûå ïîêàçàòåëè
αk, k = 1, 2, ..., n, ñèñòåìû (4.6.1) ñ íà÷àëüíûìè óñëîâèÿìè (4.6.2),
íàéòè êîýôôèöèåíòû Ak ∈ R, k = 1, 2, ..., n.

Êàê è âûøå, çàäà÷ó Êîøè (4.6.1), (4.6.2) ïðèâåäåì ê óðàâíå-
íèþ (4.6.3). Îáîçíà÷èì ÷åðåç F (A1, A2, ..., An, p) ôóíêöèþ

F (A1, A2, ..., An, p) =
n∑
k=1

Akp
αk −

n∑
k=1

Ak

mk∑
j=1

bkjp
j−1

Y (p)
− X(p)

Y (p)
.

Íà ñåãìåíòå [a, b] (ñåãìåíò [a, b] óäîâëåòâîðÿåò óñëîâèÿì (4.6.4)) ââå-

äåì óçëû tk = a+
b− a

N
k, k = 1, 2, ..., N. Îïðåäåëèì ôóíêöèîíàë

Φ (B1, B2, ..., Bn) =
N∑
i=1

(F (B1, B2, ..., Bn, ti))
2 .

Çíà÷åíèÿ ïàðàìåòðîâ B1, B2, ..., Bn, íàéäåì èç óñëîâèÿ ìèíè-
ìóìà ôóíêöèîíàëà

Φ (B1, B2, ..., Bn) → min .
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Íåîáõîäèìûì óñëîâèåì ìèíèìóìà ôóíêöèîíàëà Φ (B1, B2, ..., Bn)

ÿâëÿåòñÿ ðåøåíèå ñèñòåìû óðàâíåíèé
∂Φ

∂Bj
= 0, j = 1, 2, ..., n, êî-

òîðàÿ â ïîäðîáíîé çàïèñè èìååò âèä

Bn

N∑
i=1

φ2
n (ti) +Bn−1

N∑
i=1

φn−1 (ti)φn (ti) + ...

...+B1

N∑
i=1

φ1 (ti)φn (ti) =
N∑
i=1

X (ti)

Y (ti)
φn (ti) ,

Bn

N∑
i=1

φn (ti)φn−1 (ti) +Bn−1

N∑
i=1

φ2
n−1 (ti) + ...

...+B1

N∑
i=1

φ1 (ti)φn−1 (ti) =
N∑
i=1

X (ti)

Y (ti)
φn−1 (ti) ,

...

Bn

N∑
i=1

φn (ti)φ1 (ti) +Bn−1

N∑
i=1

φn−1 (ti)φ1 (ti) + ...

...+B1

N∑
i=1

φ2
1 (ti) =

N∑
i=1

X (ti)

Y (ti)
φ1 (ti) ,

ãäå φk (ti) = t
α
k

i −
∑mk

j=1 bkjt
j−1
i

Y (ti)
, k = 1, 2, ..., n.

Ðåøèâ äàííóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
B1, B2, ..., Bn, ïîëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ íåèçâåñò-
íûõ A1, A2, ..., An.

Çàìå÷àíèå 4.6.1. Åñëè αk ∈ N, k = 1, 2, ..., n, òî çàäà÷à Êîøè
(4.6.1), (4.6.2) äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ äðîáíîé ïðîèç-
âîäíîé ïåðåõîäèò â çàäà÷ó Êîøè

An
dny

dtn
+ An−1

dn−1y

dtn−1
+ ...+ A1

dy

dt
+ A0y = x(t),

y(0) = b1, y
′(0) = b1, ..., y

(n−1)(0) = bn

äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè.

Òîãäà âûðàæåíèå (4.6.3) ïðèìåò âèä

Anp
n + An−1p

n−1 + ...+ A1p+ A0 =

∑n
k=0Ak

∑n
j=1 bjp

j−1

Y (p)
+
X(p)

Y (p)
.
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Èñïîëüçóÿ äàííîå âûðàæåíèå, îïðåäåëèì ôóíêöèþ

F (B0, B1, ..., Bn, p) =
n∑
k=0

Bkp
k −

∑n
k=0Bk

∑n
j=1 bjp

j−1

Y (p)
− X(p)

Y (p)
.

Íà ñåãìåíòå [a, b] (ñåãìåíò [a, b] óäîâëåòâîðÿåò óñëîâèÿì (4.6.4)) ââå-
äåì óçëû tk = a+ b−a

N k, k = 1, 2, ..., N. Îïðåäåëèì ôóíêöèîíàë

Φ (B0, B1, ..., Bn) =
N∑
i=1

(F (B0, B1, ..., Bn, ti))
2 .

Çíà÷åíèÿ ïàðàìåòðîâ B0, B1, ..., Bn, íàéäåì èç óñëîâèÿ ìèíè-
ìóìà ôóíêöèîíàëà

Φ (B0, B1, ..., Bn) → min .

Íåîáõîäèìîå óñëîâèå ìèíèìóìà ôóíêöèîíàëà Φ (B0, B1, ..., Bn)

èìååò âèä
∂Φ

∂Bj
= 0, j = 0, 1, ..., n. Òàêèì îáðàçîì, çíà÷åíèÿ èñêî-

ìûõ ïàðàìåòðîâ B0, B1, ..., Bn íàõîäèì èç ðåøåíèÿ ñèñòåìû ëèíåé-
íûõ óðàâíåíèé



Bn

N∑
i=1

φ2
n (ti) +Bn−1

N∑
i=1

φn−1 (ti)φn (ti) + ...

...+B0

N∑
i=1

φ0 (ti)φn (ti)
N∑
i=1

X (ti)

Y (ti)
φn (ti) ,

Bn

N∑
i=1

φn (ti)φn−1 (ti) +Bn−1

N∑
i=1

φ2
n−1 (ti) + ...

...+B0

N∑
i=1

φ0 (ti)φn−1 (ti) =
N∑
i=1

X (ti)

Y (ti)
φn−1 (ti) ,

...

Bn

N∑
i=1

φn (ti)φ0 (ti) +Bn−1

N∑
i=1

φn−1 (ti)φ0 (ti) + ...

...+B0

N∑
i=1

φ2
0 (ti) =

N∑
i=1

X (ti)

Y (ti)
φ0 (ti) ,

φk (ti) = tki −
∑n

j=1 bjt
j−1
i

Y (ti)
,k = 0, 1, ..., n.
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Ðåøèâ äàííóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
B0, B1, ..., Bn, ïîëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ íåèçâåñò-
íûõ A0, A1, ..., An.

Ïðèìåð 4.6.1. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ
óðàâíåíèåì

a2y
′′ + a1y

′ + a0y = x(t)

ñ íà÷àëüíûìè óñëîâèÿìè y(0) = −1, y′(0) = 1.
Çäåñü èñêîìûå êîýôôèöèåíòû ðàâíû a2 = 1, a1 = 4, a0 = 4.

Ðåøåíèå. Ïðè âõîäíîì âîçäåéñòâèè x(t) = e−2t (cos t+ 2 sin t)
âûõîäíîé ñèãíàë ðàâåí y(t) = −e−2t cos t− 4e−2t sin t− te−2t .

Ïðèìåíÿÿ îïèñàííûé âûøå ìåòîä, íàõîäèì çíà÷åíèÿ b2 = 1,
b1 = 4, b0 = 4, êîòîðûå ñîâïàäàþò ñ òî÷íûìè çíà÷åíèÿìè a2, a1, a0.

Îáùèé ñëó÷àé. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë x(t) è ñî-
îòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) ñèñòåìû (4.6.1) ñ íà÷àëüíûìè
óñëîâèÿìè (4.6.2), íàéòè äðîáíûå ïîêàçàòåëè αk, k = 1, 2, ..., n, è
êîýôôèöèåíòû Ak ∈ R, k = 1, 2, ..., n.

Âîñïîëüçîâàâøèñü âûðàæåíèåì (4.6.3), ââåäåì ôóíêöèþ

F (A1, A2, ..., An, α1, α2, ..., αn, p) =

=
n∑
k=1

Akp
αk −

∑n
k=1Ak

∑mk

j=1 bkjp
j−1

Y (p)
− X(p)

Y (p)
.

Íà ñåãìåíòå [a, b] (ñåãìåíò [a, b] óäîâëåòâîðÿåò óñëîâèÿì (4.6.4)) ââå-
äåì óçëû

tk = a+
b− a

N
k, k = 1, 2, ..., N.

Îïðåäåëèì ôóíêöèîíàë

Φ (B1, B2, ..., Bn, β1, β2, ..., βn) =
N∑
i=1

(F (B1, B2, ..., Bn, β1, β2, ..., βnti))
2 .

Çíà÷åíèÿ ïàðàìåòðîâ B1, B2, ..., Bn , β1, β2, ..., βn íàéäåì èç
óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà

Φ (B1, B2, ..., Bn, β1, β2, ..., βn) → min .

Íåîáõîäèìûì óñëîâèåì ìèíèìóìà ôóíêöèîíàëà

Φ (B1, B2, ..., Bn, β1, β2, ..., βn)
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ÿâëÿåòñÿ ðåøåíèå ñèñòåìû óðàâíåíèé
∂Φ

∂Bj
= 0, j = 1, 2, ..., n,

∂Φ

∂βj
= 0, j = 1, 2, ..., n.

Èç ýòîãî óñëîâèÿ ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ
èñêîìûõ ïàðàìåòðîâ B1, B2, ..., Bn, β1, β2, ..., βn :

Bn

N∑
i=1

φ2
n (ti) +Bn−1

N∑
i=1

φn−1 (ti)φn (ti) + ...

...+B1

N∑
i=1

φ1 (ti)φn (ti) =
N∑
i=1

X (ti)

Y (ti)
φn (ti),

Bn

N∑
i=1

φn (ti)φn−1 (ti) +Bn−1

N∑
i=1

φ2
n−1 (ti) + ...

...+B1

N∑
i=1

φ1 (ti)φn−1 (ti) =
N∑
i=1

X (ti)

Y (ti)
φn−1 (ti),

...

Bn

N∑
i=1

φn (ti)φ1 (ti) +Bn−1

N∑
i=1

φn−1 (ti)φ1 (ti) + ...

...+B1

N∑
i=1

φ2
1 (ti) =

N∑
i=1

X (ti)

Y (ti)
φ1 (ti),

Bn

N∑
i=1

ω2
n (ti) +Bn−1

N∑
i=1

ωn−1 (ti)φn (ti) + ...

...+B1

N∑
i=1

ω1 (ti)ωn (ti) =
N∑
i=1

X (ti)

Y (ti)
ωn (ti),

Bn

N∑
i=1

ωn (ti)φn−1 (ti) +Bn−1

N∑
i=1

ω2
n−1 (ti) + ...

...+B1

N∑
i=1

ω1 (ti)ωn−1 (ti) =
N∑
i=1

X (ti)

Y (ti)
ωn−1 (ti),

...

Bn

N∑
i=1

ωn (ti)φ1 (ti) +Bn−1

N∑
i=1

ωn−1 (ti)φ1 (ti) + ...

...+B1

N∑
i=1

ω2
1 (ti) =

N∑
i=1

X (ti)

Y (ti)
ω1 (ti).
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ãäå

φk (ti) = t
β
k

i −
∑mk

j=1 bkjt
j−1
i

Y (ti)
,

k = 1, 2, ..., n,

ωk (ti) =

(
t
β
k

i −
∑mk

j=1 bkjt
j−1
i

Y (ti)

)
t
β
k

i ln ti,

k = 1, 2, ..., n,

Ðåøèâ ýòó ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ B1, B2, ..., Bn, β1,
β2, ..., βn, ïîëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ íåèçâåñòíûõ
A1, A2, ..., An, α1, α2, ..., αn.

Ðàññìîòðèì ÷àñòíûå ñëó÷àè óðàâíåíèÿ (4.6.1).
1. Ðàññìîòðèì äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå çàäà÷åé Êîøè
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé:

Dα
0ty − λy = x(t), (4.6.5)

Dα−k
0t y = bk, k = 1, 2, ...,m = [α] + 1, (4.6.6)

ãäå Dα
0ty =

1

Γ(m− α)

dm

dtm

∫ t

0

y(τ)

(t− τ)α−m+1dτ .

Ïóñòü α > 0,m− 1 < α ≤ m,λ ∈ R.
Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë x(t) è

ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) ñèñòåìû, íàéòè åå ïàðàìåò-
ðû α, λ.

Ðåøåíèå. Äëÿ çàäàííûõ âõîäíîãî x(t) è ñîîòâåòñòâóþùåãî
åìó âûõîäíîãî y(t) ñèãíàëîâ ñèñòåìû èçîáðàæåíèå Ëàïëàñà óðàâíå-
íèÿ (4.6.5) ñ íà÷àëüíûìè óñëîâèÿìè (4.6.6) áóäåò èìåòü âèä

pαY (p)− b1 − pb2 − ...− pmbm − λY (p) = X(p).

Îòñþäà

pα − λ =
b1 + pb2 + ...+ pmbm

Y (p)
+
X(p)

Y (p)
. (4.6.7)

Ââåäåì ôóíêöèþ F (p) =
b1 + pb2 + ...+ pmbm

Y (p)
+
X(p)

Y (p)
, êîòî-

ðóþ àïïðîêñèìèðóåì äâó÷ëåíîì F2(p) = pβ − b.

Íà ñåãìåíòå [a, b] (ñåãìåíò [a, b] óäîâëåòâîðÿåò óñëîâèÿì (4.6.4))
ââåäåì óçëû ti = a+ b−a

N i, i = 1, 2, ..., N. Îïðåäåëèì ôóíêöèîíàë

Φ (β, b) =
N∑
i=1

(
tβi − b− F (ti)

)2
.
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Çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ β, b íàéäåì èç óñëîâèÿ

Φ (β, b) → min .

Ýòî óñëîâèå ïðèâîäèò ê ñèñòåìå óðàâíåíèé
N∑
i=1

tβi − bN =
N∑
i=1

F (ti) ,

N∑
i=1

t2βi ln (ti)− b

N∑
i=1

tβi ln (ti) =
N∑
i=1

F (ti) t
β
i ln (ti) .

Ðåøèâ äàííóþ ñèñòåìó, íàõîäèì ïàðàìåòðû β, b, êîòîðûå ÿâ-
ëÿþòñÿ ïðèáëèæåííûìè çíà÷åíèÿìè èñêîìûõ çíà÷åíèé α, λ.

Ïðèâåäåì ïðèìåðû.

Ïðèìåð 4.6.2. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ
çàäà÷åé Êîøè (4.6.5), (4.6.6) ïðè α = 1

2 , λ = 5:

D
1
2
0ty − 5y = x(t) (4.6.8)

è ïðè íà÷àëüíîì óñëîâèè

D
− 1

2
0t y = 0. (4.6.9)

Ðåøåíèå. Ðåøåíèåì çàäà÷è Êîøè (4.6.8), (4.6.9) ïðè âõîäíîì
âîçäåéñòâèè x(t) = 2√

π
·1(t)−5

√
t áóäåò ôóíêöèÿ (âûõîäíîé ñèãíàë)

y(t) =
√
t · 1(t). Äåéñòâèòåëüíî, ðåøåíèåì óðàâíåíèÿ Àáåëÿ [119, ñ.

253]
t∫

0

y(t)

(t− τ)α
dt = tn (4.6.10)

ÿâëÿåòñÿ ôóíêöèÿ

y1(t) =
Γ (n+ 1)

Γ (1− α) Γ (n+ α)
tn+α−1. (4.6.11)

Èç (4.6.10), (4.6.11) èìååì
1

Γ (1− α)

t∫
0

y1(t)

(t− τ)α
dt =

Γ (n+ α)

Γ (n+ 1)
tn.

Ïðè α = 1
2 , n = 1 ïîëó÷èì y1(t) =

√
t. Êðîìå òîãî,

D
1
2
0ty1 =

Γ
(
3
2

)
Γ (2)

d

dt
t =

√
π

2
1(t).
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Ïîäñòàâëÿÿ y(t) =
√
t,D

1
2

0ty(t) =
√
π
2 1(t), x(t) =

√
π
2 1(t)− 5

√
t â

óðàâíåíèå (4.6.8), ïîëó÷àåì âåðíîå òîæäåñòâî è D
−1

2

0t y = 0.
Èçîáðàæåíèÿ x(t), y(t) èìåþò âèä

X(p) =

√
π

2p
3
2

(
p

1
2 − 5

)
è Y (p) =

√
π

2p
3
2

.

Ïîäñòàâëÿÿ äàííûå èçîáðàæåíèÿ â (4.6.7), ïîëó÷èì

pα − λ = p
1
2 − 5.

Îòñþäà íàõîäèì ïàðàìåòðû ñèñòåìû α = 1
2 , λ = 5.

2. Ðàññìîòðèì äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå äèôôå-
ðåíöèàëüíûìè óðàâíåíèÿìè ñ äðîáíîé ïðîèçâîäíîé

Dα
0ty + µDβ

0ty + λy = x(t) (4.6.12)

è ñ íà÷àëüíûìè óñëîâèÿìè{
Dα−k

0t y = ak, k = 1, 2, ..., n = [α] + 1,

Dβ−k
0t y = ak, k = 1, 2, ...,m = [β] + 1,

(4.6.13)

çäåñü

Dα
0ty =

1

Γ(n− α)

dn

dtn

t∫
0

y(τ)

(t− τ)α−n+1dτ,

Dβ
0ty =

1

Γ(m− β)

dm

dtm

t∫
0

y(τ)

(t− τ)β−m+1
dτ.

Ïóñòü α, β > 0;µ, λ ∈ R.
Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë x(t) è

ñîîòâåòñòâóþùèé âûõîäíîé ñèãíàë y(t) ñèñòåìû, íàéòè åå ïàðàìåò-
ðû α, β > 0; µ, λ ∈ R.

Ðåøåíèå. Äëÿ çàäàííûõ âõîäíîãî x(t) è ñîîòâåòñòâóþùåãî
åìó âûõîäíîãî y(t) ñèãíàëîâ ñèñòåìû èçîáðàæåíèå Ëàïëàñà óðàâíå-
íèÿ (4.6.12) ñ íà÷àëüíûìè óñëîâèÿìè (4.6.13) áóäåò èìåòü âèä

pαY (p) + µpβY (p)− a1 − pa2 − ...− pmam−
−µ (b1 + pb2 + ...+ pmbm) + λY (p) = X(p),

cëåäîâàòåëüíî

pα + µpβ + λ =

=
a1+...+ pm−1am + µ (b1+...+p

mbm)

Y (p)
+
X(p)

Y (p)
.

(4.6.14)
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Ââåäåì ôóíêöèþ

F (α1, β1, µ1, λ1, p) = pα1 + µ1p
β1 + λ1−

−a1 + pa2 + ...+ pm−1am + µ1 (b1 + pb2 + ...+ pmbm)

Y (p)
− X(p)

Y (p)
.

Íà ñåãìåíòå [a, b] (ñåãìåíò [a, b] óäîâëåòâîðÿåò óñëîâèÿì (4.6.4))
ââåäåì óçëû ti = a+ b−a

N i, i = 1, 2, ..., N.
Çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ α1, β1, µ1, λ1 íàéäåì èç óñëîâèÿ

ìèíèìóìà ôóíêöèîíàëà

Φ(α1, β1, µ1, λ1, p) =
N∑
i=1

(F (α1, β1, µ1, λ1, p))
2 → min .

Èç íåîáõîäèìîãî óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà Φ(α1, β1, µ1, λ1, p)

∂Φ

∂α1
= 0,

∂Φ

∂β1
= 0,

∂Φ

∂λ1
= 0,

∂Φ

∂µ1
= 0

ïîëó÷èì ñèñòåìó óðàâíåíèé

N∑
i=1

t2α1

i ln ti + µ1

N∑
i=1

tα1+β1
i ln ti + λ1

N∑
i=1

tα1

i ln ti =
N∑
i=1

φ (ti) t
α1

i ln ti,

N∑
i=1

tα1+β1
i ln ti + µ1

N∑
i=1

t2β1i ln ti + λ1

N∑
i=1

tβ1i ln ti =
N∑
i=1

φ (ti) t
β1
i ln ti,

N∑
i=1

tα1+β1
i + µ1

N∑
i=1

t2β1i + λ1

N∑
i=1

tβ1i =
N∑
i=1

φ (ti) t
β1
i ,

N∑
i=1

tα1

i + µ1

N∑
i=1

tβ1i + λ1N =
N∑
i=1

φ (ti) ,

çäåñü φ (ti) =

∑n
k=1 akt

k−1
i + µ1

∑n
k=1 bkt

k−1
i −X (ti)

Y (ti)
.

Èç ðåøåíèÿ äàííîé ñèñòåìû íàéäåì èñêîìûå ïàðàìåòðû α1,
β1, µ1, λ1, êîòîðûå ÿâëÿþòñÿ ïðèáëèæåííûìè çíà÷åíèÿìè α, β, µ, λ
ñîîòâåòñòâåííî.
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Ïðèìåð 4.6.3. Ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, îïèñûâàåìóþ
çàäà÷åé Êîøè

D
1
2

0ty + 3D
1
3

0ty − 5y = x(t), (4.6.15)

D
− 1

2
0t y = 0, D

− 2
3

0t y = 0. (4.6.16)

Ðåøåíèå. Ðåøåíèåì çàäà÷è Êîøè (4.6.15), (4.6.16) ïðè âõîä-

íîì âîçäåéñòâèè x(t) =
√
π
2 1(t) +

9Γ( 5
6)

2
√
π

6
√
t − 5

√
t áóäåò ôóíêöèÿ

y(t) =
√
t.

Èçîáðàæåíèÿ x(t), y(t) èìåþò âèä X(p) =

√
π

2p
3
2

(
p

1
2 + 3p

1
3 − 5

)
è Y (p) =

√
π

2p
3
2

.

Ïîäñòàâëÿÿ äàííûå èçîáðàæåíèÿ â (4.6.14), ïîëó÷èì

pα + µpβ + λ = p
1
2 + 3p

1
3 − 5.

Îòñþäà íàõîäèì ïàðàìåòðû α = 1
2 , β = 1

3 , µ = 3, λ = −5 ñè-
ñòåìû, êîòîðûå ñîâïàäàþò ñ òî÷íûìè çíà÷åíèÿìè.

4.6.2. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ ýðåäèòàðíûõ
ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè

Ðàññìàòðèâàþòñÿ äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå äèô-
ôåðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïî-
ðÿäêà

A∂αotu(t, x) = B∂βoxu(t, x) + g(t, x) (4.6.17)

c íà÷àëüíûìè

∂αotu(0, x) = ak(x), k = 1, 2, ...,m = [α] + 1, (4.6.18)

è êðàåâûìè óñëîâèÿìè

∂βotu(t, 0) = bk(t), k = 1, 2, ..., n = [β] + 1. (4.6.19)

Çäåñü t ∈ [0,∞), x ∈ [0,∞)
Íàïîìíèì îïðåäåëåíèå ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà [146]:

∂α0ty(t, x) =
1

Γ(n− α)

∂n

∂tn

t∫
0

y(τ, x)

(t− τ)α−n+1dτ, n = [α].

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë g(t, x),
âûõîäíîé ñèãíàë u(t, x) äëÿ ñèñòåìû (4.6.17) ñ íà÷àëüíûìè è êðàå-
âûìè óñëîâèÿìè (4.6.18), (4.6.19), íàéòè åå ïàðàìåòðû A,B, α, β.
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Ðåøåíèå. Ðåøåíèå ïîñòàâëåííîé çàäà÷è îñíîâàíî íà ïðèìå-
íåíèè ìåòîäà íàèìåíüøèõ êâàäðàòîâ äëÿ ìèíèìèçàöèè â ñïåêòðàëü-
íîé îáëàñòè ôóíêöèîíàëîâ îò ïîëèíîìîâ ñ íåèçâåñòíûìè êîýôôè-
öèåíòàìè è äðîáíûìè ïîêàçàòåëÿìè.

Îòìåòèì, ÷òî ïðåîáðàçîâàíèå Ëàïëàñà äëÿ ïðîèçâîäíîé äðîá-
íîãî ïîðÿäêà èìååò âèä [172]:

L [Dα
0ty(t)] = pαY (p)−

n∑
j=1

bjp
j−1,

ãäå Y (p)=
+∞∫
0

y(t)e−ptdp � ïðåîáðàçîâàíèå Ëàïëàñà ôóíêöèè y(t), êî-

òîðîå îïðåäåëåíî â îáëàñòè Rep > σ, â êîòîðîé ôóíêöèÿ Y (p) ÿâ-
ëÿåòñÿ àíàëèòè÷åñêîé, bj=D

α−j
0t y, j=1, 2, ..., n; n=[α]+1 � çíà÷åíèÿ

ïðîèçâîäíûõ ñîîòâåòñòâóþùåãî ïîðÿäêà ôóíêöèè y(t) ïðè t = 0.
Ïðèìåíèâ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ (4.6.17) ñ íà-

÷àëüíûìè è êðàåâûìè óñëîâèÿìè (4.6.18), (4.6.19) ïî ïåðåìåííûì
t, x â ïðåäïîëîæåíèè, ÷òî U(p1, p2) ̸= 0, ïîëó÷èì

Apα1 −Bpβ2 = =
A
(
pm−1
1 a1 (p2) + ...+ am (p2)

)
U (p1, p2)

−

−
B
(
pn−1
2 b1 (p1) + ...+ bn (p1)

)
U (p1, p2)

+
G (p1, p2)

U (p1, p2)
. (4.6.20)

Ðàññìîòðèì îáëàñòü D = [a, b] × [c, d] , ïðè÷åì ñåãìåíò [a, b]
ðàñïîëîæåí â îáëàñòè [c,+∞), c = max (c1, c2), à ñåãìåíò [c, d] ðàñïî-
ëîæåí â îáëàñòè [c′,+∞), c′ = max (c′1, c

′
2). Ïóñòü ôóíêöèè G(p1, p2),

U(p1, p2) óäîâëåòâîðÿþò óñëîâèÿì
G(p1, p2) àíàëèòè÷åñêàÿ ïðè Rep1≥c1,Rep2≥c′1;

U(p1, p2) àíàëèòè÷åñêàÿ ïðè Rep1≥c1,Rep2≥c′1;

U(p1, p2)̸=0 ïðè Rep1∈ [a, b] ,Rep2∈ [c, d] .

(4.6.21)

Ââåäåì ñåòêó óçëîâ (ti, τj) ∈ D:
ti = a+ b−a

M i, i = 1, 2, ...,M,

τj = c+ d−c
N j, j = 1, 2, ..., N.

(4.6.22)
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Â îáëàñòè D äëÿ âûðàæåíèÿ (4.6.20) ââåäåì ôóíêöèîíàë

Φ (A1, B1, α1, β1) =
M∑
i=1

M∑
j=1

(
A1t

α1

i −B1τ
β1
j −

−
A1

(
tm−1
i a1 (τj) + ...+ am (τj)

)
−B1

(
τm−1
j b1 (ti) + ...+ bn (ti)

)
U (ti, τj)

−

−G (tt, τj)

U (ti, τj)

)2

.

ÏàðàìåòðûA1, B1, α1, β1 íàõîäÿòñÿ ìåòîäîì íàèìåíüøèõ êâàä-
ðàòîâ èç óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà

Φ (A1, B1, α1, β1) → min .

Íåîáõîäèìîå óñëîâèå ìèíèìóìà ôóíêöèîíàëà ïðèâîäèò ê ñèñòåìå



A1

M∑
i=1

N∑
j=1

φ2
1 (ti, τj)−B1

M∑
i=1

N∑
j=1

φ2 (ti, τj)φ1 (ti, τj)−

−
M∑
i=1

N∑
j=1

G (tt, τj)

U (ti, τj)
φ1 (ti, τj) = 0,

A1

M∑
i=1

N∑
j=1

φ1 (ti, τj)φ2 (ti, τj)−B1

M∑
i=1

N∑
j=1

φ2
2 (ti, τj)−

−
M∑
i=1

N∑
j=1

G (tt, τj)

U (ti, τj)
φ2 (ti, τj) = 0,

A1

M∑
i=1

N∑
j=1

φ1 (ti, τj) t
α1

i ln (ti)−B1

M∑
i=1

N∑
j=1

φ2 (ti, τj) t
α1

i ln (ti)−

−
M∑
i=1

N∑
j=1

G (tt, τj)

U (ti, τj)
tα1

i ln (ti) = 0,

A1

M∑
i=1

N∑
j=1

φ1 (ti, τj) t
β1
i ln (ti)−B1

M∑
i=1

N∑
j=1

φ2 (ti, τj) t
β1
i ln (ti)−

−
M∑
i=1

N∑
j=1

G (tt, τj)

U (ti, τj)
tβ1i ln (τi) = 0,

ãäå

φ1 (t, τ) = tα1 − tm−1a1 (τ) + ...+ am (τ)

U (t, τ)
,
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φ2 (t, τ) = tβ1 − τn−1b1 (t) + ...+ bn (t)

U (t, τ)
.

Ðåøàÿ äàííóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõA1, B1, α1, β1,
ïîëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ A,B, α, β.

Ïðåäëîæåííûé ìåòîä ïðèìåíèì è ê äèôôåðåíöèàëüíûì óðàâ-
íåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ öåëîãî ïîðÿäêà, ïðè÷åì ìåòîä ïðè-
ìåíèì ê ýëëèïòè÷åñêèì, ãèïåðáîëè÷åñêèì è ïàðàáîëè÷åñêèì óðàâ-
íåíèÿì.

1. Ïàðàáîëè÷åñêèå óðàâíåíèÿ
Ðàññìîòðèì ïàðàáîëè÷åñêîå óðàâíåíèå

a
∂

∂t
u(t, x) = b

∂2

∂x2
u(t, x) + g(t, x) (4.6.23)

c íà÷àëüíûìè
u(0, x) = a1(x), (4.6.24)

è êðàåâûìè
u(t, 0) = b1(t), ux(t, 0) = b2(t) (4.6.25)

óñëîâèÿìè. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë g(t, x), âûõîäíîé ñèãíàë
u(t, x) äëÿ óðàâíåíèÿ (4.6.23) ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè
(4.6.24), (4.6.25), íàéòè åå ïàðàìåòðû a, b. Èç óñëîâèÿ ïàðàáîëè÷íî-
ñòè ñèñòåìû ñëåäóåò a > 0, b > 0.

Ïðèìåíèâ ïðåîáðàçîâàíèå Ëàïëàñà ïîñëåäîâàòåëüíî ïî ïåðå-
ìåííûì t, x ê óðàâíåíèþ (4.6.23) ñ íà÷àëüíûìè è êðàåâûìè óñëîâè-
ÿìè (4.6.24), (4.6.25), ïîëó÷èì

ap1 − bp22 =
aa1 (p2)− b (p2b1 (p1) + b2 (p1))

U (p1, p2)
+
G (p1, p2)

U (p1, p2)
. (4.6.26)

Â îáëàñòè D, óäîâëåòâîðÿþùåé óñëîâèÿì (4.6.20) íà ñåòêå óç-
ëîâ (4.6.21) (ti, τj) ∈ D, äëÿ âûðàæåíèÿ (4.6.26) îïðåäåëèì ôóíêöè-
îíàë

Φ (A,B) =

=
M∑
i=1

M∑
j=1

(
Ati−B1τ

2
j−

Aa1 (τj)−B (τjb1 (ti)+b2 (ti))

U (ti, τj)
−G (ti, τj)

U (ti, τj)

)2

.

Ïàðàìåòðû A,B íàõîäÿòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ èç
óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà

Φ (A,B) → min .
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Ââåäåì îáîçíà÷åíèÿ

φ (t, τ) = t− a1 (τ)

U (t, τ)
,

ω (t, τ) = τ 2 − τb1 (t) + b2 (t)

U (t, τ)
.

Èç íåîáõîäèìîãî óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà èìååì ñè-
ñòåìó ëèíåéíûõ óðàâíåíèé:

A
M∑
i=1

N∑
j=1

φ2 (ti, τj)−B
M∑
i=1

N∑
j=1

ω (ti, τj)φ (ti, τj) =

=
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
φ (ti, τj) ,

A
M∑
i=1

N∑
j=1

φ (ti, τj)ω (ti, τj)−B
M∑
i=1

N∑
j=1

ω2 (ti, τj) =

=
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
ω (ti, τj) .

Ðåøàÿ äàííóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ A,B, ïîëó-
÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ a, b.

2. Ãèïåðáîëè÷åñêèå óðàâíåíèÿ
Ðàññìîòðèì âîëíîâîå óðàâíåíèå

a
∂2

∂x2
u(t, x) = b

∂2

∂x2
u(t, x) + g(t, x) (4.6.27)

ñ íà÷àëüíûìè
u(0, x) = a1(x), ut(0, x) = a2(t) (4.6.28)

è êðàåâûìè
u(t, 0) = b1(t), ux(t, 0) = b2(t) (4.6.29)

óñëîâèÿìè.
Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë g(t, x), âûõîäíîé ñèãíàë u(t, x)

ñèñòåìû (4.6.27) ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè (4.6.28), (4.6.30),
íàéòè åå ïàðàìåòðû a, b. Èç óñëîâèÿ ãèïåðáîëè÷íîñòè óðàâíåíèÿ
(4.6.27) ñëåäóåò a > 0, b > 0.

Ïðèìåíèâ ïîñëåäîâàòåëüíî ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðå-
ìåííûì t, x ê óðàâíåíèþ (4.6.27) ñ íà÷àëüíûìè è êðàåâûìè óñëîâè-
ÿìè (4.6.28), (4.6.30), ïîëó÷èì

ap21 − bp22=
a (p1a1 (p2)+a2 (p2))−b (p2b1 (p1)+b2 (p1))

U (p1, p2)
+
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+
G (p1, p2)

U (p1, p2)
. (4.6.30)

Â îáëàñòè D, óäîâëåòâîðÿþùåé óñëîâèÿì (4.6.21), íà ñåòêå óç-
ëîâ (4.6.22) (ti, τj) ∈ D äëÿ âûðàæåíèÿ (4.6.30) îïðåäåëèì ôóíêöè-
îíàë

Φ (A,B) =

=
M∑
i=1

M∑
j=1

(
At2j−B1τ

2
j−

A (tia1 (τj)+a2 (τj))−B (τjb1 (ti)+b2 (ti))

U (ti, τj)

)2

.

Ïàðàìåòðû A,B íàõîäÿòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ èç
óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà

Φ (A,B) → min .

Èç íåîáõîäèìîãî óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà èìååì ñè-
ñòåìó: 

A
M∑
i=1

N∑
j=1

φ2 (ti, τj)−B
M∑
i=1

N∑
j=1

ω (ti, τj)φ (ti, τj) =

=
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
φ (ti, τj) ,

A
M∑
i=1

N∑
j=1

φ (ti, τj)ω (ti, τj)−B
M∑
i=1

N∑
j=1

ω2 (ti, τj) =

=
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
ω (ti, τj) ,

ãäå

φ (t, τ) = t2 − ta1 (τ) + a2 (τ)

U (t, τ)
,

ω (t, τ) = τ 2 − τb1 (t) + b2 (t)

U (t, τ)
.

Ðåøàÿ äàííóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ A,B, ïîëó-
÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ a, b.

3. Ýëëèïòè÷åñêèå óðàâíåíèÿ
Ðàññìîòðèì óðàâíåíèå

a
∂2

∂x2
u(t, x) + b

∂2

∂x2
u(t, x) + λu(t, x) = g(t, x) (4.6.31)
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ñ íà÷àëüíûìè
u(0, x) = a1(x), u

′
t(0, x) = a2(t) (4.6.32)

è êðàåâûìè
u(t, 0) = b1(t), u

′
x(t, 0) = b2(t) (4.6.33)

óñëîâèÿìè. Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë g(t, x), âûõîäíîé ñèãíàë
u(t, x) ñèñòåìû (4.6.31) ñ íà÷àëüíûìè (4.6.32) è êðàåâûìè óñëîâèÿìè
(4.6.33), íàéòè åå ïàðàìåòðû a, b. Èç óñëîâèÿ ýëëèïòè÷íîñòè ñëåäóåò
a > 0, b > 0.

Ïðèìåíèâ ïðåîáðàçîâàíèå Ëàïëàñà, ïîñëåäîâàòåëüíî, ïî ïåðå-
ìåííûì t, x ê óðàâíåíèþ (4.6.31) ñ íà÷àëüíûìè (4.6.32) è êðàåâûìè
óñëîâèÿìè (4.6.33), ïîëó÷èì

ap21 + bp22 + λ=
G (p1, p2)

U (p1, p2)
−

−a (p1a1 (p2) + a2 (p2)) + b (p2b1 (p1) + b2 (p1))

U (p1, p2)
. (4.6.34)

Äëÿ ïðàâîé ÷àñòè âûðàæåíèÿ (4.6.34) â îáëàñòè D îïðåäåëèì ôóíê-
öèþ, óäîâëåòâîðÿþùèõ óñëîâèÿì (4.6.21). Íà ñåòêå óçëîâ (4.6.22)
(ti, τj) ∈ D ðàññìîòðèì ôóíêöèîíàë

Φ (A,B) =
M∑
i=1

M∑
j=1

(
At2j +B1τ

2
j + λ−

−A (tia1 (τj) + a2 (τj))−B (τjb1 (ti) + b2 (ti))

U (ti, τj)
− G (ti, τj)

U (ti, τj)

)2

.

Ïàðàìåòðû A,B íàõîäÿòñÿ ìåòîäîì íàèìåíüøèõ êâàäðàòîâ èç óñëî-
âèÿ ìèíèìóìà ôóíêöèîíàëà

Φ (A,B) → min .

Ââåäåì îáîçíà÷åíèÿ

φ (t, τ) = t2 − ta1 (τ) + a2 (τ)

U (t, τ)
,

ω (t, τ) = τ 2 − τb1 (t) + b2 (t)

U (t, τ)
.

Èç íåîáõîäèìîãî óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà ïîëó÷èì ñè-
ñòåìó ëèíåéíûõ óðàâíåíèé:
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A
M∑
i=1

N∑
j=1

φ2 (ti, τj) +B
M∑
i=1

N∑
j=1

ω (ti, τj)φ (ti, τj)+

+C
M∑
i=1

N∑
j=1

φ (ti, τj) =
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
φ (ti, τj) ,

A
M∑
i=1

N∑
j=1

φ (ti, τj)ω (ti, τj) +B
M∑
i=1

N∑
j=1

ω2 (ti, τj)+

+C
M∑
i=1

N∑
j=1

ω (ti, τj) =
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
ω (ti, τj) ,

A
M∑
i=1

N∑
j=1

φ (ti, τj) +B
M∑
i=1

N∑
j=1

ω (ti, τj) + CMN =

=
M∑
i=1

N∑
j=1

G (ti, τj)

U (ti, τj)
,

Ðåøàÿ äàííóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ A,B,C, ïî-
ëó÷èì ïðèáëèæåííûå çíà÷åíèÿ èñêîìûõ ïàðàìåòðîâ a, b, λ.

Ïðèìåð 4.6.4. Ðàññìîòðèì óðàâíåíèå (4.6.31) ïðè λ = 0:

a
∂2

∂t2
u(t, x) + b

∂2

∂x2
u(t, x) = g(t, x), 0 < t <∞, 0 < x <∞,

ñ íà÷àëüíûìè è êðàåâûìè óñëîâèÿìè (4.6.32), (4.6.33).
Òðåáóåòñÿ, çíàÿ âõîäíîé ñèãíàë g(t, x) è âûõîäíîé ñèãíàë

u(t, x), ñ íà÷àëüíûìè (4.6.32) è êðàåâûìè óñëîâèÿìè (4.6.33) îïðå-
äåëèòü ïàðàìåòðû a, b. Ïóñòü a = 4, b = 9. Ïóñòü âõîäíîé ñèãíàë
îïðåäåëåí ôóíêöèåé

g(t, x) = 6e2x sin 3t, (4.6.35)

à âûõîäíîé ñèãíàë
u(t, x) = xe2x sin 3t (4.6.36)

óäîâëåòâîðÿåò íà÷àëüíûì è êðàåâûì óñëîâèÿì{
u(0, x) = 0, ut(0, x) = 3xe2x,
u(t, 0) = 0, ux(t, 0) = sin 3t.

(4.6.37)

Ðåøåíèå. Èçîáðàæåíèÿ âõîäíîãî (4.6.35) è âûõîäíîãî (4.6.36)
ñèãíàëîâ èìåþò âèä
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G (p1, p2) =
108

(p21 + 9) (p2 − 2)
,

U (p1, p2) =
3

(p21 + 9) (p2 − 2)2
. (4.6.38)

Èçîáðàæåíèÿ íà÷àëüíûõ è êðàåâûõ óñëîâèé (4.6.37) èìåþò âèä

a1 (p2) = b1 (p1) = 0, a2 (p2) =
3

(p2 − 2)2
, b2 (p1) =

3

p21 + 9
. (4.6.39)

Ïîäñòàâëÿÿ (4.6.38), (4.6.39) â (4.6.34) (λ = 0), ïîëó÷èì

ap21 + bp22 = a
(
p21 + 9

)
+ b (p2 − 2)2 + 36p2 − 72;

4p2(9− b) + (9a+ 4b− 72) = 0,

èëè {
9− b = 0,

9a+ 4b− 72 = 0.

Èç ïîëó÷åííîé ñèñòåìû ñëåäóåò a = 4, b = 9, ÷òî ñîâïàäàåò ñ
òî÷íûìè çíà÷åíèÿìè.
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Ãëàâà 5

Âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ

äèíàìè÷åñêèõ ñèñòåì

5.1. Îáçîð ìåòîäîâ

Ïðîáëåìà âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ, èñêàæåííûõ ïðè-
áîðàìè èëè ëèíèÿìè ïåðåäà÷, âîñõîäèò ê Ðåëåþ, êîòîðûé ïîñòàâèë
ñëåäóþùóþ çàäà÷ó: âîçìîæíî ëè ïîñòðîèòü òàêîé àëãîðèòì, ÷òî â
ðåçóëüòàòå åãî ïðèìåíåíèÿ ê ôóíêöèè, íàáëþäàåìîé íà âûõîäå ïðè-
áîðà, âîññòàíîâèòü âõîäíóþ ôóíêöèþ.

Ñóùåñòâóþò äâà ïðèíöèïèàëüíûõ ïîäõîäà ê ðåøåíèþ ýòîé çà-
äà÷è, âûäåëåííûõ â ìîíîãðàôèè [49]: àïðèîðíûé, êîòîðûé ñîñòîèò
â òîì, ÷òî ñîâåðøåíñòâîâàíèåì êîíñòðóêöèè ïðèáîðà äîáèâàþòñÿ
ìèíèìóìà èñêàæåíèé â ñèñòåìå ïðèåìà ñèãíàëà, è àïîñòåðèîðíûé,
êîòîðûé çàêëþ÷àåòñÿ â âîññòàíîâëåíèè ñàìèõ ñèãíàëîâ ïî îïðåäå-
ëåííûì àëãîðèòìàì.

Îòìåòèì, ÷òî ê ïåðâîìó ïîäõîäó ïðèìûêàþò ðàáîòû îäíîãî èç
àâòîðîâ, ïîñâÿùåííûå ðåøåíèþ çàäà÷ èçìåðèòåëüíîé òåõíèêè îïòè-
÷åñêèìè ìåòîäàìè [91�107,109,110].

Äàííàÿ ðàáîòà ïðèìûêàåò êî âòîðîìó ïîäõîäó ðåøåíèÿ äàí-
íîé çàäà÷è, è ïîýòîìó íèæå óïîìèíàþòñÿ òîëüêî ñâÿçàííûå ñ íèì
ðàáîòû.

Ïîäðîáíûé îáçîð ìåòîäîâ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ
ïðèâåäåí â ìîíîãðàôèÿõ [49,50], â îáçîðå [166].

Çàäà÷à âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ, èñêàæåííûõ ëèíåé-
íûìè èíâàðèàíòíûìè ê ñäâèãó âðåìåíè ñèñòåìàìè [163], çàêëþ÷à-
åòñÿ â ðåøåíèè óðàâíåíèÿ

∞∫
−∞

g(t− τ)x(τ)dτ = f(t) + η(t), (5.1.1)
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ãäå x(t) è f(t) − âõîäíîé è âûõîäíîé ñèãíàëû; g(t) − èìïóëüñíàÿ ïå-
ðåõîäíàÿ ôóíêöèÿ; η(t) − èñêàæåíèÿ, âûçâàííûå øóìîì è äðóãèìè
âíåøíèìè âîçäåéñòâèÿìè.

Çàäà÷à âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ÿâëÿåòñÿ íåêîððåêò-
íî ïîñòàâëåííîé [49, 162, 170] è äëÿ ñâîåãî ðåøåíèÿ òðåáóåò èñïîëü-
çîâàíèÿ ìåòîäîâ ðåãóëÿðèçàöèè.

Âûäåëèì íåñêîëüêî ìåòîäîâ, ðàçðàáîòàííûõ äëÿ ïðèáëèæåí-
íîãî ðåøåíèÿ óðàâíåíèÿ (5.1.1).

Ïðåæäå âñåãî íàäî îòìåòèòü ìåòîäû, ñâÿçàííûå ñ ïðèìåíåíè-
åì èíòåãðàëüíûõ ïðåîáðàçîâàíèé â ñîâîêóïíîñòè ñ ðåãóëèðóþùèìè
ìíîæèòåëÿìè [3,170].

Áîëüøàÿ ãðóïïà ìåòîäîâ îñíîâàíà íà àïïðîêñèìàöèè âûõîä-
íûõ ñèãíàëîâ è ÈÏÔ ïî ðàçëè÷íûì ïîëíûì ñèñòåìàì ôóíêöèé
[49,50].

Îòäåëüíóþ áîëüøóþ ãðóïïó ìåòîäîâ âîññòàíîâëåíèÿ ñîñòàâ-
ëÿþò èòåðàöèîííûå ìåòîäû [49,181].

Êàê è â çàäà÷å îïðåäåëåíèÿ ÈÏÔ, äëÿ âîññòàíîâëåíèÿ âõîä-
íûõ ñèãíàëîâ øèðîêî ïðèìåíÿþòñÿ ìåòîäû ðåãóëÿðèçàöèè [49, 50,
115, 170], ìåòîäû êâàçèðåøåíèé [80], à òàêæå ïðîåêöèîííûå ìåòî-
äû [49,65].

5.2. Èòåðàöèîííûå ìåòîäû âîññòàíîâëåíèÿ

ñèãíàëîâ, èñêàæåííûõ ëèíåéíûìè

íåïðåðûâíûìè ñèñòåìàìè1

Íèæå èññëåäóþòñÿ èòåðàöèîííûå ìåòîäû âîññòàíîâëåíèÿ ñèã-
íàëîâ, èñêàæåííûõ óñòðîéñòâàìè, îïèñûâàåìûìè èíòåãðàëüíûìè
óðàâíåíèÿìè:

∞∫
−∞

g(t− τ)x(τ)dτ = f(t), (5.2.1)

∞∫
−∞

∞∫
−∞

g(t1 − τ1, t2 − τ2)x(τ1, τ2)dτ1dτ2 = f(t1, t2), (5.2.2)

ãäå x, f − ñîîòâåòñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû; g − èì-
ïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ.

1Ðàçäåë íàïèñàí ïî ìàòåðèàëàì ñòàòåé [39,40].
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Ïðåäëàãàþòñÿ è îáîñíîâûâàþòñÿ èòåðàöèîííûå ñõåìû, âîññòà-
íàâëèâàþùèå âõîäíîé ñèãíàë ïðè âåñüìà îáùåì òðåáîâàíèè, íàëà-
ãàåìîì íà ñïåêòð èìïóëüñíîé ïåðåõîäíîé ôóíêöèè g. Â ÷àñòíîñòè,
äëÿ ðåøåíèÿ óðàâíåíèÿ (5.2.1) äîñòàòî÷íî, ÷òîáû ôóíêöèÿ G(ω),
ÿâëÿþùàÿñÿ ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè g, ïðè èçìåíåíèè ω
â èíòåðâàëå (−∞,∞) îáðàùàëàñü â íóëü â êîíå÷íîì ÷èñëå òî÷åê.

Çàäà÷à âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ ÿâëÿåòñÿ îäíîé èç
îñíîâíûõ â òåîðèè óïðàâëåíèÿ (ïðè êîððåêöèè ñèñòåì óïðàâëåíèÿ),
òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ è â òåîðèè ñâÿçè (ïðè êîððåêöèè ñèã-
íàëîâ îò âíóòðèêàíàëüíûõ èñêàæåíèé). Ïîäðîáíûé îáçîð ìåòîäîâ
âîññòàíîâëåíèÿ ñèãíàëîâ è îáøèðíàÿ áèáëèîãðàôèÿ ïðèâåäåíû â
êíèãàõ [49,50].

Êàê îòìå÷àåòñÿ â ðàáîòàõ [49, 50, 181], îñíîâíûì íåäîñòàòêîì
èçâåñòíûõ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ óðàâíåíèÿ (5.2.1) ÿâëÿ-
þòñÿ äîñòàòî÷íî æåñòêèå óñëîâèÿ ñõîäèìîñòè.

Íèæå ïðèâåäåí ðÿä èòåðàöèîííûõ ñõåì, ÿâëÿþùèõñÿ îáîáùå-
íèåì èçâåñòíûõ è õîðîøî çàðåêîìåíäîâàâøèõ ñåáÿ íà ïðàêòèêå èòå-
ðàöèîííûõ ìåòîäîâ. Ïðåäëàãàåìûå ìåòîäû ïîäðîáíî èññëåäóåì íà
ïðèìåðå óðàâíåíèÿ (5.2.1), à çàòåì óêàæåì ñïîñîá èõ ðàñïðîñòðàíå-
íèÿ íà óðàâíåíèå (5.2.2).

Îáîñíîâàíèå èòåðàöèîííûõ àëãîðèòìîâ áóäåì ïðîâîäèòü â ïðî-
ñòðàíñòâå L2(−∞,∞).

Îáîçíà÷èì ÷åðåçG(ω), X(ω), F (ω) ïðåîáðàçîâàíèÿ Ôóðüå ôóíê-
öèé g(t), x(t), f(t).

Áóäåì ãîâîðèòü, ÷òî âûïîëíåíî óñëîâèå A, åñëè â ïëîñêîñòè
êîìïëåêñíîé ïåðåìåííîé z ìíîæåñòâî çíà÷åíèé G(ω) ðàñïîëîæåíî
âíóòðè óãëà ñ âåðøèíîé â íà÷àëå êîîðäèíàò è ñ ðàñòâîðîì, ìåíüøèì
π, ïðè÷åì ïðè êîíå÷íûõ çíà÷åíèÿõ ω ôóíêöèÿ G(ω) íå ðàâíà íóëþ.

Òîãäà íàéäåòñÿ òàêàÿ êîíñòàíòà γ (â îáùåì ñëó÷àå êîìïëåêñ-
íàÿ), ÷òî ìíîæåñòâî çíà÷åíèé γG(ω) áóäåò ðàñïîëîæåíî âíóòðè è
íà îêðóæíîñòè ñ öåíòðîì â òî÷êå (+1, 0) ñ ðàäèóñîì, ðàâíûì 1.

Çàìå÷àíèå 5.2.1. Îòìåòèì, ÷òî ââåäåíèå êîìïëåêñíîé êîíñòàí-
òû γ ïðèíöèïèàëüíî îòëè÷àåò ïðèâîäèìûå íèæå àëãîðèòìû îò
ðàíåå èçâåñòíûõ (ñì., íàïðèìåð, [49, 176,181]).
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5.2.1. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ îäíîìåðíûõ
óðàâíåíèé

Ïóñòü ñïåêòðû âõîäíîãî è âûõîäíîãî ñèãíàëîâ ðàñïîëîæåíû
â ñåãìåíòå [−T, T ] è âûïîëíåíî óñëîâèå A. Òîãäà íàéäåòñÿ òàêàÿ
êîíñòàíòà γ, ïðè êîòîðîé max

|ω|≤T
|1− γG(ω)| = q < 1.

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ:

xn+1(t) = xn(t)− γ

∞∫
−∞

g(t− τ)xn(τ)dτ + γf(t). (5.2.3)

Îòìåòèì, ÷òî, â îòëè÷èå îò [181], ãäå ïðè ïîñòðîåíèè èòåðàöè-
îííûõ ïðîöåñîâ òðåáóåòñÿ, ÷òîáû êîíñòàíòà γ áûëà äåéñòâèòåëüíûì
÷èñëîì, â èòåðàöèîííîé ñõåìå (5.2.3) γ ìîæåò áûòü êîìïëåêñíîé.

Òåîðåìà 5.2.1. Ïóñòü ñïåêòðû âõîäíîãî è âûõîäíîãî ñèãíàëîâ ðàñ-
ïîëîæåíû íà ñåãìåíòå [−T, T ] è âûïîëíåíî óñëîâèå A. Òîãäà ïîñëå-
äîâàòåëüíîñòü xn(t) ñõîäèòñÿ ê ðåøåíèþ x∗(t) óðàâíåíèÿ (5.2.1) ñî
ñêîðîñòüþ ∥x∗(t)− xn(t)∥ = O(qn).

Ïóñòü âûïîëíåíî óñëîâèå A è íîñèòåëè ôóíêöèé X(ω), F (ω)
îïðåäåëåíû â èíòåðâàëå (−∞,∞).

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ:

xn+1(t) = αnxn(t)+

+(1− αn)

xn(t)− γ

∞∫
−∞

g(t− τ)xn(τ)dτ + γf(t)

 , (5.2.4)

ãäå 0 < ε0 ≤ αn ≤ 1 − ε1 < 1, γ � êîíñòàíòà, îïðåäåëåííàÿ èç
óñëîâèÿ max

ω
|1− γG(ω)| ≤ 1.

Òåîðåìà 5.2.2. Ïóñòü óðàâíåíèå (5.2.1) èìååò åäèíñòâåííîå ðå-
øåíèå x∗(t) è âûïîëíåíî óñëîâèå A. Ïîñëåäîâàòåëüíîñòü xn(t),
îïðåäåëÿåìàÿ èòåðàöèîííîé ñõåìîé (5.2.4), ñõîäèòñÿ ê x∗(t).

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ:

xTn+1(t) = xTn (t)−γ
∞∫

−∞

g(t−τ)xTn (τ)dτ+γ
∞∫

−∞

ψT (t−τ)f(τ)dt, (5.2.5)

ãäå Ôóðüå-îáðàç ôóíêöèè ψT (t) èìååò âèä

ψT (ω) =

{
1 ïðè |ω| ≤ T,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ ω,
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à ñïåêòð ôóíêöèè xT0 (t) ñîñðåäîòî÷åí íà ñåãìåíòå [−T, T ].
Â èòåðàöèîííîé ñõåìå (5.2.5) âìåñòî ôóíêöèè ψT (ω) ìîæíî

âçÿòü è äðóãèå ìíîæèòåëè, â ÷àñòíîñòè, èñïîëüçóåìûå â ðàáîòàõ
[10,158,178,181].

Òåîðåìà 5.2.3. Ïóñòü âûïîëíåíî óñëîâèå A è óðàâíåíèå (5.2.1)
èìååò åäèíñòâåííîå ðåøåíèå x∗(t). Òîãäà èòåðàöèîííûé ïðîöåññ
(5.2.5) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0(t) ñî ñïåê-
òðîì, ñîñðåäîòî÷åííûì â ñåãìåíòå [−T, T ], è ñïðàâåäëèâà îöåíêà

∥x∗ − xTn∥ ≤ cqn + ε+

+|γ|


−T∫

−∞

|f(t)|2dt+
∞∫
T

|f(t)|2dt


1/2

+ εmax |g(t)|/(1− q), (5.2.6)

ãäå q = max
|ω|≤T

|1− γG(ω)|, ε =
[ −T∫
−∞

|x∗(ω)|2dω +
∞∫
T

|x∗(ω)|2dω
]1/2

.

Ïóñòü óñëîâèå A íå âûïîëíÿåòñÿ. Îáîçíà÷èì ÷åðåç T0 è TN
äîñòàòî÷íî áîëüøèå ïî àáñîëþòíîé âåëè÷èíå ÷èñëà, âûáîð êîòîðûõ
îïðåäåëÿåòñÿ óñëîâèåì

ε =

 T0∫
−∞

|X(ω)|2dω +

∞∫
TN

|X(ω)|2dω

1/2

.

Ââåäåì ñåãìåíòû ∆k = [Tk−1, Tk], k = 1, 2, . . . , N, ãäå òî÷êè
Tk âûáåðåì òàêèì îáðàçîì −T = T0 < T1 < · · · < TN = T, ÷òîáû
ïðè èçìåíåíèè ω â ñåãìåíòå ∆k (k = 1, 2, . . . , N) ïðèðàùåíèå àðãó-
ìåíòà G(ω) áûëî ìåíüøå π. Êàæäîìó ñåãìåíòó ∆k (k = 1, 2, . . . , N)
ïîñòàâèì â ñîîòâåòñòâèå òàêóþ êîíñòàíòó γk, ÷òî çíà÷åíèÿ ôóíê-
öèé γkG(ω) ïðè ω ∈ ∆k ëåæàò âíóòðè åäèíè÷íîãî êðóãà ñ öåí-
òðîì â òî÷êå (1, 0). Îáîçíà÷èì ÷åðåç Ej(ω) (j = 1, 2, . . . , N) õà-
ðàêòåðèñòè÷åñêèå ôóíêöèè ñåãìåíòîâ ∆j, j = 1, 2, . . . , N, à ÷åðåç
x∗j(t), x0j(t), fj(t) − ïðîîáðàçû ôóíêöèé Ej(ω)X

∗(ω), Ej(ω)X0(ω),
Ej(ω)F (ω). Äëÿ íàõîæäåíèÿ âõîäíîãî ñèãíàëà x∗(t) èñïîëüçóåì èòå-
ðàöèîííûé ïðîöåññ

xn+1,j(t) = xn,j(t)− γj

∞∫
−∞

g(t− τ)xn,j(τ)dτ + γjfj(t), (5.2.7)

j = 1, . . . , N, n = 0, 1, . . .
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Îïðåäåëèì xn+1(t) èç âûðàæåíèÿ

xn+1(t) =
N∑
j=1

xn+1,j(t). (5.2.8)

Òåîðåìà 5.2.4. Ïóñòü óðàâíåíèå (5.2.1) èìååò ðåøåíèå x∗(t).
Òîãäà ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ xn+1(t) ñõîäÿòñÿ è ñïðà-

âåäëèâà îöåíêà

∥x∗(t)− xn+1(t)∥ ≤ cqn + ε(1 + max |g(t)|)/(1− q)+

+γ


T0∫

−∞

|f(t)|2dt+
∞∫

TN

|f(t)|2dt


1/2

,

ε =

 T0∫
−∞

|X∗(ω)|2dω +

∞∫
TN

|X∗(ω)|2dω

1/2

,

q = max
1≤j≤N

qi, γ = max
1≤j≤N

|γj|.

Äîêàçàòåëüñòâî òåîðåìû 5.2.1. Òàê êàê â ïðîñòðàíñòâå
L2(−∞,∞) ∥x(t)∥ = ∥X(ω)∥, òî ñïðàâåäëèâîñòü òåîðåìû 5.2.1 ñëå-
äóåò èç íåðàâåíñòâà

∥xn+1(t)−xn(t)∥=∥xn(t)−xn−1(t)−γ
∞∫

−∞
g(t−τ)(xn(τ)−xn−1(τ))dτ∥=

= ∥Xn(ω)−Xn−1(ω)− γG(ω)(Xn(ω)−Xn−1(ω))∥ ≤
≤ max|ω|≤T |1− γG(ω)|∥xn(t)− xn−1(t)∥ =

= q∥xn(t)− xn−1(t)∥

è òåîðåìû Áàíàõà î íåïîäâèæíîé òî÷êå (ñì. ðàçä. 1.3.1).
Äîêàçàòåëüñòâî òåîðåìû 5.2.2. Ñïðàâåäëèâîñòü òåîðåìû

ñëåäóåò èç òîãî, ÷òî íîðìà îïåðàòîðàKx ≡ x(t)−γ
∞∫

−∞
g(t−τ)x(τ)dτ

ïðè âûïîëíåíèè óñëîâèÿ A ðàâíà åäèíèöå, è èç ñîîòâåòñòâóþùèõ
óòâåðæäåíèé òåîðåìû 1.3.2.

Äîêàçàòåëüñòâî òåîðåìû 5.2.3. Äîêàæåì ñõîäèìîñòü èòå-
ðàöèîííîãî ïðîöåññà (5.2.5). Òàê êàê ðåøåíèå x∗(t) óðàâíåíèÿ (5.2.1)
ïðèíàäëåæèò ïðîñòðàíñòâó L2, òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêàÿ

êîíñòàíòà T, ïðè êîòîðîé
−T∫
−∞

|X∗(ω)2dω +
∞∫
T

|X∗(ω)|2dω ≤ ε2. Âîçü-

ìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ôóíêöèþ x0(t) ñ ôèíèòíûì
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ñïåêòðîì, ñîñðåäîòî÷åííûì íà ñåãìåíòå [−T, T ].Äëÿ ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé xTn (t) èìååì

∥xTn+1(t)−xTn (t)∥=∥XT
n (ω)−XT

n−1(ω)−γG(ω)(XT
n (ω)−XT

n−1(ω))∥≤
≤ max|ω|≤T |1− γG(ω)|∥xTn (t)− xTn−1(t)∥ =

= q(T )∥xTn (t)− xTn−1(t)∥ ≤ qn(T )∥xT1 (t)− xT0 (t)∥.

Èç óñëîâèÿ A ñëåäóåò, ÷òî q(T ) < 1; ïî òåîðåìå Áàíàõà î ñæà-
òûõ îòîáðàæåíèÿõ (ñì. òåîðåìó 1.3.1) ïîñëåäîâàòåëüíîñòü xTn (t) ñõî-
äèòñÿ ê ðåøåíèþ x∗T óðàâíåíèÿ

∞∫
−∞

g(t− τ)x(τ)dτ

∞∫
−∞

ψT (t− τ)f(τ)dτ. (5.2.9)

Îöåíèì áëèçîñòü ðåøåíèé x∗(t) è x∗T (t) óðàâíåíèé (5.2.1) è
(5.2.9). Ïðåäñòàâèì ôóíêöèþ X∗(ω) â âèäå X∗

1(ω) +X∗
2(ω), ãäå

X∗
1(ω) =

{
X∗(ω) ïðè |ω| ≤ T,
0 ïðè |ω| > T,

X∗
2(ω) =

{
0 ïðè |ω| ≤ T,

X∗(ω) ïðè |ω| > T.

Îáîçíà÷èì ÷åðåç x∗1(t) è x∗2(t) ïðîîáðàçû ôóíêöèé X∗
1(ω) è

X∗
2(ω). Íåòðóäíî âèäåòü, ÷òî

x∗1(t)− x∗T (t) = x∗1(t)− x∗T (τ)− γ
∞∫

−∞
g(t− τ)(x∗1(τ)− x∗T (t))dτ+

+γf(t)− γ
∞∫

−∞
ψT (t− τ)f(τ)dτ − γ

∞∫
−∞

g(t− τ)x∗2(τ)dτ.

Ïåðåõîäÿ ê íîðìàì, èìååì

∥x∗1(t)− x∗T (t)∥ ≤

≤ |γ|


{

−T∫
−∞

|f(t)|2dt+
∞∫
T

|f(t)|2dt

}1/2

+∥x∗2(t)∥maxt |g(t)|


|1−max(1−γG(ω))| .

Òàê êàê ∥x∗(t)−x∗T (t)∥ ≤ ∥x∗1(t)−x∗T2 (t)∥+∥x∗2(t)∥; ∥x∗2(t)∥ ≤ ε,

òî ïîëó÷àåì îöåíêó (5.2.6).
Äîêàçàòåëüñòâî òåîðåìû 5.2.4. Äîêàæåì ñõîäèìîñòü èòå-

ðàöèîííîãî ïðîöåññà (5.2.7). Òàê êàê ðåøåíèå x∗(t) óðàâíåíèÿ (5.2.1)
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ïðèíàäëåæèò ïðîñòðàíñòâó L2, òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêàÿ
êîíñòàíòà T, ïðè êîòîðîé

−T∫
−∞

|X∗(ω)|2dω +

∞∫
T

|X∗(ω)|2dω < ε2.

Âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ôóíêöèþ x0(t) ñ
ôèíèòíûì ñïåêòðîì, ñîñðåäîòî÷åííûì íà ñåãìåíòå [−T, T ].

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå ïðè äîêàçàòåëüñòâå òåî-
ðåìû 5.2.1, óáåæäàåìñÿ, ÷òî xn+1,j(t) → x∗j(t). Òàêèì îáðàçîì, ïîñëå-
äîâàòåëüíîñòü xn+1(t), îïðåäåëÿåìàÿ âûðàæåíèåì (5.2.8), ñõîäèòñÿ ê
ôóíêöèè x∗T (t). Îöåíêà ïîãðåøíîñòè èòåðàöèîííîé ñõåìû (5.2.7)�
(5.2.8) ìîæåò áûòü ïîëó÷åíà ïîâòîðåíèåì âûêëàäîê, ïðîâåäåííûõ
ïðè äîêàçàòåëüñòâå òåîðåìû 5.2.3.

5.2.2. Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ìíîãîìåðíûõ
óðàâíåíèé

Ðàññìîòðèì äâóìåðíîå óðàâíåíèå (5.2.2). Âñå îïèñàííûå â ðàçä.
5.2.1 èòåðàöèîííûå ñõåìû äîïóñêàþò ðàñïðîñòðàíåíèå è íà ìíîãî-
ìåðíûé ñëó÷àé ïðè ëþáîì êîíå÷íîì ÷èñëå èçìåðåíèé.

Îáîçíà÷èì ÷åðåç X(ω1, ω2), G(ω1, ω2), F (ω1, ω2) ïðåîáðàçîâà-
íèÿ Ôóðüå ôóíêöèé x(t1, t2), g(t1, t2), f(t1, t2).

Àíàëîãîì óñëîâèÿ A ÿâëÿåòñÿ ñëåäóþùåå: ìíîæåñòâî çíà÷å-
íèé ôóíêöèè G(ω1, ω2) ïðè èçìåíåíèè àðãóìåíòîâ ω1, ω2 â èíòåðâàëå
−∞ < ω1, ω2 <∞ ðàñïîëîæåíî âíóòðè óãëà ðàñòâîðà, ìåíüøåãî π, ñ
âåðøèíîé â íà÷àëå êîîðäèíàò; ôóíêöèÿ G(ω1, ω2) ̸= 0 ïðè êîíå÷íûõ
çíà÷åíèÿõ ω1 è ω2.

Ïóñòü ôóíêöèè X(ω1, ω2) è F (ω1, ω2) ôèíèòíû è èõ íîñèòåëè
ðàñïîëîæåíû â êâàäðàòå [−T, T ;−T, T ]. Èç óñëîâèÿ A ñëåäóåò, ÷òî
ñóùåñòâóåò òàêîå êîìïëåêñíîå ÷èñëî γ, ïðè êîòîðîì

max
|ωi|≤T, i=1,2

|1− γG(ω1, ω2)| = q < 1.

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ

xn+1(t1, t2)=xn(t1, t2)−

−γ
∞∫

−∞

∞∫
−∞

g(t1−τ1, t2−τ2)xn(τ1, τ2)dτ1dτ2+γf(t1, t2).

Òåîðåìà 5.2.5. Ïóñòü óðàâíåíèå (5.2.2) èìååò åäèíñòâåííîå ðå-
øåíèå x∗(t1, t2), âûïîëíåíî óñëîâèå A, ôóíêöèè X(ω1, ω2) è F (ω1, ω2)
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ôèíèòíû. Ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ xn+1(t1, t2) ñõîäÿòñÿ ê
ôóíêöèè x∗(t1, t2) ñî ñêîðîñòüþ

∥x∗(t1, t2)− xn+1(t1, t2)∥ = cqn+1.

Ïóñòü ôóíêöèÿ G(ω1, ω2) îáðàùàåòñÿ â íóëü â êîíå÷íîì ÷èñëå
òî÷åê. Ðàçîáüåì ïëîñêîñòü (ω1, ω2) íà êîíå÷íîå ÷èñëî ïðÿìîóãîëü-
íèêîâ ∆kl=[vk, vk+1;wl, wl+1], k=1, 2, . . . , N1, l=1, 2, . . . , N2, ïðè÷åì
v1, vN1

, w1, wN1
ïðèíèìàþò çíà÷åíèÿ, ðàâíûå ±∞, òàêèì îáðàçîì,

÷òîáû ïðè èçìåíåíèè àðãóìåíòîâ (ω1, ω2) â ïðÿìîóãîëüíèêå ∆kl çíà-
÷åíèÿ G(ω1, ω2) áûëè ðàñïîëîæåíû âíóòðè (è, âîçìîæíî, â âåðøèíå)
óãëà ðàñòâîðà, ìåíüøåãî π, ñ âåðøèíîé â íà÷àëå êîîðäèíàò ïëîñêî-
ñòè êîìïëåêñíîé ïåðåìåííîé.

Êàæäîìó ïðÿìîóãîëüíèêó ∆kl ñòàâèòñÿ â ñîîòâåòñòâèå òàêîå
êîìïëåêñíîå ÷èñëî γkl, ïðè êîòîðîì

sup
(ω1,ω2)∈∆kl

|1− γklG(ω1, ω2)| ≤ qkl ≤ 1.

Òîãäà ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ

xn+1,kl(t1, t2) = αnxn,kl(t1, t2) + (1− αn)(xn,kl(t1, t2)−

−γkl

∞∫
−∞

∞∫
−∞

g(t1 − τ1, t2 − τ2)xn,kl(τ1, τ2)dτ1dτ2 + γklfkl(t1, t2))

ñõîäÿòñÿ ê ôóíêöèÿì x∗kl(t1, t2) è x
∗(t1, t2) =

∑N1

k=0

∑N2

l=0 x
∗
kl(t1, t2).

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ïðîâîäèòñÿ ïî àíàëîãèè ñ
äîêàçàòåëüñòâîì òåîðåìû 5.2.4.

5.2.3. Ðåãóëÿðèçàöèÿ ëîêàëüíûì ñäâèãîì

Ðàññìîòðèì ñëó÷àé, êîãäà ìíîæåñòâî çíà÷åíèé G(ω) ðàñïîëî-
æåíî âíóòðè è íà ñòîðîíàõ óãëà ðàñòâîðà, ìåíüøåãî π, ñ âåðøèíîé
â íà÷àëå êîîðäèíàò. Äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ñ÷èòàòü, ÷òî
ôóíêöèÿ G(ω) îáðàùàåòñÿ â íóëü òîëüêî â îäíîé êîíå÷íîé òî÷êå
ω (ñêàæåì, â òî÷êå ω = 0). Â êà÷åñòâå ïðèìåðà ìîæíî óêàçàòü íà
çàäà÷ó ãðàâèìåòðèè, èññëåäîâàííóþ â ìîíîãðàôèè [164, ñ. 125�126].
Ýòà çàäà÷à îïèñûâàåòñÿ óðàâíåíèåì (5.2.1) ñ ÿäðîì

g(t− τ) =
1

π

a2 − (t− τ)2

[(t− τ)2 + a2]2
,
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èìåþùèì ïðåîáðàçîâàíèå Ôóðüå

G(ω) = |ω|e−|ω|a.

Îáîçíà÷èì ÷åðåç δm(ω) îäíó èç äåëüòà-îáðàçíûõ ïîëîæèòåëü-
íûõ ïîñëåäîâàòåëüíîñòåé, ñõîäÿùóþñÿ ê äåëüòà-ôóíêöèè δ(ω); ÷å-
ðåç ∆m(t) − îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé ïîñëåäîâà-
òåëüíîñòè δm(ω).

Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ

xn+1(t)=αnxn(t) + (1− αn)(xn−β
∞∫

−∞

∆m(t−τ)xn(τ)dτ−

−γ
∞∫

−∞

g(t− τ)xn(τ)dτ + γf(t)), n = 0, 1, . . . , (5.2.10)

ãäå β,m − ïàðàìåòðû ðåãóëÿðèçàöèè; m − öåëîå ÷èñëî, à êîíñòàíòà
γ âûáðàíà òàê, ÷òî supω |1− βδm(ω)− γG(ω)| ≤ 1.

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå â ðàçä. 5.2.1, óáåæäàåì-
ñÿ â òîì, ÷òî èòåðàöèîííûé ïðîöåññ (5.2.10) ñõîäèòñÿ.

Ðàçëè÷èå ïðåäëîæåííîé âû÷èñëèòåëüíîé ñõåìû îò ñïîñîáîâ
ðåãóëÿðèçàöèè ñäâèãîì [170] çàêëþ÷àåòñÿ â òîì, ÷òî çäåñü ñäâèã ïðî-
èñõîäèò òîëüêî â íåïîñðåäñòâåííîé áëèçîñòè îò ÷àñòîò, âûçûâàþùèõ
íåóñòîé÷èâîñòü ðåøåíèÿ óðàâíåíèÿ (5.2.1).

5.3. Èòåðàöèîííûå ìåòîäû âîññòàíîâëåíèÿ

ñèãíàëîâ, èñêàæåííûõ äèñêðåòíûìè

ëèíåéíûìè ñèñòåìàìè

Ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé
∞∑

k=−∞

al−kxk = fk, l = 0,±1,±2,± . . . (5.3.1)

Ïîìèìî òðàäèöèîííûõ îáëàñòåé ïðèìåíåíèÿ ñèñòåì, îïèñû-
âàåìûõ óðàâíåííèåì âèäà (5.3.1), íàõîäÿò ïðèìåíåíèå â ãåîôèçèêå
(íàïðèìåð, îáðàòíûå çàäà÷è ãðàâèìåòðèè [164]).

Ïîêàæåì, ÷òî àëãîðèòìû, èññëåäîâàííûå â ðàçä. 5.2.1, 5.2.2,
ïðèìåíèìû è ê ñèñòåìå óðàâíåíèé (5.3.1).

Îáîçíà÷èì ÷åðåç A(Θ), X(Θ), F (Θ) äèñêðåòíûå ïðåîáðàçîâà-
íèÿ Ôóðüå ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé ak, xk, fk, ãäå k = . . . ,−n,
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. . . ,−1, 0, 1, . . . , n, . . . ñîîòâåòñòâåííî. Íàïîìíèì, ÷òî äèñêðåòíîå
ïðåîáðàçîâàíèå ïîñëåäîâàòåëüíîñòè ak îïðåäåëÿåòñÿ âûðàæåíèåì

A(Θ) =
∞∑

k=−∞

ake
ikΘ, 0 ≤ Θ ≤ 2π.

Ïóñòü âûïîëíÿåòñÿ óñëîâèå A: çíà÷åíèÿ ôóíêöèè A(Θ) ïðè
0 ≤ Θ ≤ 2π ðàñïîëîæåíû âíóòðè óãëà ðàñòâîðà, ìåíüøåãî π, ñ
âåðøèíîé â íà÷àëå êîîðäèíàò. Òîãäà ñóùåñòâóåò òàêàÿ êîìïëåêñíàÿ
êîíñòàíòà γ, ïðè êîòîðîé ìíîæåñòâî çíà÷åíèé ôóíêöèè γA(Θ) ðàñ-
ïîëîæåíî âíóòðè îêðóæíîñòè ñ ðàäèóñîì, ðàâíûì 1, è ñ öåíòðîì â
òî÷êå (1,0) è, âîçìîæíî, ïåðåñåêàåòñÿ ñ ñàìîé îêðóæíîñòüþ â òî÷êå
(0,0).

Ïðèìåíèì ê ñèñòåìå óðàâíåíèé (5.3.1) èòåðàöèîííûé ïðîöåññ

xn+1
l =xnl −γ

( ∞∑
k=−∞

al−kx
n
k−fl

)
, (l=. . .,−n, . . ., n, . . .). (5.3.2)

Ñõîäèìîñòü ïðîöåññà (5.3.2) áóäåì èññëåäîâàòü â ïðîñòðàíñòâå

l2 ñ íîðìîé ∥x∥ =
[∑∞

k=−∞ |xk|2
]1/2

. Îáîçíà÷èì ÷åðåç L2[0, 2π] ìíî-
æåñòâî ôóíêöèé x(eis), ñóììèðóåìûõ ñ êâàäðàòîì è ñ íîðìîé

∥x∥L2
=

 1

2π

2π∫
0

x(eis)x(eis)ds

1/2

.

Ïðèìåíèì ê èòåðàöèîííîìó ïðîöåññó (5.3.2) ÄÏÔ:

Xn+1(Θ) = Xn(Θ)− γ(A(Θ)Xn(Θ)− F (Θ)).

Ïåðåõîäÿ ê íîðìàì, èìååì

∥xn+1 − xn∥l2 = ∥Xn+1(Θ)−Xn(Θ)∥l2 =

=

∥∥∥∥∥
{
(xnl − xn−1

l )− γ

( ∞∑
k=−∞

al−k(x
n
k − xn−1

k )

)}
(−∞,∞)

∥∥∥∥∥
l2

=

= ∥(XN(Θ)−Xn−1(Θ)(1− γA(Θ))∥L2
≤

≤ max
0≤Θ≤2π

|1− γA(Θ)|∥Xn(Θ)−Xn−1(Θ)∥l2 =

= max
0≤Θ≤2π

|1− γA(Θ)|∥xn − xn−1∥l2.
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Åñëè max
Θ

|1 − γA(Θ)| = q < 1, òî ïî òåîðåìå Áàíàõà (ñì.

òåîðåìó 1.3.1) èòåðàöèîííûé ïðîöåññ (5.3.2) ñõîäèòñÿ.
Â ñëó÷àå, åñëè max

Θ
|1 − γA(Θ)| = 1, òî ñèñòåìó óðàâíåíèé

(5.3.2) ìîæíî ðåøàòü ìåòîäîì èòåðàöèè ïî ñõåìå

xn+1
l = γnx

n
l −(1−γn)γ

( ∞∑
k=−∞

al−k(x
n
k − fl)

)
, l = . . . ,−n, . . . , n, . . . ,

ãäå 0 < α < γn < β < 1.
Ñõîäèìîñòü ýòîé ñõåìû äîêàçûâàåòñÿ òàê æå, êàê è â êîíòè-

íóàëüíîì ñëó÷àå.
Ðàññìîòðèì ñëó÷àé, êîãäà óñëîâèå A íå âûïîëíåíî, íî ôóíê-

öèÿ A(Θ) îáðàùàåòñÿ â íóëü â êîíå÷íîì ÷èñëå òî÷åê. Ðàçîáúåì ñåã-
ìåíò [0, 2π] íà êîíå÷íîå ÷èñëî ÷àñòåé∆k=[ak, ak+1], k=0, 1, . . ., n− 1,
a0=0, an = 2π òàêèì îáðàçîì, ÷òîáû ïðè èçìåíåíèè Θ íà ñåãìåí-
òå ∆k çíà÷åíèÿ A(Θ)(Θ ∈ ∆k) áûëè áû ðàñïîëîæåíû âíóòðè óã-
ëà ðàñòâîðà, ìåíüøåãî π, c âåðøèíîé â íà÷àëå êîîðäèíàò. Òîãäà
ñ êàæäûì ñåãìåíòîì ∆k ìîæíî ñâÿçàòü êîíñòàíòó γk òàêèì îáðà-
çîì, ÷òî ìíîæåñòâî çíà÷åíèé γkA(Θ)(Θ ∈ ∆k) áóäåò ðàñïîëîæåíî
âíóòðè åäèíè÷íîé îêðóæíîñòè ñ öåíòðîì â òî÷êå (1,0) è, âîçìîæ-
íî, ïåðåñå÷åòñÿ ñ ñàìîé îêðóæíîñòüþ â òî÷êå (0,0). Ðàçëîæèì âåê-
òîð f = (. . . , f−n, . . . ,−1, 0, 1, . . . , fn, . . . ) íà ñóììó òàêèõ âåêòîðîâ
fk(k = 0, 1, . . . , n − 1), äëÿ êîòîðûõ ïðåîáðàçîâàíèå Ôóðüå F k(Θ)
âåêòîðà fk ðàâíî íóëþ íà ìíîæåñòâå òî÷åê [0, 2π] \ ∆k. Äëÿ îñó-
ùåñòâëåíèÿ ýòîãî ðàçëîæåíèÿ îáîçíà÷èì ÷åðåç Ek(Θ) õàðàêòåðèñòè-
÷åñêóþ ôóíêöèþ ìíîæåñòâà ∆k(k = 0, 1, . . . , n − 1). Òîãäà âåêòîð

fk îïðåäåëÿåòñÿ ñîñòàâëÿþùèìè fkn =
∞∑

j=−∞
fn−ja

k
j , ãäå {akj}∞−∞ −

êîýôôèöèåíòû Ôóðüå ôóíêöèè Ek(Θ).
Àíàëîãè÷íûì îáðàçîì íà÷àëüíûé âåêòîð x0 ðàçëîæèì íà ñóì-

ìó âåêòîðîâ xk,0, k = 0, 1, . . . , n−1. Äëÿ ðåøåíèÿ óðàâíåíèÿ (5.3.1)
âîñïîëüçóåìñÿ èòåðàöèîííûì ïðîöåññîì

xk,m+1
l = xk,ml − γk

( ∞∑
v=−∞

al−vx
k,m
v − fkl

)
, (5.3.3)

l = . . . ,−n, . . . ,−1, 0, 1, . . . , n, . . . , k = 0, 1, . . . , n−1, m = 0, 1 . . . ,

xml =
n−1∑
k=0

xk,ml . (5.3.4)
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Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì, ïðèâåäåííûì â ðàçä. 5.2,
ìîæíî ïîêàçàòü, ÷òî èòåðàöèè (5.3.3) ñõîäÿòñÿ è âåêòîð (5.3.4) ñõî-
äèòñÿ ê ðåøåíèþ óðàâíåíèÿ (5.3.1).

5.4. Ìåòîäû ðåãóëÿðèçàöèè ïðè âîññòàíîâëåíèè

âõîäíûõ ñèãíàëîâ

Ïðè ðåøåíèè çàäà÷ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ øèðîêî
èñïîëüçóþòñÿ ìåòîäû ðåãóëÿðèçàöèè.

Ðàññìîòðèì óðàâíåíèå

t∫
0

g(t− τ)x(τ)dτ = f(t), (5.4.1)

ãäå x(t) è f(t) − ñîîòâåòñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû ñèñòå-
ìû, g(t) − èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ.

Ïðèìåíÿÿ ê óðàâíåíèþ (5.4.1) ïðåîáðàçîâàíèå Ëàïëàñà, ïðè-
õîäèì ê óðàâíåíèþ

G(p)X(p) = F (p), (5.4.2)

ãäå G(p), X(p), F (p) − èçîáðàæåíèÿ ôóíêöèé g(t), x(t), f(t) ñîîò-
âåòñòâåííî.

Åñòåñòâåííî âûðàçèòü X(p) èç (5.4.2):

X(p) = F (p)/G(p),

è, ïðèìåíèâ îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, âû÷èñëèòü x(t) ïî
ôîðìóëå

x(t) =
1

2πi

a+i∞∫
a−i∞

F (p)

G(p)
etpdp.

Îäíàêî èç-çà íåñîãëàñîâàííîãî ñòðåìëåíèÿ ê íóëþ ôóíêöèé
F (p) è G(p) ïðè p→ ∞ èíòåãðàë ìîæåò íå ñóùåñòâîâàòü.

Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü ïðèáåãíóòü ê ìåòîäàì
ðåãóëÿðèçàöèè. Â ðàáîòàõ [3, 170] ðàññìîòðåíû ìåòîäû ðåãóëÿðèçà-

öèè óðàâíåíèé â ñâåðòêàõ âèäà
∞∫

−∞
g(t−τ)x(τ)dτ=f(t),−∞<t<+∞.

Ê ïîñëåäíåìó óðàâíåíèþ ïðèìåíÿëîñü ïðåîáðàçîâàíèå Ôóðüå.
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Ðåãóëÿðèçîâàííîå ðåøåíèå Rφ(t, α) èùåòñÿ ïî ôîðìóëå

Rφ(t, α) =
1

2πi

a+i∞∫
a−i∞

φ(ω, α)

G(ω)
F (ω)e−itωdω,

ãäå ôóíêöèÿ φ(ω, α) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) φ(ω, α) îïðåäåëåíà â îáëàñòè (α ≥ 0,−∞ < ω <∞);
2) 0 ≤ φ(ω, α) ≤ 1 äëÿ âñåõ çíà÷åíèé α ≥ 0 è −∞ < ω <∞;
3) φ(ω, 0) ≡ 1;
4) äëÿ âñÿêîãî α > 0 φ(ω, α) ÷åòíàÿ ïî ω è φ(ω, α) ∈ L2(−∞,∞);
5) äëÿ âñÿêîãî α > 0, f(ω, α) → 0 ïðè ω → ±∞;
6) ïðè α → 0, φ(ω, α) → 1 íå óáûâàÿ, ïðè÷åì íà âñÿêîì ñåã-

ìåíòå −b ≤ ω ≤ b, b > 0 ñõîäèìîñòü ðàâíîìåðíàÿ;
7) äëÿ âñÿêîãî α > 0, φ(ω,α)

G(ω) ∈ L2(−∞,∞);
8) äëÿ âñÿêîãî α > 0, φ(ω, α) → 0 ïðè α → ∞ è ýòà ñõîäèìîñòü

ðàâíîìåðíà íà âñÿêîì îòðåçêå [ω1, ω2], 0 < ω1 < ω2.
Â ðàáîòàõ [3, 170] ïîêàçàíî, ÷òî âû÷èñëåíèå Rφ(x, α) óñòîé-

÷èâî è îïåðàòîð Rφ(x, α) ÿâëÿåòñÿ ðåãóëÿðèçóþùèì äëÿ óðàâíåíèÿ
(5.4.1) â ïðåäïîëîæåíèè, ÷òî f ∈ L2, x ∈ L1, à îòêëîíåíèå x(t) îò
Rφ(x, α) îöåíèâàåòñÿ â ïðîñòðàíñòâå C.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ èìååòñÿ â [3,170]. Ðàññìîò-
ðèì, ñëåäóÿ [23, 38], åùå îäèí ìåòîä ðåãóëÿðèçàöèè äëÿ óðàâíåíèÿ
(5.4.1). Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëàïëàñà ê óðàâíåíèþ (5.4.1), áó-
äåì èìåòü G(p)X(p) = F (p). Òîãäà X(p) = F (p)

G(p) .

Ôóíêöèÿ F (p)/G(p) ìîæåò èìåòü ðàçëè÷íóþ àñèìïòîòèêó íà
áåñêîíå÷íîñòè. Ðàññìîòðèì íåñêîëüêî îòäåëüíûõ ñëó÷àåâ.

Ñëó÷àé 1. Ïîëîæèì, ÷òî ïðè p→ ∞

F (p)

G(p)
= O(pn).

Òîãäà óðàâíåíèå G(p)X(p) = F (p) ìîæåò áûòü ïðåäñòàâëåíî â âèäå
pnG(p)[X(p/pn] = F (p). Îáîçíà÷èì X(p)/pn ÷åðåç X1(p), ïðè÷åì

X1(p) =
F (p)

G(p)pn
. (5.4.3)

Òîãäà îðèãèíàë x1(t) ìîæíî âû÷èñëèòü îáðàòíûì ïðåîáðàçîâàíèåì
Ëàïëàñà:

x1(t) =
1

2πi

a+i∞∫
a−i∞

ept [F (p)/pnG(p)] dp.
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Ñ äðóãîé ñòîðîíû, òàê êàê

X1(p) = X(p)/pn, òîX(p) = X1(p)p
n

è, ñëåäîâàòåëüíî,
x(t)=x

(n)
1 (t), ïðè÷åì x1(0)=x

′
1(0)=. . .=x

(n−1)(0)=0.
Òàêèì îáðàçîì, äëÿ âîññòàíîâëåíèÿ èçìåðÿåìîãî ñèãíàëà x(t)

íåîáõîäèìî âû÷èñëèòü ïðîèçâîäíóþ n ïîðÿäêà. Âû÷èñëåíèå ïðîèç-
âîäíûõ, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ íåêîððåêòíîé çàäà÷åé, ïîäðîáíî
èññëåäîâàííîé â [170]. Ðÿä ýôôåêòèâíûõ ìåòîäîâ âû÷èñëåíèÿ ïðî-
èçâîäíûõ îïèñàí â ðàçä. 1.10.

Â ðÿäå ñëó÷àåâ âõîäíîé ñèãíàë ìîæíî âû÷èñëèòü â àíàëèòè-
÷åñêîé ôîðìå.

Èç ðàâåíñòâà X1(p) =
1
pnX(p) ñëåäóåò, ÷òî

x1(t) =

t∫
0

t1∫
0

tn−1∫
0

x(τ)dτdtn−1 . . . dt1.

Ïîäñòàâèì ýòî âûðàæåíèå â (5.4.3):

t∫
0

t1∫
0

tn−1∫
0

x(τ)dτdtn−1 . . . dt1 = Z−1

(
F (p)

G(p)pn

)
.

Ýòî ðàâåíñòâî ýêâèâàëåíòíî ñëåäóþùåìó:

x(t) =
dn
(
Z−1

(
F (p)
G(p)pn

))
dtn

. (5.4.4)

Èç òåîðåìû î ñâåðòêå ñëåäóåò, ÷òî

Z−1

(
F (p)

G(p)pn

)
= Z−1

(
F (p)

(
1

G(p)pn

))
=

= Z−1

Z
 t∫

0

f(t− τ)Z−1

(
1

G(p)pn

)
dt

 =

=

t∫
0

f(t− τ)Z−1

(
1

G(p)pn

)
dτ.

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå â (5.4.4), îêîí÷àòåëüíî èìååì

x(t) =

dn
[
t∫
0

f(t− τ)Z−1
(

1
G(p)pn

)
dτ

]
dtn

. (5.4.5)
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Ýòîò ìåòîä ïðè n = 1 áûë èñïîëüçîâàí â [73, ñ. 155-156] ïðè
ðåøåíèè èíòåãðàëüíîãî óðàâíåíèÿ Àáåëÿ:

t∫
0

(t− τ)−αx(τ)dτ = f(t), (5.4.6)

êîòîðîå âñòðå÷àåòñÿ âî ìíîãèõ çàäà÷àõ ôèçèêè. Èçâåñòíî, ÷òî èçîá-
ðàæåíèåì ôóíêöèè t−α ÿâëÿåòñÿ ôóíêöèÿ Γ(1−α)

p1−α , ãäå Γ(α) − ãàììà-
ôóíêöèÿ.

Ïðèìåíèâ ê óðàâíåíèþ (5.4.6) ïðåîáðàçîâàíèå Ëàïëàñà, èìååì

pα−1Γ(1− α)X(p) = F (p).

Ââåäåì îáîçíà÷åíèå X1(p)=X(p)/p. Òîãäà pαΓ(1−α)X1(p)=F (p) è,
ñëåäîâàòåëüíî, X1(p)=

F (p)
Γ(1−α)pα . Òàê êàê îðèãèíàëîì, ñîîòâåòñòâóþ-

ùèì èçîáðàæåíèþ p−α, ÿâëÿåòñÿ ôóíêöèÿ tα−1/Γ(α), òî èçîáðàæå-
íèþ X1(p) ñîîòâåòñòâóåò îðèãèíàë

x1(t) =
1

Γ(α)Γ(1− α)
tα−1 × f(t).

Èçâåñòíà [73, c. 156] ôîðìóëà

1

Γ(α)Γ(1− α)
=

sinαπ

π
.

Ñëåäîâàòåëüíî,

x1(t) =
sinαπ

π

t∫
0

τα−1f(t− τ)dτ,

îòñþäà

x(t) =
sinαπ

π

d

dt

t∫
0

τα−1f(t− τ)dτ.

Åñëè ôóíêöèÿ f(t) äèôôåðåíöèðóåìà è ïðè t = 0 íåïðåðûâíà, òî

x(t) =
sinαπ

π

tα−1f(0) +

t∫
0

τα−1f ′(t− τ)dτ

 .
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî ôóíêöèÿ

x(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5.4.6).
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Ïðè ðåøåíèè óðàâíåíèé ñâåðòêè, âñòðå÷àþùèõñÿ íà ïðàêòèêå,
êàê ïðàâèëî, ñâîáîäíûé ÷ëåí çàäàí ñ ïîãðåøíîñòüþ. Èç ôîðìóëû
(5.4.5) ñëåäóåò, ÷òî äëÿ ïîëó÷åíèÿ ðåøåíèÿ óðàâíåíèÿ (5.4.1) íåîáõî-
äèìî ïðîâåñòè n-êðàòíîå äèôôåðåíöèðîâàíèå. Â ñëó÷àå, åñëè ôóíê-
öèÿ f(t) çàäàíà ñ ïîãðåøíîñòüþ f(t) = f ∗(t) + ε(t), èìåþùåé ñëó-
÷àéíûé õàðàêòåð, òî îïåðàöèÿ äèôôåðåíöèðîâàíèÿ ÿâëÿåòñÿ íåêîð-
ðåêòíîé è äëÿ åå ðåàëèçàöèè íåîáõîäèìî ïðèìåíåíèå ìåòîäîâ ðåãó-
ëÿðèçàöèè [170]. Ðÿä àëãîðèòìîâ ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ
ïðèâåäåí â ðàçä. 1.10.

Ñëó÷àé 2. Ïðèìåíèâ ê óðàâíåíèþ (5.4.1) ïðåîáðàçîâàíèå Ëà-
ïëàñà, ïîëó÷àåì àëãåáðàè÷åñêîå óðàâíåíèå (5.4.2). Ïåðåïèøåì åãî â
âèäå G2(p)X2(p) = F (p), ãäå G2(p) = eαpG(p), X2(p) = e−αpX(p).

Òîãäà X2(p) =
F (p)

G(p)eαp .

Îáîçíà÷èâ ÷åðåç x2(t) îðèãèíàë, ñîîòâåòñòâóþùèé èçîáðàæå-
íèþ X2(p), èìååì x2(t) = Z−1(F (p)/G(p)eαp).

Ïî òåîðåìå ñìåùåíèÿ

x(t− α)u(t− α) = x2(t) =

s+i∞∫
s−i∞

ept
F (p)

G(p)eαp
dp, α ≤ t ≤ T. (5.4.7)

Ôóíêöèÿ x(t) ìîæåò áûòü âîññòàíîâëåíà íà ñåãìåíòå [0, α] ïðî-
äîëæåíèåì íà [0, α] ïîëèíîìà Áåðíøòåéíà, ïîñòðîåííîãî íà ñåãìåí-
òå [α, T ].

Ðàññìîòðèì åùå îäèí ìåòîä âîññòàíîâëåíèÿ èçìåðÿåìîãî ñèã-
íàëà. Ïóñòü x(0) = 0. Ïóñòü èçâåñòíî èçîáðàæåíèå ïî Ëàïëàñó
X(p) = F (p)/G(p) èçìåðÿåìîãî ñèãíàëà. Áóäåì ñ÷èòàòü, ÷òî ôóíê-
öèÿ X(p) àíàëèòè÷åñêàÿ ïðè Rep > c. Èçìåðÿåìûé ñèãíàë ìîæåò
áûòü íàéäåí èç ðåøåíèÿ óðàâíåíèÿ

∞∫
0

x(t)e−ptdt = X(p). (5.4.8)

Äëÿ åãî ðåøåíèÿ âîñïîëüçóåìñÿ ìåòîäîì êîëëîêàöèè. Ïðèáëè-
æåííîå ðåøåíèå óðàâíåíèÿ áóäåì èñêàòü â âèäå ïîëèíîìà

xn(t)=
n∑
k=1

αk exp(−kt),

êîýôôèöèåíòû αk êîòîðîãî îïðåäåëÿþòñÿ èç ñèñòåìû àëãåáðàè÷å-
ñêèõ óðàâíåíèé:

n∑
k=1

αk
k + υ

= X(υ),
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υ = C0, C0 + 1, . . . , C0 + n− 1, (5.4.9)

ãäå C0 ≥ c − öåëîå ÷èñëî.
Îïðåäåëèòåëü ñèñòåìû (5.4.9) èìååò âèä [137]:

∆ =

∣∣∣∣∣∣∣∣∣
1

1+C0

1
2+C0

. . . 1
n+C0

1
2+C0

1
3+C0

. . . 1
n+1+C0

· · ·
1

n+C0

1
n+1+C0

. . . 1
2n−1+C0

∣∣∣∣∣∣∣∣∣=
∏

1≤i<k≤n
(i− k)2

n∏
i,k=1

(C0 + i− 1− k)
̸=0,

ãäå ïðîèçâåäåíèå â çíàìåíàòåëå áåðåòñÿ ïî âñåì i è k, ïðèíèìàþùèì
íåçàâèñèìî äðóã îò äðóãà âñå çíà÷åíèÿ îò 1 äî n.

Â ñëó÷àå, êîãäà C0 = 0, îïðåäåëèòåëü ∆ ðàâåí

∆ =
[1!2! . . . (n− 1)!]3

n!(n+ 1)! . . . (2n− 1)!
̸= 0.

Îòñþäà ñëåäóåò îäíîçíà÷íàÿ ðåøèìîñòü ñèñòåìû óðàâíåíèé (5.4.9).
Â ðÿäå ñëó÷àåâ ïðåäïî÷òèòåëüíûì îêàçûâàåòñÿ ìåòîä, ïðè êî-

òîðîì â êà÷åñòâå òî÷åê êîëëîêàöèè âûáèðàþòñÿ òî÷êè, ðàñïîëîæåí-
íûå â íåêîòîðîì ñåãìåíòå ∆ = [a, b], a ≥ C0. Ýòî ñâÿçàíî ñ òåì, ÷òî
îòïàäàåò íåîáõîäèìîñòü â àíàëèçå çíà÷åíèé ôóíêöèè X(p) ïðè äî-
ñòàòî÷íî áîëüøèõ çíà÷åíèÿõ p.

Ïðèìåíèì ê óðàâíåíèþ (5.4.1) ïðåîáðàçîâàíèå Ôóðüå. Â ðå-
çóëüòàòå ïðèõîäèì ê óðàâíåíèþ G(ω)X(ω) = F (ω).

Ïóñòü ôóíêöèÿ G(ω) ìîæåò îáðàùàòüñÿ â íóëü ïðè êîíå÷íûõ
çíà÷åíèÿõ ω.

Ïîñòàâèì ôóíêöèè G(ω) â ñîîòâåòñòâèå ñåìåéñòâî ôóíêöèé
G(ω, λ), çàâèñÿùèõ îò íåîòðèöàòåëüíîãî ïàðàìåòðà λ. Íàëîæèì íà
ñåìåéñòâî ôóíêöèé G(ω, λ) ñëåäóþùèå óñëîâèÿ:

1) lim
λ→0

(G(ω, λ) = G(ω) â ìåòðèêå ïðîñòðàíñòâà L2(−∞,∞);

2) G(ω, λ) ̸= 0 ïðè êîíå÷íûõ çíà÷åíèÿõ ω;
3) ìíîæåñòâî çíà÷åíèé ôóíêöèè G(ω, λ) ïðè −T ≤ ω ≤ T ,

0 < T < ∞ ëåæèò âíóòðè óãëà ðàñòâîðà π − δ(λ, T ) ñ âåðøèíîé â
íà÷àëå êîîðäèíàò, ïðè÷åì δ(λ, T ) > 0.

Èç óñëîâèÿ 3 ñëåäóåò, ÷òî äëÿ êàæäîãî λ è T ñóùåñòâóåò òàêàÿ
êîíñòàíòà γ(λ, T ), ïðè êîòîðîé

sup |1− γ(λ, T )G(ω, λ)| = q(λ) < 1, −T ≤ ω ≤ T ; (5.4.10)

4) ïðåäïîëîæèì òàêæå, ÷òî êîíñòàíòà q(λ) óäîâëåòâîðÿåò ñî-
îòíîøåíèþ

q(λ)(1− q(λ))−1∥G(ω, λ)−G(ω)∥L2(−∞,∞) → 0 ïðè λ→ 0.
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Ðàññìîòðèì óðàâíåíèå

Kλx ≡
∞∫

−∞

gλ(t− τ)x(τ)dτ = f(t), (5.4.11)

ãäå gλ(t) − ïðîîáðàç ôóíêöèè G(ω, λ).
Èç óñëîâèÿ (5.4.10) è âûêëàäîê, ïðîâåäåííûõ ïðè äîêàçàòåëü-

ñòâå òåîðåìû 5.2.1, ñëåäóåò, ÷òî óðàâíåíèå (5.4.11) èìååò åäèíñòâåí-
íîå ðåøåíèå x∗λ(t), ê êîòîðîìó ñõîäÿòñÿ ïîñëåäîâàòåëüíûå ïðèáëè-
æåíèÿ

xn+1(t) = xn(t)− γ(λ)

∞∫
−∞

gλ(t− τ)xn(τ)dτ + γ(λ)f(t)

ñî ñêîðîñòüþ ∥x∗λ − xn∥L2(0,∞) ≤ C((q(λ)n).
Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü ðåøåíèé x∗λ(t) óðàâíåíèé

(5.4.11) ñõîäèòñÿ ê ðåøåíèþ x∗(t) óðàâíåíèÿ (5.4.1).
Îöåíèì íîðìó îïåðàòîðà K−1

λ íà ìíîæåñòâå ôóíêöèé f(t) ïðè
supF (ω) = [−T, T ]. Èç òîæäåñòâà

x∗λ(t) = x∗λ(t)− γ(λ)

∞∫
−∞

gλ(t− τ)x∗λ(τ)dτ + γ(λ)f(t),

ïåðåõîäÿ ê íîðìàì â ïðîñòðàíñòâå L2(−∞,∞) (x(t) ≡ 0 ïðè −∞ <
t < 0), èìååì

∥x∗λ(t)∥=∥X∗
λ(ω)∥≤ max

−T≤ω≤T
|1−γ(λ)G(ω, λ)|∥X∗

λ(ω)∥+|γ(λ)|∥F (ω)∥=

= max
−T≤ω≤T

|1− γ(λ)G(ω, λ)|∥x∗λ(t)∥+ |γ(λ)|∥f(t)∥.

Îòñþäà ñëåäóåò, ÷òî

∥x∗λ(t)∥ ≤ |γ(λ)|∥f(t)∥(1− max
−T≤ω≤T

|1− γ(λ)G(ω, λ)|)−1

è
∥K−1

λ ∥ ≤ |γ(λ)|/(1− max
−T≤ω≤T

|1− γ(λ)G(ω, λ)|).

Îöåíèì áëèçîñòü ðåøåíèé x∗(t) è xλ(t) óðàâíåíèé (5.4.1) è
(5.4.11). Òàê êàê x∗(t) ∈ L2(−∞,∞), òî äëÿ ëþáîãî ε > 0 ìîæ-
íî íàéòè òàêîå T, ÷òî ïðè ïðåäñòàâëåíèè ôóíêöèè x∗(t) â âèäå
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x∗(t) = x∗1(t) + x∗2(t), ãäå supX∗
1(ω) = [−T, T ], íîðìà ∥x∗2(t)∥ = ε.

Èç òîæäåñòâà

∞∫
−∞

gλ(t− τ)(x∗(τ)− x∗λ(τ))dτ =

∞∫
−∞

(gλ(t− τ)− g(t− τ))x∗(τ)dτ

ñëåäóåò, ÷òî

∞∫
−∞

gλ(t− τ)(x∗1(τ)− x∗λ(τ))dτ =

=
∞∫

−∞
(gλ(t− τ)− g(t− τ))x∗(τ)dτ −

∞∫
−∞

gλ(t− τ) (x∗(τ)− x1(τ)) dτ,

ïîýòîìó

∥x∗1(t)−x∗λ(t)∥ ≤ ∥K−1
λ ∥∥g(t)−gλ(t)∥ sup |X∗(ω)|+∥K−1

λ ∥ sup
ω

|G(ω, λ)|ε

è

∥x∗(τ)− x∗λ(τ)∥ ≤ ∥x∗(τ)− x∗1(τ)∥+ ∥x∗1(τ)− x∗2(τ)∥ ≤
≤ ∥K−1

λ ∥∥g(t)− gλ(t)∥ supω |X∗(ω)|+ (∥K−1
λ ∥ supω |G(ω, λ) + 1)ε.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 5.4.1. Ïóñòü óðàâíåíèå (5.4.1) èìååò åäèíñòâåííîå ðå-
øåíèå x∗(t) ∈ L2(−∞,∞), âûïîëíåíû óñëîâèÿ 1 � 4 è, êðîìå òîãî,

sup
(−∞<ω<∞)

|X∗(ω)| <∞.

Òîãäà lim
λ→0.T→∞

∥x∗(t)−x∗λ(t)∥ = 0, ãäå x∗(t) è x∗λ(t) − ðåøåíèÿ óðàâ-

íåíèé (5.4.1) è (5.4.11) ñîîòâåòñòâåííî.

5.5. Îá îäíîâðåìåííîì îïðåäåëåíèè âõîäíîãî

ñèãíàëà è èìïóëüñíîé ïåðåõîäíîé ôóíêöèè

Â ïðåäûäóùèõ ðàçäåëàõ èññëåäîâàëèñü ìåòîäû âîññòàíîâëå-
íèÿ âõîäíûõ ñèãíàëîâ è íàõîæäåíèÿ èìïóëüñíûõ ïåðåõîäíûõ ôóíê-
öèé ëèíåéíûõ èíâàðèàíòíûõ ê ñäâèãó ñèñòåì, ôóíêöèîíèðîâàíèå
êîòîðûõ îïèñûâàåòñÿ óðàâíåíèåì

Rφ =

∞∫
−∞

g(t− τ)φ(τ)dτ = f(t), (5.5.1)
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ãäå g(t) − èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ; φ(t) è f(t) − ñîîò-
âåòñòâåííî âõîäíîé è âûõîäíîé ñèãíàëû. Ïðè ýòîì ïðåäïîëàãàåòñÿ,
÷òî ÿäðî óðàâíåíèÿ (ò.å. èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ) èçâåñòíî.
Èññëåäîâàíèå âîçìîæíîñòè âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ ïðè
íåèçâåñòíîé èìïóëüñíîé ïåðåõîäíîé ôóíêöèè íà÷àòî â ðàáîòàõ [4,5],
ãäå óêàçàíû óñëîâèÿ, ïðè êîòîðûõ âîçìîæíî (ïî êðàéíåé ìåðå, òåî-
ðåòè÷åñêè) ðåøåíèå óêàçàííîé çàäà÷è.

Íèæå ïðåäëàãàåòñÿ ìåòîä âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ
ïðè íåèçâåñòíîé àïïàðàòíîé ôóíêöèè, îñíîâàííûé íà ìåòîäàõ ðå-
øåíèÿ êðàåâîé çàäà÷è Ðèìàíà [58,59]. Ïðè ýòîì íàðÿäó ñ óñëîâèÿìè,
ïðè êîòîðûõ âîçìîæíî îäíîâðåìåííîå âîññòàíîâëåíèå èìïóëüñíîé
ïåðåõîäíîé ôóíêöèè è âõîäíîãî ñèãíàëà, ïðåäëàãàåòñÿ àëãîðèòì íà-
õîæäåíèÿ âñåõ íàáîðîâ èìïóëüñíûõ ïåðåõîäíûõ ôóíêöèé è âõîäíûõ
ñèãíàëîâ, ðåàëèçóþùèõ âûõîäíîé ñèãíàë f(t).

Íàðÿäó ñ ñèñòåìàìè, îïèñûâàåìûìè óðàâíåíèåì (5.5.1), íèæå
ðàññìàòðèâàþòñÿ äèñêðåòíûå ñèñòåìû, îïèñûâàåìûå óðàâíåíèÿìè
âèäà

∞∑
l=−∞

gk−lφl = fk, k = −∞,∞, (5.5.2)

ãäå gk − èìïóëüñíàÿ ïåðåõîäíàÿ ôóíêöèÿ; φk è fk − ñîîòâåòñòâåííî
âõîäíîé è âûõîäíîé ñèãíàëû, k = . . . ,−n, . . . , n, . . . , à òàêæå ìíî-
ãîìåðíûå íåïðåðûâíûå è äèñêðåòíûå ñèñòåìû.

5.5.1. Îäíîìåðíûå äèñêðåòíûå ñèñòåìû

Â äàííîì ðàçäåëå ðàññìàòðèâàþòñÿ ðàçëè÷íûå ñëó÷àè, êîãäà
âîçìîæíî îäíîâðåìåííîå âîññòàíîâëåíèå âõîäíîãî ñèãíàëà è èì-
ïóëüñíîé ïåðåõîäíîé ôóíêöèè. Ïðè ýòîì ðàññìàòðèâàþòñÿ ìîäåëü-
íûå çàäà÷è, íà ôóíêöèîíèðîâàíèå êîòîðûõ íå âëèÿþò øóìû è äðó-
ãèå äîïîëíèòåëüíûå âîçäåéñòâèÿ.

Äëÿ êðàòêîñòè èçëîæåíèÿ îãðàíè÷èìñÿ ñëó÷àåì, êîãäà èçâå-
ñòåí ìîìåíò îêîí÷àíèÿ âõîäíîãî ñèãíàëà.

Áóäåì ïðåäïîëàãàòü âûïîëíåííûìè óñëîâèÿ:
1) gk = 0 ïðè k < 0;
2) φk = 0 ïðè k > 0, ò.å. äåéñòâèå âõîäíîãî ñèãíàëà çàêàí÷èâàåòñÿ â
ìîìåíò k = 0;
3) âûõîäíîé ñèãíàë fk èçâåñòåí ïðè âñåõ k(−∞ ≤ k ≤ ∞).
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Ââåäåì îáîçíà÷åíèÿ:

f+k =

{
fk ïðè k ≥ 0,
0 ïðè k < 0;

f−k =

{
0 ïðè k ≥ 0,

−fk ïðè k < 0.

Îáîçíà÷èì ÷åðåç F (t)=
∞∑

k=−∞
fkt

k, t=eiΘ, 0≤Θ≤2π, äèñêðåòíîå ïðå-

îáðàçîâàíèå Ôóðüå [59] ïîñëåäîâàòåëüíîñòè fk; ÷åðåç F+(t) è F−(t)

îáîçíà÷àþòñÿ ôóíêöèè F+(t) =
∞∑
k=0

fke
ikΘ è F−(t) = −

−1∑
k=−∞

fke
ikΘ.

Èçâåñòíî [59], ÷òî ôóíêöèè F+(t) è F−(t) − àíàëèòè÷åñêèå âíóòðè è
âíå åäèíè÷íîé îêðóæíîñòè γ ñ öåíòðîì â íà÷àëå êîîðäèíàò. Îáîçíà-
÷èì ÷åðåç D+(D−) îáëàñòü, ðàñïîëîæåííóþ âíóòðè (âíå) êîíòóðà γ.

Îáîçíà÷èì ÷åðåç G+(t) ôóíêöèþ G+(t) =
∞∑
k=0

gkt
k, à ÷åðåç

−Φ−(t) ôóíêöèþ −Φ−(t)
0∑

k=−∞
φkt

k. Îòìåòèì, ÷òî Φ−(∞) = φ0 è

φ0 ̸= 0.
Ïðè óñëîâèÿõ 1�3 óðàâíåíèå (5.5.2) ïðåäñòàâèìî â âèäå

∞∑
l=−∞

g+k−lφ
−
l = −fk, k = . . .− n, . . . ,−1, 0, 1, . . . , n . . . (5.5.3)

Ïðèìåíÿÿ ê óðàâíåíèþ (5.5.3) äèñêðåòíîå ïðåîáðàçîâàíèå Ôó-
ðüå, èìååì

G+(t)Φ−(t) = −F (t). (5.5.4)

Áóäåì ñ÷èòàòü èíäåêñ χ ôóíêöèè F (t) ðàâíûì íóëþ.
Äëÿ ðåøåíèÿ óðàâíåíèÿ (5.5.4) ïðîâåäåì ôàêòîðèçàöèþ [58,59]

ôóíêöèè F (t) : F (t) = F+(t)/F−(t), ãäå

F+(z) = exp(Γ+(z)),

F−(z) = exp(Γ−(z), Γ(z) =
1

2πi

∫
γ

ln[τ−χF (τ)]

τ − z
dτ,

çäåñü z = x+ iy. Â ðåçóëüòàòå ôàêòîðèçàöèè è ïðèìåíåíèÿ òåîðåìû
Ëèóâèëëÿ óðàâíåíèå (5.5.4) ïðèìåò âèä

G+(z)

F+(z)
= − 1

Φ−(z)F−(z)
= C0 +

n∑
k=1

Ck

(
1

z − ak

)
, (5.5.5)
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ãäå

Ck

(
1

z − ak

)
=

C1,k

z − ak
+

C2,k

(z − ak)2
+ · · ·+ Cmk,k

(z − ak)mk
,

ãäå ak − íóëè ôóíêöèè Φ−(z) âíå åäèíè÷íîé îêðóæíîñòè γ (z ∈ D−);

G+(z) =
∞∑
k=0

gkz
k, F−(z) = −

−1∑
k=−∞

fkz
k − ïðåîáðàçîâàíèå Ëîðàíà

ïîñëåäîâàòåëüíîñòåé {gk}k=0,∞ è {−fk}k=−∞,−1.

Çàìå÷àíèå 5.5.1. Òàê êàê φ0 ̸= 0, òî ïîðÿäîê íóëÿ ôóíêöèè Φ−(z)
íà áåñêîíå÷íîñòè ðàâåí íóëþ.

Ôîðìàëüíî èç ôîðìóëû (5.5.5) ñëåäóåò, ÷òî

G+(z) = F+(z)

(
C0 +

n∑
k=1

Ck

(
1

z − ak

))
,

Φ−(z) = − 1

F−(z)

(
C0 +

n∑
k=1

Ck

(
1

z−ak

)) . (5.5.6)

Â òî÷êàõ ak, ak ∈ D−, ôóíêöèÿ Φ−(z) íå îïðåäåëåíà.
Èññëåäóåì ïîëó÷åííûå âûðàæåíèÿ äëÿ G+(z),Φ−(z). Î÷åâèä-

íî, ÷òî ôóíêöèÿG+(z) àíàëèòè÷åñêàÿ â îáëàñòèD+. Ôóíêöèÿ Φ−(z)
àíàëèòè÷åñêàÿ âñþäó â ðàñøèðåííîé ïëîñêîñòè êîìïëåêñíîé ïåðå-
ìåííîé çà èñêëþ÷åíèåì òî÷åê ak, k = 1, 2, . . . , n, â êîòîðûõ îíà íå
îïðåäåëåíà. Òàê êàê èç ïîñòàíîâêè çàäà÷è òðåáóåòñÿ, ÷òîáû ôóíê-
öèÿ Φ−(z) áûëà àíàëèòè÷åñêîé â îáëàñòè D−, òî îòñþäà ñëåäóåò, ÷òî
Ck = 0, k = 1, 2, . . . , n.

Çàìå÷àíèå 5.5.2. Âûøå áûëî ïîêàçàíî, ÷òî èç ôîðìàëüíûõ ñîîá-
ðàæåíèé êîýôôèöèåíòû Ck, k = 1, 2, . . . , n, äîëæíû áûòü ðàâíû-
ìè íóëþ. Ïîêàæåì, ÷òî åñëè ôóíêöèþ Φ−(z) äîîïðåäåëèòü íóëåì
â òî÷êàõ ak, k = 1, 2, . . . , n, òî êîýôôèöèåíòû Ck, k = 1, 2, . . . , n,
íóæíî ïîëîæèòü ðàâíûìè íóëþ.

Äëÿ îïðåäåëåííîñòè ðàññìîòðèì âûðàæåíèå

1(
C0 + C1

1
z−a1

) =
z − a

C0

(
z − a1 +

c1
C0

) .
Åñëè êîýôôèöèåíòû a1 è a0 òàêèå, ÷òî a1− C1

C0
ëåæèò â D−, òî ôóíê-

öèÿ Φ−(z) íå ÿâëÿåòñÿ àíàëèòè÷åñêîé âD−; åñëè a1−C1

C0
ëåæèò âD+,
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òî ôóíêöèÿ G+(z) íå ÿâëÿåòñÿ àíàëèòè÷åñêîé â D+. Òàêèì îáðàçîì,
â îáîèõ ñëó÷àÿõ íåîáõîäèìî, ÷òîáû Ck = 0, k = 1, 2, . . . , n.

Îêîí÷àòåëüíî èìååì

G+(z) = C0F
+(z), Φ−(z) = − 1

C0F−(z) . (5.5.7)

Ïîëó÷åíî ðåøåíèå, çàâèñÿùåå îò êîíñòàíòû C0.

Ïðèìåíÿÿ ê ôîðìóëå (5.5.7) îáðàòíîå ïðåîáðàçîâàíèå Ëîðàíà,
ïîëó÷àåì ïîñëåäîâàòåëüíîñòè gk è φk, îïðåäåëåííûå ñ òî÷íîñòüþ äî
ïðîèçâîëüíîãî ïàðàìåòðà. Ðàññìîòðèì óñëîâèÿ, êîòîðûå íóæíî íà-
ëîæèòü íà èñõîäíóþ çàäà÷ó äëÿ ïîëó÷åíèÿ åäèíñòâåííîãî ðåøåíèÿ.

Èç (5.5.7) ñëåäóåò, ÷òî äëÿ ïîëó÷åíèÿ åäèíñòâåííîãî ðåøåíèÿ
íåîáõîäèìà äîïîëíèòåëüíàÿ èíôîðìàöèÿ â âèäå íåêîòîðîãî ôóíê-
öèîíàëà îò G+ èëè Φ−(z) (èëè gk è φk).

Çàìå÷àíèå 5.5.3. Îñòàíîâèìñÿ íà âîïðîñå îá îäíîçíà÷íîì âîñ-
ñòàíîâëåíèè ïîñëåäîâàòåëüíîñòåé φk è gk. Áóäåì ðàññìàòðèâàòü
ñëó÷àè êîíå÷íûõ íîñèòåëåé, òàê êàê òîëüêî îíè âñòðå÷àþòñÿ íà
ïðàêòèêå.

Ïîêàæåì, ÷òî, êðîìå íåîïðåäåëåííîãî ìíîæèòåëÿ C0 â ôîðìó-
ëå (5.5.7), âîçìîæíî ïîÿâëåíèå äðóãèõ ðåøåíèé. Åñëè ôàêòîðèçàöèÿ
ôóíêöèè F (t) ïî ôîðìóëàì (5.5.7) ÿâëÿåòñÿ ïîëèíîìàìè

G+(z) = a0 + a1z + · · ·+ anz
n, (5.5.8)

Φ−(z) = b0 +
b1
z
+ · · ·+ bk

zk
, (5.5.9)

òî âîçìîæíà åùå îäíà ôàêòîðèçàöèÿ ôóíêöèè F (t). Ïóñòü n ≥ k,
òîãäà

F (t) = G+(z)Φ−(z) = (a0 + a1z + · · ·+ anz
n)×

×
(
b0 +

b1
z
+ · · ·+ bk

zk

)
=
(a0
zn

+
a1
zn−1

+ · · ·+ an

)
×

×(b0z
n + b1z

n−1 + · · ·+ bkz
n−k). (5.5.10)

Ïóñòü k ≥ n, òîãäà

F (t) = (a0 + a1z + · · ·+ anz
n)

(
b0 +

b1
z
+ · · ·+ bk

zk

)
=

=
(a0
zk

+ · · ·+ an
zk−n

)
(b0z

k + · · ·+ bk). (5.5.11)
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Èç ôîðìóë (5.5.7)�(5.5.11) ñëåäóåò, ÷òî åñëè íîñèòåëè ïîñëåäî-
âàòåëüíîñòåé φk è gk èìåþò ðàçëè÷íóþ äëèíó, òî äëÿ èõ îäíîçíà÷-
íîãî âîññòàíîâëåíèÿ äîñòàòî÷íî çíàòü è âåëè÷èíû n è k, è îäíî èç
çíà÷åíèé â ïîñëåäîâàòåëüíîñòè φk è gk.

Â ñëó÷àå, åñëè ïîñëåäîâàòåëüíîñòè φk è gk èìåþò îäèíàêîâóþ
äëèíó íîñèòåëÿ, íóæíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ. Â ÷àñòíîñòè,
â ðÿäå ñëó÷àåâ äîñòàòî÷íî çíàòü äâà çíà÷åíèÿ â ïîñëåäîâàòåëüíîñòè
φk èëè gk, èëè ïî îäíîìó çíà÷åíèþ â êàæäîé èç ýòèõ ïîñëåäîâàòåëü-
íîñòåé.

Òàêèì îáðàçîì, îäíîçíà÷íîå âîññòàíîâëåíèå ïðè íóëåâîì èí-
äåêñå âîçìîæíî, åñëè ïåðåäà÷à ñîîáùåíèÿ çàêàí÷èâàåòñÿ îäíèì èëè
äâóìÿ òåñòîâûìè ñèãíàëàìè.

Ïóñòü òåïåðü èíäåêñ χ > 0, òîãäà

Φ−(z) = − 1

z−χ exp(Γ−(z))Pχ(z)

= − 1

exp(Γ−(z))(a0z−χ + a1z1−χ + · · ·+ aχ)
.

Òàê êàê Φ−(∞) ̸= 0, òî êîýôôèöèåíò aχ ̸= 0, à êîýôôèöè-
åíòû a0, a1, . . . , aχ−1 ïðîèçâîëüíû. Òàêèì îáðàçîì, è â ýòîì ñëó÷àå
ðåøåíèå çàâèñèò îò (χ+ 1) íåçàâèñèìîãî ïàðàìåòðà.

Ñëåäîâàòåëüíî,

G+(z) = F+(z)(a0 + a1z + · · ·+ aχz
χ), (5.5.12)

Φ−(z) = − zχ

F−(z)(a0 + a1z + · · ·+ aχzχ)
. (5.5.13)

Òàêèì îáðàçîì, ïîëó÷åíî ðåøåíèå óðàâíåíèÿ (5.5.4), çàâèñÿ-
ùåå îò (χ+ 1) íåçàâèñèìîãî ïàðàìåòðà.

Ïðèìåíÿÿ ê (5.5.12), (5.5.13) îáðàòíîå ïðåîáðàçîâàíèå Ëîðàíà,
ïîëó÷àåì ïîñëåäîâàòåëüíîñòè gk è φk, çàâèñÿùèå îò (χ + 1) ïàðà-
ìåòðà.

Åñëè èçâåñòåí (χ+1) ýëåìåíò â ïîñëåäîâàòåëüíîñòè gk èëè φk,
òî âîçìîæíî îäíîçíà÷íîå âîññòàíîâëåíèå ýòèõ ïîñëåäîâàòåëüíîñòåé.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà èíäåêñ χôóíêöèè F (t) ìåíü-
øå íóëÿ.

Ñ ýòîé öåëüþ ïðåäñòàâèì ôóíêöèþ F (t) â âèäå F (t)=t−|χ|F1(t),
ãäå F1(t)=t

|χ|F (t). Â ýòîì ñëó÷àå, ôóíêöèÿ F1(t) äîïóñêàåò ôàêòî-
ðèçàöèþ F1(t)=ψ

+(t)/ψ−(t). Òîãäà óðàâíåíèå (5.5.4) ìîæíî ïðåäñòà-
âèòü â âèäå

G+(t)Φ−(t) = −t−|χ|ψ
+(t)

ψ−(t)
,
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èëè â ýêâèâàëåíòíîì âèäå

−G
+(t)

ψ+(t)
=

1

Φ−(t)t|χ|ψ−(t)
. (5.5.14)

Ðàññìîòðèì âíà÷àëå ñëó÷àé, êîãäà Φ−(∞) ̸= 0. Ýòî ñîîòâåò-
ñòâóåò òîìó, ÷òî φ0 ̸= 0. Òîãäà ôóíêöèÿ 1

Φ−(z)z|χ|ψ−(z)
èìååò íà áåñêî-

íå÷íîñòè íóëü ïîðÿäêà |χ| è, ñëåäîâàòåëüíî, ïî òåîðåìå Ëèóâèëëÿ
îíà òîæäåñòâåííî ðàâíà íóëþ. Îòñþäà ñëåäóåò G+(t) ≡ 0, à óðàâ-
íåíèå 1

Φ−(t)t|χ|ψ−(t)
íå èìååò ðåøåíèÿ, ò.å. èñõîäíàÿ çàäà÷à íå èìååò

ðåøåíèÿ.
Ïóñòü ôóíêöèÿ Φ−(z) èìååò íà áåñêîíå÷íîñòè íóëü ïîðÿäêà

p, p ≥ 1. Òîãäà ôóíêöèÿ Φ−(z)z|χ|ψ−(z) èìååò íà áåñêîíå÷íîñòè
ïîëþñ ïîðÿäêà |χ| − p ïðè |χ| > p, ðàâíà ïîñòîÿííîé ïðè |χ| = p è
èìååò íóëü ïîðÿäêà p−|χ| ïðè |χ| < p. Ôóíêöèÿ 1

Φ−(t)t|χ|ψ−(t)
èìååò íà

áåñêîíå÷íîñòè íóëü ïîðÿäêà |χ|−p ïðè |χ| > p, ðàâíà êîíñòàíòå ïðè
|χ| = p è èìååò ïîëþñ ïîðÿäêà p − |χ| ïðè |χ| < p. Ñëåäîâàòåëüíî,
ïî òåîðåìå Ëèóâèëëÿ ôóíêöèÿ 1

Φ−(t)t|χ|ψ−(t)
òîæäåñòâåííî ðàâíà íóëþ

ïðè |χ| > p, ðàâíà êîíñòàíòå ïðè |χ| = p è ÿâëÿåòñÿ ïîëèíîìîì
ïîðÿäêà p− |χ| ïðè p > |χ|.

Ñëåäîâàòåëüíî, ïî òåîðåìå Ëèóâèëëÿ ïðè |χ| = p

G+(t)

ψ+(t)
= − 1

Φ−(t)t|χ|ψ−(t)
= C = const. (5.5.15)

Òàê êàê ôóíêöèÿ Φ−(z) èìååò ïî ïðåäïîëîæåíèþ íà áåñêîíå÷-
íîñòè íóëü ïîðÿäêà p, òî èç (5.5.14) ñëåäóåò, ÷òî ïðè p ≥ |χ|

G+(t)

ψ+(t)
= − 1

Φ−(t)t|χ|ψ−(t)
= Pp−|χ|(t)

è, ñëåäîâàòåëüíî,

G+(t) = Pp−|χ|(t)ψ
+(t),

Φ−(t) = − 1

t|χ|ψ−(t)Pp−|χ|(t)
=

= − 1

Ψ−(t)(a0t|χ| + a1t|χ|+1 + · · ·+ ap−|χ|tp)
. (5.5.16)

Èç ôîðìóëû (5.5.16) ñëåäóåò, ÷òî åñëè p = |χ|, òî óðàâíåíèå
(5.5.4) èìååò ðåøåíèå, çàâèñÿùåå îò îäíîãî ïàðàìåòðà. Ïðè ýòîì
çíà÷åíèå φ|χ| äîëæíî áûòü îòëè÷íî îò íóëÿ, à çíà÷åíèÿ φ0 = φ1 =
· · · = φ|χ|−1 = 0.
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Ïðè p > |χ| ïîëó÷àåì p − |χ| + 1 ëèíåéíî íåçàâèñèìîå ðå-
øåíèå è, êðîìå òîãî, çàìå÷àåì, ÷òî ïðè ýòîì íåîáõîäèìî, ÷òîáû
φ0 = φ−1 = · · · = φp−|χ| = 0. Äëÿ îäíîçíà÷íîãî âîññòàíîâëåíèÿ
ïîñëåäîâàòåëüíîñòåé φk è gk íóæíî çíàòü −p + 1 ýëåìåíò ïîñëåäî-
âàòåëüíîñòè φk èëè gk. Òàê êàê ïàðàìåòð p ìîæåò ïðèíèìàòü ïðî-
èçâîëüíîå öåëîå ÷èñëî â çàâèñèìîñòè îò êëàññà, â êîòîðîì èùåòñÿ
ðåøåíèå óðàâíåíèÿ (5.5.4), òî ïðè îòðèöàòåëüíîì èíäåêñå çàäà÷à
îïðåäåëåíèÿ ïîñëåäîâàòåëüíîñòåé gk è φk ñòàíîâèòñÿ íåîïðåäåëåí-
íîé.

Ïðîâåäåííîå âûøå èññëåäîâàíèå ïîçâîëÿåò ñäåëàòü ñëåäóþ-
ùèé âûâîä. Îäíîçíà÷íîå âîññòàíîâëåíèå âõîäíîãî ñèãíàëà è àïïà-
ðàòíîé ôóíêöèè âîçìîæíî òîëüêî ïðè ñëåäóþùèõ óñëîâèÿõ:

1) èíäåêñ χ ôóíêöèè F (t) íåîòðèöàòåëüíûé è èçâåñòíû çíà-
÷åíèÿ φ0, φ−1, . . . , φ−|χ| âõîäíîãî ñèãíàëà (èëè (χ + 1) çíà÷åíèÿ â
ïîñëåäîâàòåëüíîñòè gk);

2) èíäåêñ χ îòðèöàòåëüíûé è p = |χ|. Â ýòîì ñëó÷àå ñóùåñòâó-
åò åäèíñòâåííîå ðåøåíèå, çàâèñÿùåå îò ïàðàìåòðà;

3) ïðè p < |χ|, χ < 0, çàäà÷à íåðàçðåøèìà. Ïðè p > |χ|, χ < 0,
èç ôîðìóëû (5.5.16) ñëåäóåò, ÷òî âîçìîæíî ïîÿâëåíèå ïîëþñîâ ó
ôóíêöèè Φ−(z), z ∈ D−, è, ñëåäîâàòåëüíî, íåâîçìîæíî ãàðàíòèðî-
âàòü ðåøåíèå çàäà÷è.

5.5.2. Ìíîãîìåðíûå äèñêðåòíûå ñèñòåìû

Ðàññìîòðèì ñèñòåìó, îïèñûâàåìóþ óðàâíåíèåì

∞∑
l1=−∞

. . .
∞∑

ls=−∞

gk1−l1,...,ks−lsφl1,...,ls=fk1,...,ks,

k1, . . ., ks=−∞, . . . ,∞.

(5.5.17)

Áóäåì ñ÷èòàòü, ÷òî ñèñòåìà, îïèñàííàÿ óðàâíåíèåì (5.5.17),
óäîâëåòâîðÿåò óñëîâèþ êàóçàëüíîñòè, ò.å. gk1,...,ks = 0 ïðè ki < 0,
i = 1, 2, . . . , s.

Áóäåì òàêæå ñ÷èòàòü, ÷òî φl1,...,ls = 0, åñëè li ≥ 1, i =
1, 2, . . . , s.

Äëÿ ïðîñòîòû îáîçíà÷åíèé ïîëîæèì l = 2. Ïóñòü γk(k = 1, 2)
åäèíè÷íàÿ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò â ïëîñêîñòè
êîìïëåêñíîé ïåðåìåííîé zk; γ12 = γ1 × γ2 − îáùèé îñòîâ ÷åòûðåõ
áèîáëàñòåé D±± = D±

1 ×D±
2 , ãäå D

+
i (D

−
i ) − îáëàñòü, ðàñïîëîæåííàÿ

âíóòðè (âíå) îêðóæíîñòè γi(i = 1, 2). ×åðåç F±±(z1, z2) îáîçíà÷èì
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ôóíêöèè, àíàëèòè÷åñêèå â îáëàñòÿõ D±± è òàêèå, ïðè êîòîðûõ

F±=(z1,∞) = 0 ∀z1 ∈ D±
1 , F

=±(∞, z2) = 0 ∀z2 ∈ D±
2 .

×åðåç F±±(t1, t2)(t1 = eiΘ1, t2 = eiΘ2, 0 ≤ Θ1, Θ2 ≤ 2π) îáî-
çíà÷èì ïðåäåëüíûå çíà÷åíèÿ ôóíêöèé F±±(z1, z2) ïðè íåçàâèñèìîì
ñòðåìëåíèè z1 → t1 è z2 → t2 ïî ïóòÿì, íå ïåðåñåêàþùèì åäèíè÷íûå
îêðóæíîñòè γ1 è γ2 ñîîòâåòñòâåííî.

Ïðèìåíÿÿ ê óðàâíåíèþ (5.5.17) ïðåîáðàçîâàíèå Ëîðàíà, èìååì

G++(t1, t2)Φ
−−(t1, t2) = F (t1, t2). (5.5.18)

Â ìîíîãðàôèè [81] èññëåäîâàíû âîïðîñû ôàêòîðèçàöèè è ÷à-
ñòè÷íîé ôàêòîðèçàöèè ôóíêöèè F (t1, t2). Äëÿ òîãî ÷òîáû ôóíêöèÿ
F (t1, t2), íå îáðàùàþùàÿñÿ â íóëü íà êîíòóðå γ12, äîïóñêàëà ïðåä-
ñòàâëåíèå â âèäå

F (t1, t2) = tp1t
q
2F

++(t1, t2)F
−−(t1, t2), (5.5.19)

íåîáõîäèìî è äîñòàòî÷íî [81], ÷òîáû âûïîëíÿëîñü óñëîâèå

(I−S12)F=0,

ãäå

S12φ = − 1

π2

∫ ∫
γ12

φ(τ1, τ2)dτ1dτ2
(τ1 − t1)(τ2 − t2)

, (t1, t2) ∈ γ12.

Çäåñü p è q � ÷àñòíûå èíäåêñû ôóíêöèè F (t1, t2) ïî ïåðåìåí-
íûì t1 è t2 ñîîòâåòñòâåííî.

Â ýòîì ñëó÷àå

F±±(t1, t2) = exp[P±± lnF (t1, t2)], (5.5.20)

ãäå

P±± = P±
1 P

±
2 , P+

l φ =
1

2
(φ+ Sγlφ), P−

l φ =
1

2
(φ− Sγlφ),

Sγlφ =
1

πi

∫
γl

φ(τl)

τl − tl
dτl, l = 1, 2.

Âîñïîëüçîâàâøèñü ôàêòîðèçàöèåé (5.5.19), ïðåäñòàâèì óðàâ-
íåíèå (5.5.18) â âèäå

G++(t1, t2)Φ
−−(t1, t2) = tp1t

q
2F

++
1 (t1, t2)F

−−
2 (t1, t2).

327



Îòñþäà ñëåäóåò, ÷òî åñëè èíäåêñû p è q − íåîòðèöàòåëüíû, òî
èìååì

G++(t1, t2) = tp1t
q
2F

++
1 (t1, t2), Φ

−−(t1, t2) = F−−
2 (t1, t2). (5.5.21)

Î÷åâèäíî òàêæå îïðåäåëåíèå ðåøåíèé G++(t1, t2) è Φ−−(t1, t2)
ïðè äðóãèõ çíà÷åíèÿõ èíäåêñîâ p è q.

Òàêèì îáðàçîì, óêàçàí ñïîñîá íàõîæäåíèÿ îäíîãî èç ðåøåíèé
çàäà÷è îäíîâðåìåííîãî îïðåäåëåíèÿ âõîäíîãî ñèãíàëà è èìïóëüñíîé
ïåðåõîäíîé ôóíêöèè.

Ýòà çàäà÷à èìååò íååäèíñòâåííîå ðåøåíèå. Íàïðèìåð, ôóíê-
öèè aG++(t1, t2) è 1

aΦ
−−(t1, t2) ïðè a ̸= 0 òàêæå ÿâëÿþòñÿ ðåøåíèåì

ýòîé çàäà÷è. Âûáîð êîíñòàíòû a çàâèñèò îò äîïîëíèòåëüíîé èíôîð-
ìàöèè.

Îòìåòèì, ÷òî èìååòñÿ öåëûé íàáîð ëèíåéíî íåçàâèñèìûõ ðå-
øåíèé óðàâíåíèÿ (5.5.18).

Â ñàìîì äåëå, íàðÿäó ñ ôîðìóëàìè (5.5.22), ðåøåíèåì óðàâíå-
íèé (5.5.18) ÿâëÿþòñÿ ôóíêöèè

G++(t1, t2) = tv11 t
v2
2 t

p
1t
q
2F

++
1 (t1, t2),

Φ−−(t1, t2) = tv11 t
v2
2 F

−−
2 (t1, t2),

ãäå v1, v2 − öåëûå íåîòðèöàòåëüíûå ÷èñëà.
Â ñëó÷àå, êîãäà F++

1 (t1, t2) − ïîëèíîì ïî ñòåïåíÿì t1 è t2 äî
n-ãî ïîðÿäêà, à F−−

1 (t1, t2) − ïîëèíîì ïî ñòåïåíÿì t−1
1 è t−1

2 òàêæå äî
n-ãî ïîðÿäêà, êàê è â ñëó÷àå îäíîìåðíûõ äèñêðåòíûõ ñèñòåì, èìååò
ìåñòî ðåøåíèå

G++(t1, t2) = tp1t
q
2F

−−
2 (t1, t2)t

n
1t
n
2 ,

Φ−−(t1, t2) = F++
1 (t1, t2)t

−n
1 t−n2 .

Ïîýòîìó äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ ïîñëåäîâàòåëüíîñòåé
gk1,k2 è φk1,k2 íåîáõîäèìà äîïîëíèòåëüíàÿ èíôîðìàöèÿ î íåêîòîðûõ
çíà÷åíèÿõ ïîñëåäîâàòåëüíîñòè gk1,k2 èëè φk1,k2 (èëè î íåêîòîðûõ çíà-
÷åíèÿõ â òîé è äðóãîé ïîñëåäîâàòåëüíîñòè).

Â êà÷åñòâå òàêîé èíôîðìàöèè ìîæíî èñïîëüçîâàòü çíà÷åíèå
φk1,k2 ïðè k1 = k2 = 0.

Çàìå÷àíèå 5.5.4. Ïðåäëîæåííûé àëãîðèòì èìååò íåïîñðåäñòâåí-
íîå ïðàêòè÷åñêîå ïðèìåíåíèå â ñëó÷àå, êîãäà îòñóòñòâóåò èíôîð-
ìàöèÿ òîëüêî î ÷àñòè ïîñëåäîâàòåëüíîñòè gk1,k2. Íåñìîòðÿ íà
íåïîëíîòó ðåøåíèÿ, èçëîæåííûé âûøå ìåòîä ìîæåò áûòü ïî-
ëåçíûì â ðÿäå ñëó÷àåâ.
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Ïðèìåð 5.5.1. Áóäåì ñ÷èòàòü, ÷òî φk1k2 = 0 ïðè k1 ≥ 0 ∪ k2 ≥ 0.
Ïóñòü îáúåêò îïèñûâàåòñÿ óðàâíåíèåì (5.5.17), ãäå gk1k2 =

g1k1g
2
k2
,

g1k =

{
0 ïðè k ̸= 2,
1 ïðè k = 2;

g2k =

{
0 ïðè k ̸= 3,
1 ïðè k = 3.

Âõîäíîé ñèãíàë ðàâåí

φk1k2 =


0 ïðè (k1, k2) ̸= (−1,−1) ∪ (−2,−2),
1 ïðè (k1, k2) = (−1,−1),
1 ïðè (k1, k2) = (−2,−2).

Â ýòîì ñëó÷àå âûõîäíîé ñèãíàë ðàâåí

fk1k2 =


0 ïðè (k1, k2) ̸= (0, 1) ∪ (1, 2);
1 ïðè (k1, k2) = (0, 1);
1 ïðè (k1, k2) = (1, 2).

Îïðåäåëèì, ðàñïîëàãàÿ çíà÷åíèÿìè ôóíêöèè fk1k2, âõîäíîé
ñèãíàë è èìïóëüñíóþ ïåðåõîäíóþ ôóíêöèþ.

Ðåøåíèå. Ïðèìåíèì ïðåîáðàçîâàíèå Ëîðàíà ê ôóíêöèè fk1k2
ïî êàæäîé ïåðåìåííîé. Â ðåçóëüòàòå èìååì

F (t1, t2) = t2 + t1t
2
2.

Ðåøèì óðàâíåíèå

G++(t1, t2)Φ
−−(t1, t2) = t2 + t1t

2
2.

Ïðîâåäåì ôàêòîðèçàöèè ôóíêöèè2 t2 + t1t
2
2:

t2 + t1t
2
2 = t1t

3
2

(
1
t2
+ 1

t1t22

)
=

= t21t
3
2

(
1
t1t2

+ 1
t21t

2
2

)
= t31t

3
2

(
1
t21t2

+ 1
t31t

2
2

)
= . . . .

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùèé íàáîð ðåøåíèé:

gk1k2
(1) =

{
a ïðè (k1, k2) = (1, 3),
0 ïðè (k1, k2) ̸= (1, 3),

φk1k2
(1) =


1
a ïðè (k1, k2) = (0,−1),
1
a ïðè (k1, k2) = (−1,−2),
0 ïðè îñòàëüíûõ (k1, k2),

2Èç-çà ïðîñòîòû ôóíêöèè F (t1, t2) = t2+t1t
2
2 ôàêòîðèçàöèÿ ïðîâîäèòñÿ íåïîñðåäñòâåííûì

ïîäáîðîì ôóíêöèé F++(t1, t2) è F
−−(t1, t2), à íå ïðèìåíåíèåì îáùåé ôîðìóëû (5.5.20).
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gk1k2
(2) =

{
a ïðè (k1, k2) = (2, 3),
0 ïðè (k1, k2) ̸= (2, 3),

φk1k2
(2) =


1
a ïðè (k1, k2) = (−1,−1),
1
a ïðè (k1, k2) = (−2,−2),
0 ïðè îñòàëüíûõ (k1, k2),
. . . . . . . . . .

Âûáîð êîíêðåòíîãî ðåøåíèÿ çàâèñèò îò àïðèîðíîé èíôîðìà-
öèè.

Òàê, åñëè èçâåñòíî, ÷òî φ−1,−1 ̸= 0, òî èç âñåõ âîçìîæíûõ ôàê-
òîðèçàöèé ñëåäóåò âûáðàòü òó, ó êîòîðîé â Φ−−(t1, t2) èìååòñÿ ñëà-
ãàåìîå 1

t1t2
. Ñëåäîâàòåëüíî, ðåøåíèåì çàäà÷è ÿâëÿåòñÿ íàáîð(

g
(2)
(k1,k2)

, φ
(2)
(k1,k2)

)
.

Äëÿ âûáîðà êîíñòàíòû α íóæíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ,
íàïðèìåð, çíà÷åíèÿ φ−1,1.

5.5.3. Îäíîìåðíûå íåïðåðûâíûå ñèñòåìû

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ñèñòåìû,
ôóíêöèîíèðîâàíèå êîòîðîé îïèñûâàåòñÿ óðàâíåíèåì (5.5.1) (îòìå-
òèì, ÷òî â ýòîì ðàçäåëå t � âðåìÿ). Áóäåì ñ÷èòàòü âûïîëíåííûìè
óñëîâèÿ:

1) g(t) = 0 ïðè t < 0;
2) φ(t) = 0 ïðè t ≥ 0, ò.å. äåéñòâèå âõîäíîãî ñèãíàëà ïðåêðà-

ùàåòñÿ ïðè t = 0;
3) âûõîäíîé ñèãíàë f(t) èçâåñòåí ïðè âñåõ t(−∞ < t <∞) (ïî

êðàéíåé ìåðå, òåîðåòè÷åñêè).
Ââåäåì îáîçíà÷åíèÿ

f+(t) =

{
f(t) ïðè t ≥ 0,
0 ïðè t < 0,

f−(t) =

{
0 ïðè t ≥ 0,
−f(t) ïðè t < 0.

Ôóíêöèÿ êîìïëåêñíîé ïåðåìåííîé F (z)(z = x+ iy) îïðåäåëÿ-
åìàÿ èíòåãðàëîì

F (z) =
1√
2π

∞∫
−∞

f(t)eiztdt,

330



íàçûâàåòñÿ [59] èíòåãðàëîì Ôóðüå. ×åðåç F+(z)(F−(z)) îáîçíà÷èì
ôóíêöèè, àíàëèòè÷åñêèå â âåðõíåé (íèæíåé) ïîëóïëîñêîñòè ïëîñêî-
ñòè êîìïëåêñíîé ïåðåìåííîé. Ïðåäåëüíûå çíà÷åíèÿ ýòèõ ôóíêöèé
ïðè ñòðåìëåíèè z ê âåùåñòâåííîé îñè îáîçíà÷èì ÷åðåç F+(x)(F−(x)).

Ïðè óñëîâèÿõ 1�3 óðàâíåíèå (5.5.1) ìîæíî ïðåäñòàâèòü â âèäå

∞∫
−∞

g(t− τ)φ−(τ)dτ = −f(t). (5.5.22)

Ïðèìåíèì ê (5.5.22) ïðåîáðàçîâàíèå Ôóðüå:

G+(x)Φ−(x) = −F (x). (5.5.23)

Ïóñòü F (z) = F1(z)/(z − i)λ, ïðè÷åì F1(x) ̸= 0 íà èíòåðâàëå
(−∞,∞), F1(∞) = 1, λ − öåëîå ÷èñëî.

Èç óñëîâèé g(t) = 0 ïðè t < 0 è φ−(t) = 0 ïðè t > 0 ñëåäó-
åò [59], ÷òî ôóíêöèè G+(z) è Φ−(z) − àíàëèòè÷åñêèå â âåðõíåé è
íèæíåé ïîëóïëîñêîñòÿõ.

Ïðîâåäåì ôàêòîðèçàöèþ [59] ôóíêöèè F1(ω)

F1(x) = F+
1 (x)/F

−
1 (x), (5.5.24)

ãäå

F+
1 (x) = expΓ+(z), F−

1 (z) =

(
z − i

z + i

)−χ
expΓ−(z),

Γ+(z) =
1√
2π

∞∫
0

γ(t)eiztdt, Γ−(z) = − 1√
2π

0∫
−∞

γ(t)eiztdt,

γ(x) =
1√
2π

∞∫
−∞

lnF1(t)e
−ixtdt,

χ − èíäåêñ ôóíêöèè F1(ω).
Ïîäñòàâëÿÿ â (5.5.23) ôàêòîðèçàöèþ (5.5.24), èìååì

G+(t)Φ−(t) = − F+
1 (t)

F−
1 (t)(t− i)λ

. (5.5.25)

Âîñïîëüçîâàâøèñü îáîáùåííîé òåîðåìîé Ëèóâèëëÿ [59], óðàâ-
íåíèå (5.5.25) ìîæíî ïðåäñòàâèòü â âèäå

G+(z)

F+
1 (z)

= − 1(
z−i
z+i

)−χ(expΓ−(z))Φ−(z)(z − i)λ =

331



= Pp+χ(z) +
l∑

k=1

Gmk

(
1

z − ak

)
, (5.5.26)

ãäå Pp+χ(z) − ïîëèíîì ñòåïåíè p + χ; p − ïîðÿäîê íóëÿ ôóíêöèè

Φ−(z) íà áåñêîíå÷íîñòè; Gmk

(
1

z−ak

)
= G11

z−ak +· · ·+ Gmk,k

(z−ak)mk
, ak − íóëè

ôóíêöèè Φ−(z).
Îòñþäà èìååì

G+(z) = F+
1 (z)

(
Pp+χ +

l∑
k=1

Gmk

(
1

z − ak

))
,

Φ−(z)=−
(
z + i

z − i

)χ
1

(expΓ−(z))(z − i)χ
(
Pp+χ(z)+

l∑
k=1

Gmk

(
1

z−ak

)) .
Òàê êàêG+(z) � ôóíêöèÿ àíàëèòè÷åñêàÿ âD+, à Φ−(z) � ôóíê-

öèÿ àíàëèòè÷åñêàÿ âD−, òî èç ïðåäûäóùåé ôîðìóëû ïî ïîñòðîåíèþ

ñëåäóåò, ÷òî Gmk

(
1

z−ak

)
= 0, k = 1, 2, . . . , l.

Èç óðàâíåíèÿ (5.5.26) èìååì

G+(z) = F+
1 (z)Pp+χ(z), (5.5.27)

Φ−(z) = −
(
z + i

z − i

)χ
1

expF−(z)(z − i)λ
Pp+χ(z).

Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàõîäèì ðåøåíèå
(g(t), φ−(t)) èñõîäíîé çàäà÷è, çàâèñÿùåå îò êîýôôèöèåíòîâ ïîëèíî-
ìîâ Pp+χ(z), âûáîð êîòîðûõ îáóñëîâëåí äîïîëíèòåëüíîé èíôîðìà-
öèåé è ïîäîáåí îïèñàííîìó â ðàçä. 5.5.1.

5.5.4. Ìíîãîìåðíûå íåïðåðûâíûå ñèñòåìû

Ðàññìîòðèì òåïåðü ìíîãîìåðíóþ ñèñòåìó, îïèñûâàåìóþ óðàâ-
íåíèåì

∞∫
−∞

. . .

∞∫
−∞

g(t1−τ1, . . ., ts−τs)φ(τ1, . . ., τs)dτ1. . .dτs =

= f(t1, . . ., ts). (5.5.28)

Íèæå äëÿ ïðîñòîòû îáîçíà÷åíèé ïîëîæèì s = 2.
332



Áóäåì ñ÷èòàòü, ÷òî g(t1, t2) = 0 ïðè (t1 < 0) ∪ (t2 < 0). Áóäåì
òàêæå ñ÷èòàòü, ÷òî φ(τ1, τ2) = 0 ïðè (τ1 > 0)∪ (τ2 > 0), ò.å. ôóíêöèÿ
φ(τ1, τ2) îïðåäåëåíà â òðåòüåì êâàäðàíòå.

Ïðèìåíÿÿ ê óðàâíåíèþ (5.5.28) ïðåîáðàçîâàíèå Ôóðüå ïî ïå-
ðåìåííûì t1, t2 è ó÷èòûâàÿ ñäåëàííûå âûøå ïðåäïîëîæåíèÿ, èìååì
(z1 = x1 + iy1, z2 = x2 + iy2)

G++(x1, x2)Φ
−−(x1, x2) = F (x1, x2). (5.5.29)

Ïóñòü ôóíêöèÿ F (x1, x2) ïðåäñòàâëåíà â âèäå

F (x1, x2) = F0(x1, x2)/((i+ x1)
λ1(i+ x2)

λ2),

ãäå λ1 è λ2 − öåëûå ÷èñëà; F0(x1, x2) ̸= 0 ïðè −∞ ≤ x1 ≤ ∞,
−∞ < x2 ≤ ∞.

Ïðîâåäÿ ôàêòîðèçàöèþ ôóíêöèè F0(x1, x2), ïîëó÷èì

F (x1, x2) = xp1x
q
2F

++
0 (x1, x2)F

−−
0 (x1, x2)(i+ x1)

−λ1(i+ x2)
−λ2.

Â ðåçóëüòàòå óðàâíåíèå (5.5.29) ìîæíî çàïèñàòü â âèäå

G++(x1, x2)Φ
−−
0 (x1, x2) = xp1x

q
2F

++
0 F−−

0 (x1, x2)(i+ x1)
−λ1(i+ x2)

−λ2.

Èç ýòîãî óðàâíåíèÿ, êàê è â äèñêðåòíîì ñëó÷àå, íàõîäèì, ïî
êðàéíåé ìåðå, îäíî ðåøåíèå óðàâíåíèÿ (5.5.29). Ïîñëå ýòîãî ôóíê-
öèè g(t1, t2) è φ(t1, t2) íàõîäÿòñÿ ïðèìåíåíèåì îáðàòíîãî ïðåîá-
ðàçîâàíèÿ Ôóðüå. Îäíîçíà÷íîå âîññòàíîâëåíèå ôóíêöèé g(t1, t2) è
φ(t1, t2) âîçìîæíî òîëüêî ïðè íàëè÷èè äîïîëíèòåëüíîé èíôîðìà-
öèè.

5.6. Âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ îáúåêòîâ

ñ ïåðåìåííîé ñòðóêòóðîé

Â ïðåäûäóùèõ ðàçäåëàõ ðàññìàòðèâàëàñü çàäà÷à âîññòàíîâëå-
íèÿ âõîäíûõ ñèãíàëîâ â ñëó÷àå, åñëè â ïðîöåññå ýêñïëóàòàöèè õà-
ðàêòåðèñòèêè ñèñòåìû íå ìåíÿþòñÿ.

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ïðè óñëî-
âèè, ÷òî ðåæèì ðàáîòû óñòðîéñòâà â îïðåäåëåííûå ìîìåíòû âðåìå-
íè ìåíÿåòñÿ. Â ýòîì ñëó÷àå óñòðîéñòâî îïèñûâàåòñÿ óðàâíåíèåì

N∑
k=0

ak+1∫
ak

gk(t− τ)x(τ)dτ = f(t). (5.6.1)
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Áóäåì ñ÷èòàòü, ÷òî ñèñòåìà (5.6.1) ôèçè÷åñêè ðåàëèçóåìà, ò.å.
gk = 0 ïðè t < 0 äëÿ âñåõ k = 0, 1, . . . , N. Äëÿ îïðåäåëåííîñòè áóäåì
ðàññìàòðèâàòü òîëüêî ïîëîæèòåëüíîå âðåìÿ, ò.å. a0 ≥ 0, x(t) ≡ 0
ïðè t < a0.

Èññëåäîâàíèþ ðàçðåøèìîñòè óðàâíåíèÿ (5.6.1) ïîñâÿùåíà ñòà-
òüÿ [156]. Îäíàêî ïîëó÷åííûé â [156] àëãîðèòì òðóäíî ðåàëèçóåì.

Íèæå ïðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä âîññòàíîâëåíèÿ âõîä-
íûõ ñèãíàëîâ â ñèñòåìàõ, îïèñûâàåìûõ óðàâíåíèåì (5.6.1).

Îáîçíà÷èì ÷åðåç G(ω), X(ω), F (ω) ïðåîáðàçîâàíèå Ôóðüå
ôóíêöèè g(t), x(t), f(t).

Âîñïîëüçóåìñÿ îïåðàòîðàìè p(A) è P (A), ââåäåííûìè â [156]
è îïèñûâàåìûìè ñëåäóþùèìè ðàâåíñòâàìè:

p(A)f(t) =

{
f(t) ïðè t ∈ A,
0 ïðè t ∈ CA,

P (A) = V p(A)V −1,

ãäå A − ìíîæåñòâî èç (−∞,∞) (çäåñü A − ñåãìåíò), CA − äîïîë-
íåíèå A äî (−∞,∞); V (V −1) − ïðÿìîå (îáðàòíîå) ïðåîáðàçîâàíèå
Ôóðüå.

Áóäåì ñ÷èòàòü, ÷òî äëÿ ∀k(0 ≤ k < N) âûïîëíåíî óñëîâèå A:
ìíîæåñòâî çíà÷åíèé Gk(ω) ëåæèò âíóòðè óãëà ðàñòâîðà, ìåíüøåãî
π, è, âîçìîæíî, ïåðåñåêàåòñÿ ñ óãëîì â åãî âåðøèíå. Òîãäà äëÿ êàæ-
äîãî k ñóùåñòâóåò òàêîå γk, ÷òî ìíîæåñòâî γkGk(ω) ðàñïîëîæåíî
âíóòðè åäèíè÷íîé îêðóæíîñòè ñ öåíòðîì â òî÷êå (1,0) è, âîçìîæíî,
ïåðåñåêàåòñÿ ñ íåþ â òî÷êå (0,0).

Ââåäåì ôóíêöèþ z(t) ôîðìóëîé zk(t) = γ−1
k x(t) ïðè t ∈

[ak, ak+1]. Òîãäà óðàâíåíèå (5.6.1) ìîæíî ïðåäñòàâèòü â âèäå

N∑
k=0

γk

ak+1∫
ak

gk(t− τ)zk(τ)dτ = f(t). (5.6.2)

Ê óðàâíåíèþ (5.6.2) ïðèìåíèì èòåðàöèîííûé ïðîöåññ:

zn+1
0 (t) = αnz

n
0 (t)+(1−αn)

zn0 (t)− γ1

a1∫
a0

g0(t− τ)zn0 (τ)dτ + f0(t)

 ,

ãäå f0(t) = f(t) ïðè a0 ≤ t < a1;

zn+1
1 (t) = αnz

n
1 (t)+

+(1− αn)

(
zn1 (t)− γ1

a2∫
a1

g1(t− τ)zn1 (τ)dτ + f1(t)

)
,

(5.6.3)
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ãäå f1(t) = f(t)−
a1∫
a0

g0(t− τ)z∗0(τ)dτ ïðè a1 ≤ t < a2;

· · ·

zn+1
N (t)=αnz

n
N(t)+(1−αn)

znN(t)−γN
aN+1∫
aN

gN(t−τ)znN(τ)dτ+fN(t)

 ,

fN(t) = f(t)−
a1∫
a0

g0(t− τ)z∗0(τ)dτ − · · · −
aN∫

aN−1

gN−1(t− τ)z∗N−1(τ)dτ

ïðè aN ≤ t ≤ aN+1.

Çäåñü z∗k(t) � ïðåäåë ïîñëåäîâàòåëüíîñòè zn+1
k (t). Â ïðàâóþ

÷àñòü ñèñòåìû (5.6.3) âìåñòî z∗k(t) ìîæíî âçÿòü çíà÷åíèÿ zn+1
k (t),

íà êîòîðûõ ïðåêðàùàþòñÿ èòåðàöèè. Íåòðóäíî óñòàíîâèòü ïîãðåø-
íîñòü ïðè òàêîé çàìåíå.

Äîêàæåì ñõîäèìîñòü èòåðàöèè (5.6.3), äëÿ ýòîãî ñëåäóåò äîêà-
çàòü ñõîäèìîñòü êàæäîé èç ïîñëåäîâàòåëüíîñòåé znk , k = 0, 1, . . . , N ,
â îòäåëüíîñòè. Äëÿ îïðåäåëåííîñòè äîêàæåì ñõîäèìîñòü ïîñëåäîâà-
òåëüíîñòè zn0 (t) â ìåòðèêå ïðîñòðàíñòâà L2[a0, a1].

Äëÿ ýòîãî äîêàæåì, ÷òî ∥K0x(t)∥L2[a0,a1] = 1,

ãäå K0x ≡ x(t)− γ0
a1∫
a0

g0(t− τ)x(τ)dτ.

Â ñàìîì äåëå,

∥K0x(t)∥L2[a0,a1] =

 a1∫
a0

|x(t)− γ0

a1∫
a0

g0(t− τ)x(τ)dτ |2dt

1/2

=

=

 a1∫
a0

|x(t)− γ0

∞∫
−∞

g0(t− τ)p([a0, a1])x(τ)dτ |2dt

1/2

≤

≤

 ∞∫
−∞

|p([a0, a1])x(t)− γ0

∞∫
−∞

g0(t− τ)p([a0, a1])x(τ)dτ |2dt

1/2

=

=

 ∞∫
−∞

|P ([a0, a1])X(ω)− γ0G0(ω)P ([a0, a1])X(ω)|2dω

1/2

≤

≤ sup
ω

|1− γ0G0(ω)|

 ∞∫
−∞

|P ([a0, a1])X(ω)|2dω

1/2

=
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= sup
ω

|1− γ0G0(ω)|

 ∞∫
−∞

|p([a0, a1])x(t)|2dt

1/2

=

= sup
ω

|1− γ0G0(ω)|∥x(t)∥L2[a0,a1] ≤ ∥x(t)∥L2[a0,a1].

Òàêèì îáðàçîì, âûïîëíåíû óñëîâèÿ òåðåìû 1.3.1, èç êîòîðîé
ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü xn0(t) ñõîäèòñÿ ê ôóíêöèè x

∗
0(t), êî-

òîðàÿ ïðè a0 ≤ t < a1 óäîâëåòâîðÿåò óðàâíåíèþ

γ0

 a1∫
a0

g0(t− τ)z∗0(τ)dτ − f(t)

 = 0.

Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ ñõîäèìîñòü îñòàëüíûõ ïî-
ñëåäîâàòåëüíîñòåé znk (t), k = 0, 1, . . . , N, n = 0, 1 . . .

Âû÷èñëèâ znk (t), ïî ôîðìóëàì zk(t) = γ−1
k x(t) (t ∈ [ak, ak+1])

îïðåäåëÿåì x(t).
Âûøå ïðåäïîëàãàëîñü, ÷òî ïðè êàæäîì k (k = 0, 1, . . . , N)

âûïîëíåíî óñëîâèå A. Ïîêàæåì, ÷òî ïðåäïîëîæåííûé âûøå èòå-
ðàöèîííûé ìåòîä ïðèìåíèì è ïðè íàðóøåíèè ýòîãî óñëîâèÿ. Äëÿ
ïðîñòîòû èçëîæåíèÿ ïðåäïîëîæèì, ÷òî k = 0, ò.å. ðàññìàòðèâàåòñÿ
óðàâíåíèå

∞∫
−∞

g(t− τ)x(τ)dτ = f(t). (5.6.4)

Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ G(ω) íå îáðà-
ùàåòñÿ â íóëü ïðè êîíå÷íûõ çíà÷åíèÿõ ω.

Ïóñòü äëÿ ôóíêöèè G(ω) óñëîâèå A íå âûïîëíÿåòñÿ. Ðàçî-
áüåì èíòåðâàë (−∞,∞) íà èíòåðâàëû ∆0=(−∞, T1), ∆k=[Tk, Tk+1),
k=0, 1, . . ., N − 1, ∆N=[TN ,∞), òàêèì îáðàçîì, ÷òîáû ïðè èçìåíå-
íèè ω â èíòåðâàëå ∆k (k=0, 1. . ., N) ïðèðàùåíèå àðãóìåíòà G(ω)
áûëî ìåíüøå π. Êàæäîìó èíòåðâàëó ∆k(k = 0, 1 . . . , N) ïîñòàâèì â
ñîîòâåòñòâèå òàêóþ êîíñòàíòó γk, ïðè êîòîðîé çíà÷åíèÿ γkG(ω) ïðè
ω ∈ ∆k ëåæàò âíóòðè åäèíè÷íîãî êðóãà ñ öåíòðîì â òî÷êå (1,0). Ïðè
k = 1, . . . , N − 1 òàêèå êîíñòàíòû ñóùåñòâóþò. Ïðè k = 0 è k = N
ìîæíî ñ÷èòàòü, ÷òî ω ïðîáåãàåò íå èíòåðâàëû (−∞, T1] è [TN ,∞), à
ñåãìåíòû [−T, T1] è [TN , T ] ïðè äîñòàòî÷íî áîëüøèõ T, è èñêàòü ïðè-
áëèæåíèå ê âõîäíîìó ñèãíàëó, èìåþùåå ñïåêòð, ñîñðåäîòî÷åííûé íà
ñåãìåíòå [−T, T ].
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Îáîçíà÷èì ÷åðåç Ek(ω)(k = 0, 1, 2, . . . , N) õàðàêòåðèñòè÷åñêèå
ôóíêöèè ñåãìåíòîâ ∆k, à ÷åðåç xk(t), gk(t), fk(t) � ïðîîáðàçû ôóíê-
öèé Ek(ω)X(ω), Ek(ω)G(ω), Ek(ω)F (ω).

Äëÿ íàõîæäåíèÿ âõîäíîãî ñèãíàëà èñïîëüçóåì èòåðàöèîííûé
ïðîöåññ

xn+1
k (t) = xnk(t)− γk

∞∫
−∞

gk(t− τ)xnk(τ)dτ + γkfk(t), (5.6.5)

k = 0, 1, 2, . . . , N, n = 0, 1, . . .

Ñõîäèìîñòü ïðè n → ∞ êàæäîé èç ïîñëåäîâàòåëüíîñòåé xnk ê
ôóíêöèè x∗k äîêàçûâàåòñÿ ïåðåõîäîì â ÷àñòîòíóþ îáëàñòü:

EkX
n+1(ω) = EkX

n(ω)− γkEkG(ω)EkX
n(ω) + γkEkF (ω),

è ïðèìåíåíèåì â ïðîñòðàíñòâå L2(−∞,∞) òåîðåìû Áàíàõà î ñæà-
òûõ îòîáðàæåíèÿõ (ñì. ðàçä. 1.3.1).

Íåòðóäíî ïîêàçàòü, ÷òî åñëè x̃∗(t) =
N∑
k=0

x∗k(t) ÿâëÿåòñÿ ðåøå-

íèåì óðàâíåíèÿ (5.6.4), òî ñïåêòð ôóíêöèè G(ω) ñîñðåäîòî÷åí íà
ñåãìåíòå [−T, T ]. Åñëè ýòî óñëîâèå íå âûïîëíåíî, òî ñïðàâåäëèâà
îöåíêà ∥x∗ − x̃∗∥ < C(ε), ãäå x∗ � ðåøåíèå óðàâíåíèÿ (5.6.4),

ε =

 −T∫
−∞

(|x∗(t)|2 + |f(t)|2)dt+
∞∫
T

(|x∗(t)|2 + |f(t)|2)dt

1/2

,

Çàìå÷àíèå 5.6.1. Åñëè ñïåêòð G(ω) îáðàùàåòñÿ â íóëü ïðè êî-
íå÷íûõ çíà÷åíèÿõ ω, òî è â ýòîì ñëó÷àå âîçìîæíî ïðèìåíåíèå
èòåðàöèîííûõ ìåòîäîâ. Çäåñü âîçìîæíî äâà ïîäõîäà.

Ïåðâûé ïîäõîä. Ïóñòü G(T0) = 0. Òîãäà èùåì ðåøåíèå x(t)
ñî ñïåêòðîì, íîñèòåëü êîòîðîãî ðàâåí íóëþ â σ-îêðåñòíîñòè T0. Â
ýòîì ñëó÷àå ôóíêöèè Ej−1(ω) è Ej(ω) îïðåäåëÿþòñÿ ôîðìóëàìè

Ej−1(ω) =

{
1 ïðè Tj−1 ≤ ω < Tj − σ,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ ω,

Ej(ω) =

{
1 ïðè Tj + σ ≤ ω < Tj+1,
0 ïðè îñòàëüíûõ çíà÷åíèÿõ ω

è âõîäíîé ñèãíàë íàõîäèòñÿ ïî èòåðàöèÿì (5.6.5).
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Âòîðîé ïîäõîä. Âìåñòî èòåðàöèîííîãî ïðîöåññà (5.6.5) èñ-
ïîëüçóåòñÿ ñëåäóþùèé:

xn+1
k (t)=αnx

n
k(t)+(1−αn)

xnk(t)−γk ∞∫
−∞

gk(t−τ)xnk(τ)dτ + γkfk(t)

 ,

0 < β0 ≤ αn ≤ 1− β1 < 1, k = 0, 1, . . . , N, n = 0, 1, . . .
Ñõîäèìîñòü ýòîãî ïðîöåññà ñëåäóåò èç íåðàâåíñòâà

∥xk(t)− γ

∞∫
−∞

gk(t− τ)xk(τ)dτ∥ ≤ ∥xk(t)∥

è òåîðåìû 1.3.2 èç ðàçä. 1.3.1.

5.7. Âîññòàíîâëåíèå ôèíèòíûõ âõîäíûõ ñèãíàëîâ

â íåëèíåéíûõ ñèñòåìàõ

Ïðåäëàãàåòñÿ ìåòîä âîññòàíîâëåíèÿ ôèíèòíûõ âõîäíûõ ñèã-
íàëîâ äëÿ ñèñòåì, îïèñûâàåìûõ óðàâíåíèÿìè âèäà

N∑
k=1

ak

 ∞∫
−∞

g(t− τ)x(τ)dτ

k

= u(t) (5.7.1)

è èõ ìíîãîìåðíûìè àíàëîãàìè.
Äëÿ ñõîäèìîñòè ìåòîäà äîñòàòî÷íî èíôîðìàöèè î ôèíèòíîñòè

âõîäíîãî ñèãíàëà. Âûáîð åäèíñòâåííîãî ðåøåíèÿ îñóùåñòâëÿåòñÿ ïî
äîïîëíèòåëüíîé èíôîðìàöèè. Àíàëîãè÷íûå ðåçóëüòàòû èìåþò ìå-
ñòî è äëÿ îïðåäåëåíèÿ ôèíèòíûõ èìïóëüñíûõ ïåðåõîäíûõ ôóíêöèé.

Îäíîé èç âàæíåéøèõ çàäà÷ â èçìåðèòåëüíîé òåõíèêå ÿâëÿåòñÿ
îáðàòíàÿ çàäà÷à èçìåðèòåëüíîé òåõíèêè, çàêëþ÷àþùàÿñÿ â âîññòà-
íîâëåíèè ïî èçâåñòíîé ïåðåõîäíîé ôóíêöèè è âûõîäíîìó ñèãíàëó
âõîäíîãî ñèãíàëà, è çàäà÷à èäåíòèôèêàöèè, çàêëþ÷àþùàÿñÿ â îïðå-
äåëåíèè èìïóëüñíîé ïåðåõîäíîé ôóíêöèè ïî èçâåñòíûì âõîäíîìó è
âûõîäíîìó ñèãíàëàì.

Ýòèì çàäà÷àì ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà, äîñòàòî÷íî
ïîëíàÿ áèáëèîãðàôèÿ êîòîðîé ïðèâîäèòñÿ â ðàáîòàõ [14, 49, 50, 71,
177,181]. Ïðè ýòîì, êàê ïðàâèëî, ðàññìàòðèâàþòñÿ ëèíåéíûå ñèñòå-
ìû, îïèñûâàåìûå óðàâíåíèÿìè â ñâåðòêàõ. Òàê êàê â ñèëó èíâà-
ðèàíòíîñòè óðàâíåíèé â ñâåðòêàõ çàäà÷à âîññòàíîâëåíèÿ âõîäíîãî
ñèãíàëà ïî èìïóëüñíîé ïåðåõîäíîé ôóíêöèè è âûõîäíîìó ñèãíàëó

338



ýêâèâàëåíòíà çàäà÷å îïðåäåëåíèÿ èìïóëüñíîé ïåðåõîäíîé ôóíêöèè
ïî èçâåñòíûì âõîäíîìó è âûõîäíîìó ñèãíàëàì, òî â äàëüíåéøåì
èçëîæåíèå áóäåì âåñòè äëÿ ïåðâîé çàäà÷è.

Ïîäðîáíûé îáçîð ìåòîäîâ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ,
èñêàæåííûõ ëèíåéíûìè, èíâàðèàíòíûìè ê ïðîñòðàíñòâåííûì è âðå-
ìåííûì ñäâèãàì, ñèñòåìàìè (ò.å. ñèñòåìàìè, îïèñûâàåìûìè óðàâíå-
íèÿìè (5.7.1) ïðè k = 1) èçëîæåí â ìîíîãðàôèÿõ [49,50,71]. Èòåðà-
öèîííûå ìåòîäû âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ èññëåäîâàëèñü
â [1, 14, 40, 41]. Â ðàáîòàõ [49, 50, 71] ïðåäïîëàãàëîñü, ÷òî ïðåîáðà-
çîâàíèå Ôóðüå G(ω) ôóíêöèè g(t) îáðàùàåòñÿ â íóëü òîëüêî ïðè
ω = ±∞. Ñëó÷àé, êîãäà ïðåîáðàçîâàíèå Ôóðüå G(ω) ôóíêöèè g(t)
îáðàùàåòñÿ â íóëü â êîíå÷íîì ÷èñëå òî÷åê, èññëåäîâàí â [14,40,41].
Ïîäðîáíîå èçëîæåíèå ýòèõ ðåçóëüòàòîâ ïðèâåäåíî â ïðåäûäóùèõ
ðàçäåëàõ äàííîé êíèãè.

Ïðè ðåøåíèè ìíîãèõ ïðàêòè÷åñêèõ çàäà÷ âîçíèêàåò ñèòóàöèÿ,
êîãäà ôóíêöèÿ G(ω) ðàâíà íóëþ íà íåêîòîðûõ êîíå÷íûõ ìíîãîîáðà-
çèÿõ (èíòåðâàëàõ, ñåãìåíòàõ, îáúåäèíåíèÿõ èíòåðâàëîâ è ñåãìåíòîâ)
èëè î÷åíü áëèçêà ê íóëþ íà êîíå÷íûõ ìíîãîîáðàçèÿõ.

Åñëè ïðè ýòîì âõîäíîé ñèãíàë x(t) ôèíèòåí, òî åãî ïpåîápàçî-
âàíèå Ôópüå X(ω) ÿâëÿåòñÿ öåëîé ôóíêöèåé , îïpåäåëåííîé íà âñåé
÷èñëîâîé îñè −∞ ≤ ω ≤ ∞.

Ïðåîáðàçîâàíèå Ôóðüå U(ω) = X(ω)G(ω) ñèãíàëà u(t) ðàâíî
íóëþ (èëè áëèçêî ê íåìó) íà ìíîãîîáðàçèÿõ, íà êîòîðûõ G(ω) ðàâ-
íà èëè áëèçêà ê íóëþ. Ñëåäîâàòåëüíî, ïðåîáðàçîâàíèå Ôóðüå U(ω)
âûõîäíîãî ñèãíàëà u(t) íå íåñåò âñåé èíôîðìàöèè îá èññëåäóåìîì
ïðîöåññå è âîññòàíîâèòü âõîäíîé ñèãíàë ïðèìåíåíèåì óïîìÿíóòûõ
âûøå ìåòîäîâ íåâîçìîæíî. Ïîäðîáíî ýòà ñèòóàöèÿ èçëîæåíà â [177,
ñ. 288�296].

Ñëó÷àé, êîãäà ôóíêöèÿ G(ω) ìîæåò îáðàùàòüñÿ â íóëü íà
íåêîòîðûõ ìíîãîîáðàçèÿõ ñ ìåðîé, îòëè÷íîé îò íóëÿ, èññëåäîâàëñÿ
â [177, ñ. 296�303]. Ïðåäëîæåííûé â [177] àëãîðèòì òðåáóåò âû÷èñ-
ëåíèÿ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ îò ôóíêöèè U(ω)/G(ω).

Òàê êàê ôóíêöèÿ u(t) îïðåäåëÿåòñÿ ýêñïåðèìåíòàëüíî, à îïå-
ðàöèÿ äèôôåðåíöèðîâàíèÿ íåêîððåêòíà, òî ïðè ïðàêòè÷åñêîì èñ-
ïîëüçîâàíèè ýòîò ìåòîä ìîæåò äàòü áîëüøóþ ïîãðåøíîñòü. Íèæå
ïðåäëàãàåòñÿ ìåòîä, äàþøèé çíà÷èòåëüíî ìåíüøóþ ïîãðåøíîñòü
ïðè åãî ïðàêòè÷åñêîé ðåàëèçàöèè.

339



5.7.1. Ëèíåéíûå ñèñòåìû

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

∞∫
−∞

g(t− τ)x(τ)dτ = u(t). (5.7.2)

Îáîçíà÷èì ÷åðåç X(ω), G(ω), U(ω) ïðåîáðàçîâàíèÿ Ôóðüå ôóíóöèé
x(t), g(t), u(t).

Ñëåäóÿ [177], íàëîæèì íà âõîäíîé ñèãíàë x(t) ñëåäóþøèå óñëî-
âèÿ:

1) ôóíêöèÿ x(t) ôèíèòíà ñ íîñèòåëåì [−a, a],
2) ïîëíàÿ ýíåðãèÿ âõîäíîãî ñèãíàëà êîíå÷íà:

a∫
−a

| x(t) |2 dt =
∞∫

−∞

| X(ω) |2 dω <∞.

Òðåáóåòñÿ âîññòàíîâèòü âõîäíîé ñèãíàë x(t) ïðè óñëîâèè, ÷òî
ñïåêòð ôóíêöèè x(t) çíà÷èòåëüíî øèðå ñïåêòðà ôóíêöèè g(t).

Ýòà çàäà÷à áûëà ðåøåíà [177, ñ. 296-303] ñëåäóþøèì îáðàçîì.
Ïóñòü ôóíêöèÿ G(ω) îïðåäåëåíà è îòëè÷íà îò íóëÿ íà ñåãìåí-

òå [−b, b] è ïóñòü òî÷êà c ∈ (−b, b). Òîãäà íà ñåãìåíòå [−b, b] îïðåäå-
ëåíà ôóíêöèÿ X(ω) = U(ω)/G(ω). Òàê êàê X(ω) � öåëàÿ ôóíêöèÿ,
òî íà âñåé ÷èñëîâîé îñè îíà îïðåäåëÿòñÿ ôîðìóëîé Òåéëîðà

X(ω) =
∞∑
k=0

X(k)(c)

k!
(ω − c)k. (5.7.3)

Íàïîìíèì, ÷òî öåëîé ôóíêöèåé íàçûâàåòñÿ ôóíêöèÿ àíàëè-
òè÷åñêàÿ âî âñåé ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé.

Ïî âû÷èñëåííûì çíà÷åíèÿì X(ω) íà êîíå÷íîé ñåòêå óçëîâ ñ
ïîìîøüþ ïðèáëèæåííûõ ìåòîäîâ âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôó-
ðüå âîññòàíàâëèâàåòñÿ âõîäíîé ñèãíàë.

Ïðè èñïîëüçîâàíèè ýòîãî ìåòîäà â ïðàêòè÷åñêèõ çàäà÷àõ íåîá-
õîäèìî âû÷èñëÿòü ïðîèçâîäíûå X(k)(c) äîñòàòî÷íî âûñîêîãî ïîðÿä-
êà. Èçâåñòíî, ÷òî âû÷èñëåíèå ïðîèçâîäíîé ÿâëÿåòñÿ íåêîððåêòíîé
çàäà÷åé, êîòîðàÿ òðåáóåò ìåòîäîâ ðåãóëÿðèçàöèè [170]. Ïîýòîìó âû-
÷èñëåíèå ñïåêòðà X(ω) íà ÷èñëîâûå îñè ïî ôîðìóëå (5.7.3) ïðè ïðè-
áëèæåííî îïðåäåëåííûõ çíà÷åíèÿõ X(ω) íà ñåãìåíòå [−b, b] ÿâëÿåò-
ñÿ ÷ðåçâû÷àéíî ñëîæíîé çàäà÷åé, èìåþùåé áîëüøóþ ïîãðåøíîñòü.
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Íèæå ïðåäëàãàåòñÿ àëãîðèòì, çíà÷èòåëüíî ïðîøå ðåàëèçóå-
ìûé íà ïðàêòèêå, óñòîé÷èâûé è èìåþøèé ìåíüøóþ ïîãðåøíîñòü.

Ïóñòü ôóíêöèÿ G(ω) èìååò íîñèòåëü [−b, b] è ïóñòü G(ω) ̸= O
ïðè ω ∈ [−b, b]. Îïðåäåëèì ôóíêöèþ X(ω) íà ñåãìåíòå [−b, b] ñ
ïîìîøüþ ñëåäóþøåãî èòåðàöèîííîãî ïðîöåññà.

Ïðèìåíèì ê óðàâíåíèþ (5.7.2) ïðåîáðàçîâàíèå Ôóðüå. Â ðå-
çóëüòàòå èìååì

X(ω)G(ω) = U(ω).

Ââåäåì íà ñåãìåíòå [−b, b] ñåòêó óçëîâ ωk=−b+bk/N , k=0, 1, . . ., 2N.
Êàæäîìó óçëó ωk(k = 0, 1, . . . , 2N) ïîñòàâèì â ñîîòâåòñòâèå êîì-
ïëåêñíóþ êîíñòàíòó γk òàêóþ, ÷òî

| 1− γkG(ωk) |≤ q < 1.

Èç óñëîâèé, íàëàãàåìûõ íà ôóíêöèþ G(ω), ñëåäóåò, ÷òî ýòî
âñåãäà âîçìîæíî.

Âû÷èñëèì çíà÷åíèå X(ωk) èòåðàöèîííûì ìåòîäîì:

Xn+1(ωk) = Xn(ωk)− γk(G(ωk)Xn(ωk)− U(ωk)), (5.7.4)

n = 0, 1, . . .
Äîêàæåì ñõîäèìîñòü èòåðàöèîííîãî ìåòîäà (5.7.4). Íåòðóäíî

âèäåòü, ÷òî äëÿ êàæäîãî çíà÷åíèÿ ωk, k = 0, 1, . . . , 2N,

| Xn+1(ωk)−Xn(ωk) |=
=| (Xn(ωk)−Xn−1(ωk))− γkG(ωk)(Xn(ωk)−Xn−1(ωk)) |≤

≤| 1− γkG(ωk) || Xn(ωk)−Xn−1(ωk) |≤
≤| Xn(ωk)−Xn−1(ωk) | .

Èç ýòîãî íåðàâåíñòâà è òåîðåìû Áàíàõà 1.3.1 ñëåäóåò ñõîäè-
ìîñòü ïîñëåäîâàòåëüíîñòè Xn(ωk) ê çíà÷åíèþ X(ωk) ñî ñêîðîñòüþ

| X(ωk)−Xn+1(ωk) |≤ qn | X1(ωk)−X0(ωk) |,

ãäå X0(ωk) - íà÷àëüíîå ïðèáëèæåíèå.
Îòìåòèì, ÷òî èòåðàöèîííûé ïðîöåññ (5.7.4) îáëàäàåò ñâîéñòâà-

ìè ôèëüòðàöèè è ñãëàæèâàíèÿ, è ïîýòîìó âû÷èñëåíèÿ X(ωk) öåëå-
ñîîáðàçíî ïðîâîäèòü ïî ñõåìå (5.7.4), à íå äåëåíèåì U(ωk) íà G(ωk).

Ïðåðâàâ âû÷èñëåíèÿ íà íåêîòîðîì n, îáîçíà÷èì ïîëó÷åííûå
çíà÷åíèÿ ÷åðåç X∗(ωk), k = 0, 1, . . . , 2N. Äëÿ ïðîäîëæåíèÿ ôóíêöèè
X∗(ω) ñ ñåãìåíòà [−b, b] íà âñþ ÷èñëîâóþ îñü âîñïîëüçóåìñÿ ïîëè-
íîìîì C. Í. Áåðíøòåéíà:

XN(ω) = B2N(X
∗) =
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=
2N∑
k=0

Ck
2NX

∗
(
−b+ k

N
b

)(
ω + b

2b

)k (
b− ω

2b

)2N−k
. (5.7.5)

Òàê êàê ôóíêöèÿ x(t) ôèíèòíà, òî åå ïðåîáðàçîâàíèå Ôóðüå X(ω)
ÿâëÿåòñÿ öåëîé ôóíêöèåé. Èçâåñòíî [123, ñ. 254�256], ÷òî äëÿ öå-
ëîé ôóíêöèè ïîñëåäîâàòåëüíîñòü åå ïîëèíîìîâ Áåðíøòåéíà B2N ,
ïîñòðîåííûõ íà ñåãìåíòå [−b, b], ñõîäèòñÿ ê íåé ðàâíîìåðíî íà âñåé
îñè.

Èç ýòîãî óòâåðæäåíèÿ ñëåäóåò, ÷òî ïðè n → ∞ è N → ∞
ïîñëåäîâàòåëüíîñòü (5.7.5) ñõîäèòñÿ ê X(ω) ðàâíîìåðíî íà âñåé îñè.

Îöåíèì ïîãðåøíîñòü, êîòîðàÿ âîçíèêàåò èç-çà íåòî÷íîãî âû-
÷èñëåíèÿ çíà÷åíèé X(ωk).

Ïóñòü | X(ωk) − X∗(ωk) |≤ εk, k = 0, 1, . . . , 2N. Òîãäà ïðè
| ω |> b

|B2N(X) (ω)−B2N (X∗) (ω)| =

=

∣∣∣∣∣
2N∑
k=0

Ck
2N

(
X

(
−b+ k

N
b

)
−X∗

(
−b+ k

N
b

))
×

×
(
ω + b

2b

)k (
b− ω

2b

)2N−k
∣∣∣∣∣ ≤

≤

∣∣∣∣∣
2N∑
k=0

Ck
2Nεk

(
ω + b

2b

)k (
b− ω

2b

)2N−k
∣∣∣∣∣ ≤

≤ ε
2N∑
k=0

Ck
2N

∣∣∣∣b− ω

2b

∣∣∣∣2N−k ∣∣∣∣ω + b

2b

∣∣∣∣k ≤ ε
∣∣∣ω
b

∣∣∣2N , (5.7.6)

ãäå ε = max
k

|εk| .
Íåòðóäíî âèäåòü, ÷òî ýòà îöåíêà äîñòèæèìàÿ. Â ñàìîì äåëå,

âîçüìåì ω = 2b, εk = (−1)kε, òîãäà

| B2N(X)(−2b)−B2N(X
∗)(−2b) | ε

2N∑
k=0

Ck
2N

(
1

2

)k (
3

2

)2N−k
=ε22N .

Òàêèì îáðàçîì, ïðèâåäåííàÿ â (5.7.6) îöåíêà â îáùåì ñëó÷àå íå ìî-
æåò áûòü óëó÷øåíà.

Òåì íå ìåíåå â áîëüøèíñòâå ñëó÷àå ïîãðåøíîñòü, âîçíèêàþùàÿ
ïðè ðåøåíèè ðåàëüíûõ çàäà÷, íàìíîãî ìåíüøå. Ââåäåì ñëåäóþùèå

îáîçíà÷åíèÿ: ε∗ = 1
2N+1

2N∑
k=0

εk, εk = εk − ε∗.
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Òîãäà, ïîâòîðÿÿ ïðîâåäåííûå âûøå âûêëàäêè, èìååì

| B2N(X)(w)−B2N(X
∗)(w) |≤ ε∗ + ε∗

(ω
b

)2N
,

ãäå ε∗ = max
k

| εk | .
Îöåíèòü ñêîðîñòü ñõîäèìîñòè ïîëèíîìîâ B2N(X)(ω) ê ôóíê-

öèè X(ω) â îáùåì ñëó÷àå íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, òàê êàê
äëÿ ýòîãî íåîáõîäèìà ïðåäâàðèòåëüíàÿ èíôîðìàöèÿ îá îöåíêàõ êî-
ýôôèöèåíòîâ â ðàçëîæåíèè X(ω) â ðÿä ïî ñòåïåíÿì ωk, k = 0, 1, . . .

Äåëàÿ ðàçëè÷íûå ïðåäïîëîæåíèÿ î ïîðÿäêå è ñòåïåíè öåëîé
ôóíêöèè X(ω) (îïðåäåëåíèå ñì. â [177]), ìîæíî ïîëó÷èòü äëÿ êàæ-
äîãî êîíêðåòíîãî ñëó÷àÿ îöåíêè ïîãðåøíîñòè | B2N(X)−X |, îäíà-
êî îíè áóäóò èìåòü òîëüêî òåîðåòè÷åñêèé èíòåðåñ, òàê êàê äëÿ òîãî,
÷òîáû îöåíèòü ïîðÿäîê öåëîé ôóíêöèè X(ω), íóæíî çàðàíåå çíàòü
äëèíó ñåãìåíòà [a1, a2], â êîòîðîì ñèãíàë x(t) îòëè÷åí îò íóëÿ.

Â ñëó÷àå, êîãäà ôóíêöèÿ X∗(ω) ðàñïðîñòðàíÿåòñÿ ñ ñåãìåíòà
[−b, b] íà ñåãìåíò [−d, d], ãäå d çíà÷èòåëüíî áîëüøå íåæåëè b, âîç-
ìîæíà ñëåäóþùàÿ ìîäèôèêàöèÿ ïðåäëîæåííîãî âûøå ìåòîäà.

Ïóñòü L = [d/b], ãäå [a] � öåëàÿ ÷àñòü ÷èñëà a. Ââåäåì ïîñëå-
äîâàòåëüíîñòü ñåãìåíòîâ [−bk, bk], ãäå bk = kb, k = 2, . . . , L− 1.

Âíà÷àëå ïî îïèñàííîìó âûøå àëãîðèòìó ðàñïðîñòðàíèì ôóíê-
öèþ X∗(ω) ñ ñåãìåíòà [−b, b] íà ñåãìåíò [−b2, b2]. Òåïåðü âîçüìåì
ñåãìåíò [−b2, b2] çà èñõîäíûé. Âû÷èñëèì çíà÷åíèÿ X∗(ω) â óçëàõ
ωk = −2b+ kb/N, k = 0, 1, . . . , 4N.

Ïî ýòèì çíà÷åíèÿì ïîñòðîèì ïîëèíîì Áåðíøòåéíà è ðàñïðî-
ñòðàíèì ôóíêöèþ X∗(ω) ñ ñåãìåíòà [−b2, b2] íà ñåãìåíò [−b3, b3].
Ïðîäîëæàÿ ïîñëåäîâàòåëüíî ýòîò ïðîöåññ, âîññòàíàâëèâàåì ôóíê-
öèþ X∗(ω) íà ñåãìåíòå [−d, d].

Òî÷íîñòü ýòîé ìîäèôèêàöèè ìåòîäà âîññòàíîâëåíèÿ çíà÷è-
òåëüíî âûøå, òàê êàê íà êàæäîì øàãå ïðîèñõîäèò ðàñïðîñòðàíå-
íèå çíà÷åíèé ôóíêöèè íà îòíîñèòåëüíî íåáîëüøèå ñåãìåíòû [−bk+1,
−bk], [bk, bk+1].

Îòìåòèì, ÷òî íà êàæäîì øàãå ðàñïðîñòðàíåíèå ìîæíî ïðîâî-
äèòü íà åùå ìåíüøèå ñåãìåíòû.

Ïîñëå òîãî, êàê âû÷èñëåíû çíà÷åíèÿ ïîëèíîìîâ B2N(ωk), ãäå
ωk = −d+ 2kd/M , k = 0, 1, . . . ,M , M � äîñòàòî÷íî áîëüøîå ÷èñëî,
[−d, d] � ñåãìåíò íà êîòîðûé áûëà ðàñïðîñòðàíåíà ôóíêöèÿ X(ω),
îïðåäåëÿåòñÿ âõîäíîé ñèãíàë x(t). Äëÿ ýòîãî èñïîëüçóþòñÿ êâàäðà-
òóðíûå ôîðìóëû âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå [76] è ìåòîäû
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èòåðàöèè [8,128]. Ïðè ýòîì, ïîëó÷åííóþ â ðåçóëüòàòå ôóíêöèþ îáî-
çíà÷èì ÷åðåç x(t).

Ïðèìåð 5.7.1. Ïóñòü äèíàìè÷åñêèé îáúåêò îïèñûâàåòñÿ óðàâíåíè-
åì (5.7.2), ãäå

x(t) =

{
1 ïðè − A ≤ t ≤ A,

0 ïðè îñòàëüíûõ çíà÷åíèÿõ t.

Ïóñòü ïðåîáðàçîâàíèå Ôóðüå G(ω) àïïàðàòíîé ôóíêöèè g(t)
ðàâíî

G(ω) =

{
1 ïðè ω ∈ [− π

10
A,

π

10
A],

0 ïðè îñòàëüíûõ çíà÷åíèÿõ ω.

Ïðè ýòèõ óñëîâèÿõ ïðåîáðàçîâàíèå Ôóðüå U(ω) âûõîäíîãî ñèã-
íàëà u(t) îïðåäåëÿåòñÿ ôîðìóëîé

U(ω) =


√

2

π

sinAω

ω
ïðè ω ∈ [− π

10A,
π
10A],

0 ïðè îñòàëüíûõ çíà÷åíèÿõ ω,

Ðåøåíèå. Ðåçóëüòàò âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ñèñòå-
ìû x(t) ïî âûõîäíîìó ñèãíàëó u(t) ïðè A = 1 ïðèâåäåí â òàáë. 5.1,
â êîòîðîé ïðèíÿòû îáîçíà÷åíèÿ: tk = −2A + Ak

N , k = 0, 1, 2, ..., 4N,
N = 10, x(t) � âõîäíîé ñèãíàë; x1(t) � ïðèáëèæåííîå çíà÷åíèå
âõîäíîãî ñèãíàëà, âû÷èñëåííîå ïî ïðåäëîæåííîìó â ðàçäåëå ìåòîäó;
x2(t) � ïðèáëèæåííîå çíà÷åíèå âõîäíîãî ñèãíàëà, âû÷èñëåííîå áåç
ïðîäîëæåíèÿ ôóíêöèè X(ω) ñ ñåãìåíòà [−b, b].

Òàê êàê ïðè k = 21, ..., 40 çíà÷åíèÿ x(tk), x1(tk), x2(tk) ðàâíû
ñîîòâåòñòâóþùèì çíà÷åíèÿì ïðè k = 0, 1, ..., 20, òî âòîðàÿ ïîëîâèíà
òàáëèöû íå ïðèâîäèòñÿ.

Â ïðèìåðå 5.7.1 àáñîëþòíàÿ âåëè÷èíà ïîãðåøíîñòè ïðè âîñ-
ñòàíîâëåíèè âõîäíîãî ñèãíàëà èçëîæåííûì â ðàçäåëå ìåòîäîì åñòü
âåëè÷èíà ïîðÿäêà 10−2 ïðè ÷èñëå òî÷åê äèñêðåòèçàöèè, ðàâíîì 11,
ïðè÷åì ìàêñèìàëüíàÿ ïîãðåøíîñòü âîçíèêàåò â òî÷êàõ ðàçðûâà. Îò-
íîñèòåëüíàÿ ïîãðåøíîñòü âîññòàíàâëèâàåìîé ôóíêöèè:

δ1 =

∑40
k=0 | x∗(tk)− x(tk) |∑40

k=0 | x∗(tk) |
= 0.3326,

îòíîñèòåëüíàÿ ñðåäíåêâàäðàòè÷íàÿ ïîãðåøíîñòü:

δ2 =

∑40
k=0 | x∗(tk)− x(tk) |2∑40

k=0 | x∗(tk) |2
= 0.0939.
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Òàáëèöà 5.1. Ðåçóëüòàò âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà x(t)
ïî âûõîäíîìó ñèãíàëó u(t) ïðè A = 1

k x(t) x1(t) x2(t) x(t)− x1(t) x(t)− x2(t)

0 0.00000E+00 � 8.79640E-02 3.07808E-01 8.79640E-02 3.07808E-01

1 0.00000E+00 � 8.04081E-02 3.18587E-01 8.04081E-02 3.18587E-01

2 0.00000E+00 � 6.26151E-02 3.29005E-01 6.26151E-02 3.29005E-01

3 0.00000E+00 � 3.35301E-02 3.39034E-01 3.35301E-02 3.39034E-01

4 0.00000E+00 7.47524E-03 3.48647E-01 7.47524E-03 3.48647E-01

5 0.00000E+00 6.05481E-02 3.57817E-01 6.05481E-02 3.57817E-01

6 0.00000E+00 1.25322E-01 3.66520E-01 1.25322E-01 3.66520E-01

7 0.00000E+00 2.00912E-01 3.74732E-01 2.00912E-01 3.74732E-01

8 0.00000E+00 2.85928E-01 3.82430E-01 2.85928E-01 3.82430E-01

9 0.00000E+00 3.78519E-01 3.89594E-01 3.78519E-01 3.89594E-01

10 1.00000E+00 4.76435E-01 3.96202E-01 5.23565E-01 6.03798E-01

11 1.00000E+00 5.77109E-01 4.02238E-01 4.22891E-01 5.97762E-01

12 1.00000E+00 6.77753E-01 4.07684E-01 3.22247E-01 5.92316E-01

13 1.00000E+00 7.75463E-01 4.12526E-01 2.24537E-01 5.87474E-01

14 1.00000E+00 8.67332E-01 4.16750E-01 1.32668E-01 5.83250E-01

15 1.00000E+00 9.50564E-01 4.20344E-01 4.94355E-02 5.79656E-01

16 1.00000E+00 1.02258E+00 4.23298E-01 2.25800E-02 5.76702E-01

17 1.00000E+00 1.08112E+00 4.25605E-01 8.11173E-02 5.74395E-01

18 1.00000E+00 1.12432E+00 4.27257E-01 1.24320E-01 5.72743E-01

19 1.00000E+00 1.15081E+00 4.28250E-01 1.50809E-01 5.71750E-01

20 1.00000E+00 1.15973E+00 4.28581E-01 1.59734E-01 5.71419E-01

Çäåñü x∗(t) � òî÷íîå ðåøåíèå óðàâíåíèÿ (5.7.2); x(t) � ïðèáëèæåí-
íîå ðåøåíèå, ïîëó÷åííîå ïðåäëîæåííîì âûøå ìåòîäîì. Äîñòàòî÷íî
áîëüøèå îòíîñèòåëüíûå ïîãðåøíîñòè ñâÿçàíû ñ òåì, ÷òî âîññòàíàâ-
ëèâàåòñÿ ðàçðûâíàÿ ôóíêöèÿ. Â ñëåäóþùåì ïðèìåðå áóäåò ïîêàçà-
íî, ÷òî ïðè âîññòàíîâëåíèè ãëàäêèõ ôóíêöèé ïîãðåøíîñòü çíà÷è-
òåëüíî ìåíüøå.

Îòìåòèì, ÷òî åñëè íåïîñðåäñòâåííî âîññòàíàâëèâàòü âõîäíîé
ñèãíàë ñèñòåìû (5.7.2), òî ïîãðåøíîñòü âîññòàíîâëåíèÿ êîëåáëåòñÿ
îò 0.30 äî 0.60, à îòíîñèòåëüíûå ïîãðåøíîñòè ñîîòâåòñòâåííî ðàâíû
δ1 = 0.9228, δ2 = 0.4624.

Ïðèìåð 5.7.2. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, îïè-
ñûâàåìûé óðàâíåíèåì (5.7.2) ñ èìïóëüñíîé ïåðåõîäíîé ôóíêöèåé
g(t), ïðåîáðàçîâàíèå Ôóðüå êîòîðîé

G(ω) =

{
1, åñëè 0 ≤ ω ≤ 1,
0, åñëè ω /∈ [0, 1].

Ïóñòü k = 1, 5. Â êà÷åñòâå âõîäíîãî ñèãíàëà äëÿ ñèñòåìû
(5.7.2) âîçüìåì ôóíêöèþ
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x(t) =


k(1 + t), åñëè − 1 ≤ t ≤ −1 + 1

k ,

1, åñëè − 1 + 1
k ≤ t ≤ 1− 1

k ,
k(1− t), åñëè 1− 1

k ≤ t ≤ 1,
0, åñëè t /∈ [−1, 1].

Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè x(t) ðàâíî

X(ω) = k

√
2

π

cos(ω(1− 1
k))− cos(ω)

ω2
.

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ïî
ïðåäëîæåííîìó âûøå àëãîðèòìó ïðèâåäåíû â òàáë. 5.2, ïðè ÷èñ-
ëå m òî÷åê äèñêðåòèçàöèè ôóíêöèè X(ω) íà ñåãìåíòå [0, 1], ðàâíîì
11, k = 3/2. Â òàáë. 5.2 èñïîëüçîâàíû òå æå îáîçíà÷åíèÿ, ÷òî è â
òàáë. 5.1. Ïðè ýòîì δ1 = 0.2047, δ2 = 0.1466.

Òàáëèöà 5.2. Ðåçóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà äëÿ ïðèìåðà 5.7.2

k x(t) x1(t) x2(t) x(t)− x1(t) x(t)− x2(t)

0 0.00000E+00 3.92634E-02 2.04797E-01 3.92634E-02 2.04797E-01

1 0.00000E+00 2.33623E-02 2.24101E-01 2.33623E-02 2.24101E-01

2 0.00000E+00 1.79940E-02 3.29005E-01 1.79940E-02 3.29005E-01

3 0.00000E+00 �3.20047E-02 2.62253E-01 3.20047E-02 2.62253E-01

4 0.00000E+00 �6.11375E-02 2.80874E-01 6.11375E-02 2.80874E-01

5 0.00000E+00 �8.20560E-02 2.99040E-01 8.20560E-02 2.99040E-01

6 0.00000E+00 �8.76855E-02 3.16641E-01 8.76855E-02 3.16641E-01

7 0.00000E+00 �7.21320E-02 3.33566E-01 7.21320E-02 3.33566E-01

8 0.00000E+00 �3.16169E-02 3.49712E-01 3.16169E-02 3.49712E-01

9 0.00000E+00 3.49300E-02 3.64977E-01 3.49300E-02 3.64977E-01

10 0.00000E+00 1.25709E-01 3.79264E-01 1.25709E-01 3.79264E-01

11 1.50000E-01 2.36329E-01 3.92483E-01 8.63292E-02 2.42483E-01

12 3.00000E-01 3.60438E-01 4.04549E-01 6.04379E-02 1.04549E-01

13 4.50000E-01 4.90575E-01 4.15386E-01 4.05754E-02 3.46137E-02

14 6.00000E-01 6.19070E-01 4.24924E-01 1.90698E-02 1.75076E-01

15 7.50000E-01 7.38819E-01 4.33102E-01 1.11810E-02 3.16898E-01

16 9.00000E 10 8.43840E-01 4.39866E-01 5.61603E-02 4.60134E-01

17 1.00000E+00 9.29533E-01 4.45173E-01 7.04673E-02 5.54827E-01

18 1.00000E+00 9.92684E-01 4.48988E-01 7.31621E-03 5.51012E-01

19 1.00000E+00 1.03128E+00 4.51288E-01 3.12798E-02 5.48712E-01

20 1.00000E+00 1.04425E+00 4.52056E-01 4.42547E-02 5.47944E-01

Ïðè äàëüíåéøåì óâåëè÷åíèè ÷èñëà òî÷åê äèñêðåòèçàöèè íåîá-
õîäèìî ïðîâîäèòü âû÷èñëåíèÿ ñ äâîéíîé òî÷íîñòüþ. Ïðè ýòîì, ðå-
çóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ñèñòåìû (5.7.2) ñëåäó-
þùèå: δ1 = 0.107, δ2 = 0.082 ïðè m = 15, k = 1.5; δ1 = 0.074,
δ2 = 0.043 ïðè m = 17, k = 1.25.
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5.7.2. Íåëèíåéíûå ñèñòåìû

Ïðåäñòàâèì óðàâíåíèå (5.7.1) â âèäå

N∑
k=1

akz
k(t) = u(t), (5.7.7)

ãäå z(t) =
∞∫

−∞
g(t− τ)x(τ)dτ.

Óðàâíåíèå (5.7.7) ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè t, êàê
èçâåñòíî èç îñíîâíîé òåîðåìû àëãåáðû [114], èìååò N êîðíåé îòíî-
ñèòåëüíî íåèçâåñòíîé z(t).

Èç òåîðèè Ãàëóà [133] ñëåäóåò, ÷òî â àíàëèòè÷åñêîé ôîðìå èç-
âåñòíû ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé äî ïÿòîé ñòåïåíè. Ïî-
ýòîìó óðàâíåíèå (5.7.7) áóäåì ðåøàòü ïðèáëèæåííî.

Ââåäåì ñåòêó óçëîâ tk = −T + 2kT/M, k = 0, 1, . . . ,M, ãäå
ïîëîæèòåëüíîå ÷èñëî T òàêîå, ÷òî âíå ñåãìåíòà [−T, T ] ôóíêöèÿ
u(t) ðàâíà íóëþ.

Áóäåì ðåøàòü óðàâíåíèå (5.7.7) ïðè êàæäîì ôèêñèðîâàííîì
çíà÷åíèè tk(k = 0, 1, . . . ,M) îäíèì èç ÷èñëåííûõ ìåòîäîâ [8], âû-
áèðàÿ èç N âîçìîæíûõ ðåøåíèé òîëüêî âåùåñòâåííûå. Ïðè ýòîì
ìîæåò îêàçàòüñÿ, ÷òî èç-çà âëèÿíèÿ ïîãðåøíîñòè âû÷èñëåíèé óðàâ-
íåíèÿ

N∑
k=1

akz
k(tl) = u(tl), l = 0, 1, . . . ,M, (5.7.8)

èìåþò êîìïëåêñíûå ðåøåíèÿ, ó êîòîðûõ ìîäóëü ìíèìîé ÷àñòè ïðè-
ìåðíî ðàâåí ïîãðåøíîñòè âû÷èñëåíèé. Äåéñòâèòåëüíóþ ÷àñòü òàêèõ
ðåøåíèé áóäåì ñ÷èòàòü ïðèáëèæåííûì ðåøåíèåì ñîîòâåòñòâóþùåãî
óðàâíåíèÿ èç ñîâîêóïíîñòè ðåøåíèé óðàâíåíèé (5.7.8).

Ïóñòü â òî÷êå tk èìååòñÿ rk âåøåñòâåííûõ ðåøåíèé. Îòìåòèì,
÷òî 1 ≤ rk ≤ N , òàê êàê ïî êðàéíåé ìåðå îäíî ðåøåíèå äîëæíî
áûòü âåøåñòâåííûì â ñâÿçè ñ òåì, ÷òî ðåàëüíàÿ ñèñòåìà èìååò âå-
ùåñòâåííûé âõîäíîé ñèãíàë.

Âûøå áûëî ñäåëàíî ïðåäïîëîæåíèå î òîì, ÷òî â êàæäîé òî÷êå
tk óðàâíåíèå (5.7.8) èìååò rk âåùåñòâåííûõ ðåøåíèé, ïðè÷åì çíà÷å-
íèÿ rk ìîãóò îêàçàòüñÿ ðàçëè÷íûìè äëÿ ðàçëè÷íûõ òî÷åê tk. Ïóñòü
r = max

k
rk, ò.å. r � ýòî íàèáîëüøåå ÷èñëî âåùåñòâåííûõ ðåøåíèé

óðàâíåíèÿ (5.7.8) íà ñåòêå óçëîâ {tl}, l = 0, 1, . . . ,M .
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Ïîñòðîèì r ðåøåíèé óðàâíåíèÿ (5.7.8). Ïîñòðîåíèå ïðîâîäèòñÿ
ñëåäóþøèì îáðàçîì. Â êàæäîé òî÷êå tk íàéäåì N ðåøåíèé óðàâíå-
íèÿ (5.7.8) (ñðåäè íèõ âîçìîæíû è êîìïëåêñíûå): z1(tk), . . . , zN(tk),
k = 0, 1, . . . Áóäåì ñ÷èòàòü, ÷òî ñåòêà óçëîâ tk (k = 0, 1, . . . ,M)
äîñòàòî÷íî ãóñòàÿ.

×èñëî M îïðåäåëÿåòñÿ èç âåëè÷èíû òðåáóåìîé ïîãðåøíîñòè
âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà. Ïóñòü òðåáóåòñÿ âîññòàíîâèòü âõîä-
íîé ñèãíàë ñ òî÷íîñòüþ ε. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ g(t) óäîâëå-
òâîðÿåò óñëîâèþ Ãåëüäåðà Hα(A), ò.å. | g(t1)− g(t2) |≤ A | t1 − t2 |α.
Òîãäà u(t) ∈ Hα(A1) è òî÷íîñòü âîññòàíîâëåíèÿ ôóíêöèè u(t) ïî
M çíà÷åíèÿì u(tk) ðàâíà

2A1T
Mα . Òàê êàê ïîãðåøíîñòü àïïðîêñèìà-

öèè ïðàâîé ÷àñòè óðàâíåíèÿ äîëæíà áûòü íå áîëüøå, ÷åì ïðåäïî-
ëàãàåìàÿ òî÷íîñòü âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà, òî èç óñëîâèÿ
2A1T
Mα ≤ ε îïðåäåëÿåì íåîáõîäèìîå ÷èñëî óçëîâ tk (k = 0, 1, . . . ,M).

Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà ôóíêöèÿ g(t) ïðèíàäëåæèò
êëàññó ôóíêöèé W r(A), ò.å. èìååò íåïðåðûâíûå ïðîèçâîäíûå äî
(r − 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî è r-óþ ïðîèçâîäíóþ, óäîâëåòâî-
ðÿþùóþ íåðàâåíñòâó | g(r)(t) |≤ A. Òîãäà u(t) ∈ W r(A1), è òî÷íîñòü
âîññòàíîâëåíèÿ ôóíêöèè u(t) ïîM çíà÷åíèÿì u(tk) ðàâíàA2M

−rT r.
Òàê êàê ïîãðåøíîñòü àïïðîêñèìàöèè ïðàâîé ÷àñòè óðàâíåíèÿ

äîëæíà áûòü íå áîëüøå, ÷åì ïðåäïîëàãàåìàÿ òî÷íîñòü âîññòàâíîâ-
ëåíèÿ âõîäíîãî ñèãíàëà, òî èç óñëîâèÿ A2T

rM−r ≤ ε îïðåäåëÿåòñÿ
íåîáõîäèìîå ÷èñëî M ôóíêöèîíàëîâ u(tk).

Âîçüìåì â òî÷êå t0 ðåøåíèå z1(t0), â òî÷êå t1 èç ìíîæåñòâà çíà-
÷åíèé (z1(t1), . . . , zN(t1)) âûáåðåì çíà÷åíèå znk(t1), íàèáîëåå áëèçêîå
ê z1(t0) (åñëè òàêèõ çíà÷åíèé íåñêîëüêî, òî ñëåäóåò ñãóñòèòü ñåòêó).
Â òî÷êå t2 èç ìíîæåñòâà çíà÷åíèé (z1(t2), . . . , zN(t2)) âûáèðàåòñÿ
çíà÷åíèå zn2(t2) íàèáîëåå áëèçêîå ê zn1(t1) è ò.ä. Ïîëó÷åííîå ðåøå-
íèå îáîçíà÷èì ÷åðåç z∗1(t). Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì îñòàëü-
íûå ðåøåíèÿ óðàâíåíèÿ (5.7.8).

Äëÿ âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà x1(t) íóæíî ðåøèòü
óðàâíåíèå

∞∫
−∞

g(t− τ)x1(τ)dτ = z∗1(t),

Ìåòîä ðåøåíèÿ ýòîãî óðàâíåíèÿ èçëîæåí â ðàçäåëå ðàçä. 5.7.1.
Àíàëîãè÷íî íàõîäÿòñÿ ðåøåíèÿ xi(t), i = 2, . . . , r. Äëÿ íàõîæäåíèÿ
åäèíñòâåííîãî ðåøåíèÿ òðåáóåòñÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ. Íà-
ïðèìåð, óñëîâèÿ âèäà

348



∞∫
−∞

| x(t) |= C ≡ C.

Ðàññìîòðèì ìîäåëüíûé ïðèìåð, èëëþñòðèðóþùèé ýôôåêòèâ-
íîñòü äàííîãî ìåòîäà.

Ïðèìåð 5.7.3. Ïóñòü äèíàìè÷åñêèé îáúåêò îïèñûâàåòñÿ íåëèíåé-
íûì óðàâíåíèåì

∞∫
0

g(t− τ)x(τ)dτ + 4(

∞∫
0

g(t− τ)x(τ)dτ)2 = u(t),

ãäå

x(t) =


1
2t ïðè 0 ≤ t ≤ 1,

1
2(2− t) ïðè ≤ t ≤ 2,

0 ïðè t /∈ [0, 2],

g(t) =

√
2

π

sin t

t
.

Ðåøåíèå. Â äàííîì ñëó÷àå, òî÷íî âû÷èñëèòü âûõîäíîé ñèã-

íàë u(t) íåâîçìîæíî èç-çà òîãî, ÷òî
∫

sin t

t
dt íå áåðåòñÿ â ÿâíîì

âèäå.
Ïîýòîìó íà ñåòêå tk = −10+10k/N, k = 0, 1, . . . , 2N, çíà÷åíèÿ

u(tk) âû÷èñëÿëèñü ïî êâàäðàòóðíîé ôîðìóëå ïðÿìîóãîëüíèêîâ. Çà-
òåì ðåøàëèñü êâàäðàòíûå óðàâíåíèÿ zk+4z2k = u(tk), k = 0, 1 . . . , N ,

ãäå zk =
∞∫

−∞
g(tk − τ)x(τ)dτ , è ïî ïîëó÷åííûì çíà÷åíèÿì âîññòàíàâ-

ëèâàëèñü íà ñåòêå tk äâå ôóíêöèè z(t) è ẑ(t). Äëÿ êàæäîé èç ýòèõ
ôóíêöèé ïî àëãîðèòìó, îïèñàííîìó â ðàçäåëå ðàçä. 5.7.1 (ñì. òàê-
æå ïðèìåð 5.7.2), ðåøàëîñü óðàâíåíèå (5.7.2), ãäå â êà÷åñòâå ïðàâîé
÷àñòè áûëè ïîñëåäîâàòåëüíî âçÿòû z(t) è ẑ(t). Èç ïîëó÷åííûõ äâóõ
ðåøåíèé âûáèðàëîñü ïîëîæèòåëüíîå.

Ðåçóëüòàòû ïðèìåíåíèÿ îïèñàííîãî àëãîðèòìà ïðèâåäåíû â
òàáë. 5.3, ãäå èñïîëüçîâàíû òå æå îáîçíà÷åíèÿ, ÷òî è â òàáë. 5.1.
Îòìåòèì, ÷òî ïðè δ1 = 0, 0634, δ2 = 0, 0835 m = 19, k = 1, 25.

Çàìå÷àíèå 5.7.1. Íåòðóäíî âèäåòü. ÷òî èçëîæåííûå âûøå àëãî-
ðèòìû ïðèìåíèìû è ê ìíîãîìåðíûì óðàâíåíèÿì âèäà

N∑
k=1

ak

 ∞∫
−∞

∞∫
−∞

g(t1 − τ1, t2 − τ2)x(τ1, τ2)dτ1dτ2

k

= f(t1, t2).
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Òàáëèöà 5.3. Ðåçóëüòàòû âîññòàíîâëåíèÿ x(t) äëÿ ïðèìåðà 5.7.3

k x(t) x1(t) x2(t) x(t)− x1(t) x(t)− x2(t)

0 0.000E+0000 2.451E-0002 1.643E-0001 2.451E-0002 1.643E-0001

1 0.000E+0000 2.026E-0002 1.819E-0001 2.026E-0002 1.819E-0001

2 0.000E+0000 9.477E-0003 1.994E-0001 9.477E-0003 1.994E-0001

3 0.000E+0000 �6.497E-0003 2.167E-0001 6.497E-0003 2.167E-0001

4 0.000E+0000 �2.477E-0002 2.338E-0001 2.477E-0002 2.338E-0001

5 0.000E+0000 �4.113E-0002 2.504E-0001 4.113E-0002 2.504E-0001

6 0.000E+0000 �5.048E-0002 2.665E-0001 5.048E-0002 2.665E-0001

7 0.000E+0000 �4.753E-0002 2.820E-0001 4.753E-0002 2.820E-0001

8 0.000E+0000 �2.750E-0002 2.968E-0001 2.750E-0002 2.968E-0001

9 0.000E+0000 1.320E-0002 3.107E-0001 1.320E-0002 3.107E-0001

10 0.000E+0000 7.635E-0002 3.238E-0001 7.635E-0002 3.238E-0001

11 1.250E-0001 1.616E-0001 3.359E-0001 3.658E-0001 2.109E-0001

12 2.500E-0001 2.662E-001 3.470E-0001 1.620E-0002 9.698E-0002

13 3.750E-0001 3.854E-0001 3.569E-0001 1.038E-0002 1.809E-0002

14 5.000E-0001 5.125E-0001 3.657E-0001 1.250E-0002 1.343E-0001

15 6.250E-0001 6.397E-0001 3.732E-0001 1.472E-0002 2.518E-0001

16 7.500E-0001 7.587E-0001 3.794E-0001 8.688E-0003 3.706E-0001

17 8.750E-0001 8.613E-0001 3.842E-0001 1.373E-0002 4.908E-0001

18 1.000E-0000 9.403E-0001 3.877E-0001 5.972E-0002 6.123E-0001

19 1.000E-0000 9.901E-0001 3.898E-0001 9.923E-0003 6.102E-0001

20 1.000E-0000 1.007E+0000 3.905E-0001 7.086E-0003 6.095E-0001

Çàìå÷àíèÿ 5.7.1. . Ïðåäëîæåííûå àëãîðèòìû ïîçâîëÿþò ýôôåê-
òèâíî âîññòàíàâëèâàòü âõîäíîé ñèãíàë â ñëåäóþùèõ ñëó÷àÿõ:

1. Ïóñòü ôóíêöèÿ G(ω) îáðàùàåòñÿ â íóëü (èëè î÷åíü áëèçêà
ê íóëþ) íà íåêîòîðîì ìíîãîîáðàçèè (â îòäåëüíûõ òî÷êàõ, èíòåð-
âàëàõ, èõ ñîâîêóïíîñòÿõ), êîòîðîå îáîçíà÷èì ÷åðåç D. Òîãäà ïðå-
îáðàçîâàíèå Ôóðüå X(ω) âõîäíîãî ñèãíàëà x(t) âû÷èñëÿåòñÿ ïî èç-
ëîæåííîìó â ðàçä. 5.7.1 èòåðàöèîííîìó ïðîöåññó è çàòåì ðàñïðî-
ñòðàíÿåòñÿ íà ìíîãîîáðàçèå D, ïðè÷åì äëÿ êàæäîé èçîëèðîâàííîé
òî÷êè, èíòåðâàëà, ñåãìåíòà, âõîäÿùèõ â D, ðàñïðîñòðàíåíèå ïî
ôîðìóëå Áåðíøòåéíà ïðîâîäèòñÿ â îòäåëüíîñòè. Êðîìå òîãî, åñ-
ëè [a, b] ∈ D è ôóíêöèÿ X(ω) îïðåäåëåíà ïðè ω < a è ω > b, òî
ðàñïðîñòðàíåíèå ôóíêöèè X(ω) íà ñåãìåíò [a, b] ïðîâîäèòñÿ äâà-
æäû (êàê ñî ñòîðîíû çíà÷åíèé ω > b, òàê è ñî ñòîðîíû çíà÷åíèé
ω < a, à çàòåì ïîëó÷åííûå çíà÷åíèÿ îñðåäíÿþòñÿ.

2. Ìåòîä ïðèìåíèì, åñëè ôóíêöèÿ G(ω) îòëè÷íà îò íóëÿ
íà íåêîòîðîì ìíîãîîáðàçèè S. Ïðåäïîëîæèì äëÿ îïðåäåëåííîñòè,
÷òî S = [a1, b1] ∪[a2, b2].

Â ýòîì ñëó÷àå âíà÷àëå âû÷èñëÿþòñÿ çíà÷åíèÿ X(ω) íà ìíî-
æåñòâå S ïî èçëîæåííîìó â ðàçä. 5.7.1 èòåðàöèîííîìó ìåòîäó,
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çàòåì âîññòàíàâëèâàåòñÿ ïî ôîðìóëå Áåðíøòåéíà X(ω) â ñåãìåí-
òå [b1, a2], à çàòåì óæå âîññòàíàâëèâàåòñÿ ïî ôîðìóëå Áåðíøòåé-
íà X(ω) âíå ñåãìåíòà [a1, b2]. Îñîáåííî ýôôåêòèâåí ýòîò ìåòîä,
åñëè ñåãìåíò [b1, a2] äîñòàòî÷íî ìàë è àïðèîðè èçâåñòíî, ÷òî
“îñíîâíàÿ èíôîðìàöèÿ“, ñîäåðæàùàÿñÿ â X(ω), ñîñðåäîòî÷åíà â
ñåãìåíòå [a, b], äëèíà êîòîðîãî íåçíà÷èòåëüíî (â äâà, òðè ðàçà)
ïðåâîñõîäèò äëèíó ñåãìåíòà [a1, b2].

5.8. Âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ

äèíàìè÷åñêèõ ñèñòåì

ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè

5.8.1. Âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ ëèíåéíûõ ñèñòåì

Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü, ôóíêöèîíèðî-
âàíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì

x(t) +

1∫
−1

g(t, τ)x(τ)dτ = f(t),−1 ≤ t ≤ 1. (5.8.1)

Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèþ x(t).
Ðåøåíèå áóäåì èñêàòü â âèäå ñïëàéíà. Äëÿ ýòîãî ðàçäåëèì

ñåãìåíò [−1, 1] íà 2n ÷àñòåé òî÷êàìè tk = −1 +
k

n
, k = 0, . . . , 2n.

Íà êàæäîì ñåãìåíòå [tk, tk+1], k = 0, 1, . . . , 2n − 1, ðåøåíèå
áóäåì èñêàòü â âèäå ïîëèíîìà ïî ñèñòåìå îðòîãîíàëüíûõ ôóíê-
öèé {φki (t)}, ãäå âåðõíèé èíäåêñ k óêàçûâàåò, ÷òî ñèñòåìà ôóíêöèé
{φki (t)} îðòîãîíàëüíà íà ñåãìåíòå [tk, tk+1]:

xk(t) =


s∑
i=0

αkiφ
k
i (t), tk ≤ t ≤ tk+1,

0, t /∈ [tk, tk+1].

(5.8.2)

Îáîçíà÷èì ÷åðåç xn(t) ñïëàéíû, ñîñòàâëåííûå ñîîòâåòñòâåííî
èç ôóíêöèé xk(t), k = 1, 2, ..., 2n − 1. Óìíîæèì ñêàëÿðíî (5.8.1) íà
ôóíêöèè {φkj (t)}. Â ðåçóëüòàòå ïîëó÷èì

1∫
−1

x(t)φkj (t)dt+
2n−1∑
m=0

tm+1∫
tm

 1∫
−1

g(t, τ)φkj (t)dt

 x(τ)dτ =

351



=

1∫
−1

f(t)φkj (t)dt. (5.8.3)

Òàê êàê ðåøåíèå èùåòñÿ â âèäå (5.8.2), òî (5.8.3) ïðèìåò âèä

s∑
i=0

αki

tk+1∫
tk

φki (t)φ
k
j (t)dt+

+
2n−1∑
m=0

s∑
i=0

αmi

tm+1∫
tm

 1∫
−1

g(t, τ)φkj (t)dt

φmi (τ)dτ =

=

1∫
−1

f(t)φkj (t)dt, (5.8.4)

ãäå k = 0, . . . , 2n− 1, j = 0, . . . , s.
Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-

íåíèé ðàçìåðíîñòè 2n(s+ 1)× 2n(s+ 1) îòíîñèòåëüíî íåèçâåñòíûõ
êîýôôèöèåíòîâ αki ðàçëîæåíèÿ (5.8.2):

αkj

(
1 +Hk,j

k,j

)
+

2n−1∑
m=0,m̸=k

s∑
i=0,i̸=j

αmi H
m,i
k,j = fkj , (5.8.5)

ãäå

Hm,i
k,j =

tm+1∫
tm

 tk+1∫
tk

g(t, τ)φkj (t)dt

φmi (τ)dτ,

fkj =

tk+1∫
tk

f(t)φkj (t)dt.

Ïîêàæåì, ÷òî ñèñòåìà ëèíåéíûõ óðàâíåíèé (5.8.5) ñîâìåñòíà.
Ââåäåì îïåðàòîð

Kx ≡ x(t) +

1∫
−1

g(t, τ)x(τ)dτ, −1 ≤ t ≤ 1. (5.8.6)

Áóäåì ñ÷èòàòü, ÷òî îïåðàòîð K íåïðåðûâíî îáðàòèì â ïðî-
ñòðàíñòâå C[−1, 1]. Ðàññìîòðèì óðàâíåíèå
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Kx = f. (5.8.7)

Ââåäåì ïðîåêòîð Pn, îòîáðàæàþùèé ôóíêöèþ x(t) íà ëîêàëü-
íûé ñïëàéí xn(t). Ïîëó÷èì

PnKxn(t) = Pnfn, (5.8.8)

òàê êàê Pnxn = xn(t), òî (5.8.8) ïðèìåò âèä

PnKxn(t) = fn. (5.8.9)

Äëÿ òîãî ÷òîáû óðàâíåíèå (5.8.9) èìåëî ðåøåíèå, äîñòàòî÷íî ïîêà-
çàòü ñõîäèìîñòü ïî íîðìå ïðîñòðàíñòâà C[−1, 1] îïåðàòîðîâ PnK ê
îïåðàòîðó K. Èìååì

∥Kx− PnKx∥ = ∥
1∫

−1

[g(t, τ)− P t
ng(t, τ)]x(τ)dτ∥ ≤

≤ ∥x(τ)∥∥
1∫

−1

[g(t, τ)− P t
ng(t, τ)] dτ∥ ≤ CEt

s(g(t, τ),∆)λs,

ãäå Et
s(g(t, τ),∆) = max

k=0,1,··· ,2n−1
Et
s(g(t, τ),∆k), E

t
s(g(t, τ),∆k) � íàè-

ëó÷øåå ðàâíîìåðíîå ïðèáëèæåíèå ôóíêöèè g(t, τ) ïî ïåðåìåííîé t
ïîëèíîìàìè ñòåïåíè s â ñåãìåíòå ∆k; λs � êîíñòàíòà Ëåáåãà.

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî íîðìà ∥Kxn−PnKxn∥→0
ïðè n → ∞, ÷òî äîêàçûâàåò ðàçðåøèìîñòü ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé (5.8.5).

Ïóñòü â êà÷åñòâå îðòîãîíàëüíûõ ïîëèíîìîâ áåðóòñÿ ïîëèíîìû
×åáûøåâà ïåðâîãî ðîäà. Â òîì ñëó÷àå, êîãäà g(t, τ) ∈ Hα,α(1) èìååì
∥Kx − PnKx∥ ≤ C lnn

nα ∥x∥. Â ñëó÷àå, êîãäà g(t, τ) ∈ W r,r(1) èìååì
∥Kx− PnKx∥ ≤ C lnn

nr ∥x∥.
Ðàññìîòðèì ñëó÷àé ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ.
Ðàññìîòðèì óðàâíåíèå

x(t1, . . . , tl)+

+

1∫
−1

...

1∫
−1

g(t1, ..., tl, τ1, ..., τl)x(τ1, ..., τl)dτ1...dτl=

= f(t1, ..., tl). (5.8.10)

Ââåäåì óçëû tk = −1 + k
n , k = 0, . . . , 2n.

Ðåøåíèå óðàâíåíèÿ (5.8.10) áóäåì èñêàòü â âèäå ñïëàéíà
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xs(t1, . . . , tl) =

=


s∑

i1=0

. . .
s∑

il=0

αi1,...,ilφ
k1,...,kl
i1,...,il

(t1, . . ., tl), t1, . . ., tl∈∆k1,...,kl,

0, t1, . . ., tl /∈∆k1,...,kl,

(5.8.11)

ãäå∆k1,...,kl = [t1k1 , t1k1+1
; t2k2 , t2k2+1

; · · · ; tlkl , tlkl+1
] è {φk1,...,kli1,...,il

(t1, . . . , tl)}
ñèñòåìà îðòîãîíàëüíûõ ïîëèíîìîâ â îáëàñòè ∆k1,...,kl

Óìíîæèâ ñêàëÿðíî (5.8.10) íà {φk1,...,kli1,...,il
(t1, . . . , tl)}, ïîëó÷èì

1∫
−1

. . .

1∫
−1

x(t)φk1,...,kli1,...,il
(t)dt+

2n−1∑
m1=0

· · ·
2n−1∑
ml=0

t1m+1∫
t1m1

. . .

tlml+1∫
tlml 1∫

−1

. . .

1∫
−1

g(t, τ)φk1,...,kli1,...,il
(t)dt

 x(τ)dτ =

=

1∫
−1

. . .

1∫
−1

f(t)φk1,...,kli1,...,il
(t)dt;

i1, . . . il = 0, . . . , s.

(5.8.12)

Çäåñü t=(t1, t2, ..., tl), τ=(τ1, τ2, ..., τl), dt=dt1...dtl, dτ=dτ1 ..., dτl.
Ðåøåíèå áóäåì èñêàòü â âèäå (5.8.11). Òîãäà ïðåäûäóøàÿ ñè-

ñòåìà ëèíåéíûõ óðàâíåíèé ïðèìåò âèä

s∑
i1=0

· · ·
s∑

il=0

αk1,...,kli1,...,il

t1k1+1∫
t1k1

. . .

tlk1+1∫
tlk1

φk1,...,kli1,...,il
(t)dt+

+
s∑

m1=0

· · ·
s∑

ml=0

s∑
i1=0

· · ·
s∑

il=0

αk1,...,kli1,...,il
×

×

t1m1+1∫
t1m1

. . .

tlml+1∫
tlml


t1k1+1∫
t1k1

. . .

tlkl+1∫
tlk1

g(t, τ)×

×φk1,...,kli1,...,il
(t)dt

)
φm1,...,ml

i1,...,il
(τ)dτ =
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=

t1k1+1∫
t1k1

. . .

tlkl+1∫
tlkl

f(t)φk1,...,klj1,...,jl
(t)dt, (5.8.13)

ãäå k1, . . . , kl = 0, . . . , 2n− 1; j1, . . . , jl = 0, . . . , s.
Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-

íåíèé ïîðÿäêà l22n(s + 1) × l22n(s + 1). Ðàçðåøèìîñòü ïîëó÷åííîé
ñèñòåìû äîêàçûâàåòñÿ òî÷íî òàê æå, êàê è â ñëó÷àå îäíîìåðíîãî
óðàâíåíèÿ.

Ïðèìåð 5.8.1. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü:

x(t) +

2∫
0

g(t, τ)x(τ)dτ = f(t), 0 ≤ t ≤ 2. (5.8.14)

ãäå g(t, τ) = τ(t − τ)(T − t)(1 + t)e−τ , f(t) îïðåäåëÿåòñÿ èç (5.8.14)
ïðè x(t) = (1 + t)

3
2e−t.

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ïðè-
âåäåíû â òàáë. 5.4, ãäå tk � óçëû; x(tk) � òî÷íûå çíà÷åíèÿ ðåøåíèÿ
óðàâíåíèÿ (5.8.14) â óçëàõ tk; x̃(tk) � ïðèáëèæåííûå çíà÷åíèÿ; ε �
ïîãðåøíîñòòü ìåòîäà.

Òàáëèöà 5.4. x(t) � òî÷íûå çíà÷åíèÿ, x̃(t) � ðèáëèæåííûå çíà÷åíèÿ.

Óçëû tk
Òî÷íûå çíà÷åíèÿ

x(tk)
Ïðèáëèæåííûå

çíà÷íãòÿ x̃(tk )
Ïîãðåøíîñòü ε

0.0 1.000 1.019 0.019

0.2 1.076 1.082 0.006

0.4 1.110 1.123 0.012

0.6 1.111 1.122 0.011

0.8 1.085 1.095 0.010

1.0 1.041 1.046 0.005

1.2 0.983 0.995 0.012

1.4 0.917 0.992 0.005

1.6 0.846 0.850 0.004

1.8 0.774 0.747 0.033

Èç àíàëèçà òàáë. 5.4 ñëåäóåò ýôôåêòèâíîñòü èçëîæåííîãî àë-
ãîðèòìà.
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5.8.2. Âîññòàíîâëåíèå âõîäíûõ ñèãíàëîâ
íåëèíåéíûõ ñèñòåì

Ïåðâûé ñëó÷àé. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâà-
òåëü, ôóíêöèîíèðîâàíèå êîòîðîãî îïèñûâàåòñÿ óðàâíåíèåì ñëåäóþ-
ùåãî âèäà

t∫
0

g(t, τ)φ(x(τ))dτ = f(t), 0 ≤ t ≤ T. (5.8.15)

Òðåáóåòñÿ, çíàÿ âûõîäíîé ñèãíàë f(t) è èìïóëüñíóþ ïåðåõîä-
íóþ ôóíêöèþ g(t, τ), âîññòàíîâèòü çíà÷åíèÿ âõîäíîãî ñèãíàëà x(t)
íà ñåãìåíòå [0,T]. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ φ(x) èìååò íåïðå-
ðûâíûå ïðîèçâîäíûå. Ââåäåì îáîçíà÷åíèÿ ψ(τ) = φ(x(τ)).

Âìåñòî (5.8.15) ðàññìîòðèì óðàâíåíèå

t∫
0

g(t, τ)ψ(τ)dτ = f(t), 0 ≤ t ≤ T. (5.8.16)

Ïðèáëèæåííîå ïðåäñòàâëåíèå ψ(t) áóäåì íàõîäèòü â âèäå ïî-
ëèíîìà

ψn(t) =
n∑
k=0

αkt
k. (5.8.17)

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ αk, k = 0, . . . , n, âîñïîëüçó-
åìñÿ ìåòîäîì êîëëîêàöèè, êîòîðûé â äàííîì ñëó÷àå èìååò âèä

n∑
k=0

αk

tm∫
0

g(tm, τ)τ
kdτ = f(tm),m = 0, . . . , n. (5.8.18)

Èç ñèñòåì ëèíåéíûõ óðàâíåíèé (5.8.18) íàéäåì èñêîìûå çíà-
÷åíèÿ êîýôôèöèåíòîâ ïðåäñòàâëåíèÿ (5.8.17).

Ïîêàæåì, ÷òî ñèñòåìà ëèíåéíûõ óðàâíåíèé (5.8.18) îäíîçíà÷-
íî ðàçðåøèìà. Ïðîäèôôåðåíöèðîâàâ (5.8.16) ïî t, èìååì

g(t, t)ψ(t) +

t∫
0

g
′

t(t, τ)ψ(τ)dτf
′
(t).
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Äàëåå, ïðåäïîëàãàÿ, ÷òî g(t, t) ̸= 0 íà ñåãìåíòå [0, T ], ïîëó÷èì

ψ(t) +

t∫
0

g
′

t(t, τ)

g(t, t)
ψ(τ)dτ =

f
′
(t)

g(t, t)
. (5.8.19)

Ýòî óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà, êîòîðîå îäíîçíà÷íî
ðàçðåøèìî. Ñëåäîâàòåëüíî, óðàâíåíèå (5.8.16) èìååò åäèíñòâåííîå
ðåøåíèå. Èñõîäÿ èç îáùåé òåîðèè ïðèáëèæåííûõ ìåòîäîâ [83], ïðè-
õîäèì ê çàêëþ÷åíèþ, ÷òî ñèñòåìà ëèíåéíûõ óðàâíåíèé (5.8.18) îä-
íîçíà÷íî ðàçðåøèìà. Òîãäà çíà÷åíèÿ x(t) âõîäíîãî ñèãíàëà èçìåðè-
òåëüíîãî ïðåîáðàçîâàòåëÿ (5.8.15) íà ñåãìåíòå [0, T ] íàéäåì èç ðå-
øåíèÿ íåëèíåéíîãî óðàâíåíèÿ

ψn(τ) = φ(x(τ)), (5.8.20)

ðåøàÿ åãî ìåòîäîì Íüþòîíà [8].

Ïðèìåð 5.8.2. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâàòåëü:

N∑
k=0

ak

t∫
0

g(t, τ)xk(τ)dτ = f(t), 0 ≤ t ≤ T. (5.8.21)

Òðåáóåòñÿ âîññòàíîâèòü çíà÷åíèÿ âõîäíîãî ñèãíàëà x(t) íà ñåã-
ìåíòå [0, T ], çíàÿ êîýôôèöèåíòû ak, k = 1, . . . , N, èìïóëüñíóþ ïå-
ðåõîäíóþ ôóíêöèþ g(t, τ) è âûõîäíîé ñèãíàë f(t).

Çäåñü N = 5; ak = k, k = 1, 2, 3, 4, 5;

g(t, τ) =

{
(1 + t)e−τ ïðè τ ≤ t,

0 ïðè τ > t,

f(t) =
1

2
(eπ+2)(t+ 1)− âûõîäíîé ñèãíàë,

x(t) = sin t, t ∈ [0, π]− âûõîäíîé ñèãíàë.

Ðåøåíèå. Ðàññìîòðèì âìåñòî óðàâíåíèÿ (5.8.21) ýêâèâàëåíò-
íîå óðàâíåíèå

t∫
0

g(t, τ)

[
N∑
k=0

akx
k(τ)

]
dτ = f(t), 0 ≤ t ≤ T.

Ïîëàãàÿ ψ(t) =
N∑
k=1

akx
k(t), íàéäåì âûøåîïèñàííûì ñïîñîáîì

ïðèáëèæåííîå ïðåäñòàâëåíèå (5.8.17) ôóíêöèè ψ(t).
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Çíà÷åíèÿ x(t) ïðè 0 ≤ t ≤ T, íàéäåì èç ðåøåíèÿ íåëèíåéíîãî
óðàâíåíèÿ

N∑
k=1

akx
k(t)− ψn(t) = 0, 0 ≤ t ≤ T.

Ðåçóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà x(t) èçìåðèòåëü-
íîãî ïðåîáðàçîâàòåëÿ (5.8.21) ïðèâåäåíû â òàáë. 5.5, ãäå tk � ñåòêà
óçëîâ; x(t) � òî÷íûå çíà÷åíèÿ ðåøåíèÿ óðàâíåíèÿ (5.8.21); x̃(t) �
ïðèáëèæåííûå çíà÷åíèÿ; ε(tk) � ïîãðåøíîñòü â óçëàõ tk ïðè N = 5.

Òàáëèöà 5.5. x(t) � òî÷íûå çíà÷åíèÿ, x̃(t) � ïðèáëèæåííûå çíà÷åíèÿ

Óçëû tk
Òî÷íûå çíà÷åíèÿ

x(tk)
Ïðèáëèæåííûå

çíà÷íãòÿ x̃(tk )
Ïîãðåøíîñòü ε

0.157 0.156 0.289 0.133

0.471 0.454 0.422 0.032

0.785 0.707 0.702 0.005

1.100 0.891 0.895 0.004

1.414 0.988 0.986 0.002

1.728 0.988 0.987 0.001

2.042 0.891 0.895 0.004

2.356 0.707 0.699 0.008

2.670 0.454 0.431 0.023

2.985 0.156 0.449 0.293

Âòîðîé ñëó÷àé. Ðàññìîòðèì èçìåðèòåëüíûé ïðåîáðàçîâà-
òåëü áîëåå îáùåãî âèäà, ÷åì (5.8.15):

s

 t∫
0

g(t, τ)φ(x(τ))dτ

 = f(t), 0 ≤ t ≤ T, (5.8.22)

ãäå s è φ � íåëèíåéíûå ôóíêöèè, îïðåäåëåííûå íà ñåãìåíòå [0, T ].
Òðåáóåòñÿ, ðàñïîëàãàÿ çíà÷åíèÿìè ÈÏÔ g(t, τ) è âûõîäíîãî

ñèãíàëà f(t), âîññòàíîâèòü çíà÷åíèÿ âõîäíîãî ñèãíàëà x(t) íà ñåã-
ìåíòå [0, T ].

Ââåäåì îáîçíà÷åíèÿ: ψ(τ) = φ(x(τ)), v(t) =
t∫
0

g(t, τ)ψ(τ)dτ.

Ïðèáëèæåííîå ïðåäñòàâëåíèå ψ(t) èùåòñÿ â âèäå ïîëèíîìà

ψn(t) =
n∑
k=0

αkt
k. (5.8.23)

Ðåøåíèå áóäåì èñêàòü ïî ñëåäóþùåìó àëãîðèòìó.
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Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ αk, k = 0, . . . , n, âîñïîëüçó-
åìñÿ ìåòîäîì êîëëîêàöèè. Íàéäåì èñêîìûå çíà÷åíèÿ êîýôôèöèåí-
òîâ ïðåäñòàâëåíèÿ (5.8.23) èç ñèñòåì ëèíåéíûõ óðàâíåíèé

n∑
k=0

αk

tm∫
0

g(tm, τ)τ
kdτ = v(tm),m = 0, . . . , n, (5.8.24)

ãäå çíà÷åíèÿ v(tm) íàõîäÿòñÿ èç ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ

s(v(t)) = f(t) (5.8.25)

ìåòîäîì Íüþòîíà [8]. Ðàçðåøèìîñòü ñèñòåìû (5.8.24) áûëà ïîêàçàíà
âûøå.

Òîãäà çíà÷åíèÿ âõîäíîãî ñèãíàëà x(t) èçìåðèòåëüíîãî ïðåîá-
ðàçîâàòåëÿ (5.8.22) íà ñåãìåíòå [0, T ], êàê è â ïðåäûäóùåì ñëó÷àå,
íàéäåì èç ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ:

ψn(τ) = φ(x(τ)), (5.8.26)

ðåøàÿ åãî ìåòîäîì Íüþòîíà.

Ïðèìåð 5.8.3. Ïóñòü èìååòñÿ èçìåðèòåëüíûé ïðåîáðàçîâàòåëü ñëå-
äóþùåãî âèäà:

a1

t∫
0

g(t, τ)ψ(τ)dτ + a2

 t∫
0

g(t, τ)ψ(τ)dτ

2

= f(t),

ψ(t) = b1x(t) + b2x
2(t), 0 ≤ t ≤ T. (5.8.27)

ïðè çàäàííûõ çíà÷åíèÿõ a1 = 1, a2 = 2, b1 = 1, b2 = 2, èçâåñòíûõ
ôóíêöèÿõ g(t, τ) = (1 + t)e−τ è f(t) � âûõîäíîì ñèãíàëå

f(t)=2(t+1)2(e−t−1)2(sin t− cos 2t+1)2−
−(t+1)(e−t−1)(sin t− cos 2t+1).

Ïðè ýòîì âõîäíîé ñèãíàë áóäåò x(t) = sin t.
Òðåáóåòñÿ âîññòàíîâèòü çíà÷åíèÿ âõîäíîãî ñèãíàëà x(t) íà ñåã-

ìåíòå [0, π].

Ðåøåíèå. Ðåçóëüòàòû âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà x(t)
ïðèâåäåíû â òàáë. 5.6, ãäå tk � ñåòêà óçëîâ; x(t) � òî÷íûå çíà÷åíèÿ
ðåøåíèÿ óðàâíåíèÿ (5.8.27); x̃(t) � ïðèáëèæåííûå çíà÷åíèÿ; ε(tk) �
ïîãðåøíîñòü â óçëàõ tk. Ïðèâåäåííûå ðåçóëüòàòû ïîêàçûâàþò ýô-
ôåêòèâíîñòü ïðåäëàãàåìîãî ìåòîäà.
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Òàáëèöà 5.6. Ðåçóëüòàòû âîññòàíîâëåíèÿ x(t)

Óçëû tk
Òî÷íûå çíà÷åíèÿ

x(tk)
Ïðèáëèæåííûå

çíà÷åíèÿ x̃(tk )
Ïîãðåøíîñòü ε

0.157 0.156 0.161 0.005

0.471 0.454 0.461 0.007

0.785 0.707 0.706 0.001

1.100 0.891 0.890 0.001

1.414 0.988 0.988 0.000

1.728 0.988 0.988 0.000

2.042 0.891 0.891 0.000

2.356 0.707 0.712 0.005

2.670 0.454 0.472 0.018

2.985 0.156 0.289 0.133

Ïîãðåøíîñòü âîññòàíîâëåíèÿ âõîäíîãî ñèãíàëà ïî îïèñàííî-
ìó ìåòîäó çàâèñèò îò ïîãðåøíîñòè ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ
(5.8.25), ïîãðåøíîñòè ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé (5.8.24)
è ïîãðåøíîñòè ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ (5.8.26). Ïðè÷åì ïî-
ãðåøíîñòü áóäåò íàêàïëèâàòüñÿ ïî ìåðå ðåøåíèÿ ýòèõ óðàâíåíèé.
Ýòî è ïîêàçûâàþò ðåçóëüòàòû òàáë. 5.5, 5.6 (ìîäåëüíûå ïðèìåðû
5.8.2, 5.8.3). Òî÷íîñòü ðåøåíèÿ óðàâíåíèé (5.8.25), (5.8.26) èññëåäî-
âàíà â [8]. Ðåøåíèå ñèñòåì ëèíåéíûõ óðàâíåíèé öåëåñîîáðàçíåå ðå-
øàòü èòåðàöèîííîì ìåòîäîì, êîòîðûé ïðèâåäåí â ðàçä. 1.3.1.

5.9. Èòåðàöèîííûå ìåòîäû âîññòàíîâëåíèÿ

ïðîñòðàíñòâåííûõ èçîáðàæåíèé,

èñêàæåííûõ ñèñòåìàìè ñ àáåððàöèÿìè

Ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ èíôîðìàòèêè âîçíèêàåò ïðî-
áëåìà ïåðåäà÷è èçîáðàæåíèé äâèæóùèõñÿ îáúåêòîâ, à òàêæå ïåðå-
äà÷à èçîáðàæåíèé ñ äâèæóùèõñÿ îáúåêòîâ. Â ýòîì ñëó÷àå âîçíèêà-
þò èñêàæåíèÿ, îáóñëîâëåííûå äâèæåíèåì ïðåäìåòîâ, à òàêæå àáåð-
ðàöèÿìè.

Îäíîé èç âàæíûõ çàäà÷ ÿâëÿåòñÿ çàäà÷à óñòðàíåíèÿ èñêà-
æåíèé, îáóñëîâëåííûõ ¾ñìàçûâàíèåì¿, èç-çà äâèæåíèÿ ïðåäìåòîâ,
äðóãèìè ôàêòîðàìè, âíîñèìûìè èñïîëüçóåìûìè ñèñòåìàìè, à òàê-
æå àáåððàöèÿìè.

Çàäà÷ó îáðàáîòêè èñêàæåííûõ èçîáðàæåíèé åñòåñòâåííî ðàñ-
ñìàòðèâàòü êàê îäíó èç îáðàòíûõ çàäà÷ îïòèêè [7, 10,139].
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Ïîäðîáíûé îáçîð ìåòîäîâ âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ,
èñêàæåííûõ ëèíåéíûìè, èíâàðèàíòíûìè ê ïðîñòðàíñòâåííûì è âðå-
ìåííûì ñäâèãàì ñèñòåìàìè, èçëîæåí â ìîíîãðàôèÿõ [49,50,153].

Âîïðîñû âîññòàíîâëåíèÿ èçîáðàæåíèé, èñêàæåííûõ ïðîñòðàí-
ñòâåííî-çàâèñèìûìè ñèñòåìàìè îòîáðàæåíèé, èññëåäîâàëèñü â [144,
155] è â îáçîðå [166].

Â ñëó÷àÿõ, êîãäà ôóíêöèÿ ðàññåèâàíèÿ òî÷êè (ÔÐÒ), îïèñûâà-
þùàÿ ðàçìûâàíèå, ïðîñòðàíñòâåííî çàâèñèìà, ðåñòàâðàöèÿ èçîáðà-
æåíèÿ ñòàíîâèòñÿ íåâåðîÿòíî ñëîæíîé. Â ýòîì ñëó÷àå óæå íå ìîæåò
áûòü èñïîëüçîâàíî ïðåîáðàçîâàíèå Ôóðüå äëÿ íàõîæäåíèÿ îáðàò-
íûõ ôèëüòðîâ, à ìåòîäû ïîëó÷åíèÿ îöåíêè îêàçûâàþòñÿ ñëèøêîì
ñëîæíûìè äëÿ âûâîäà è ðåàëèçàöèè.

Îäèí èç ìåòîäîâ êîððåêöèè ïðîñòðàíñòâåííî çàâèñèìûõ èçîá-
ðàæåíèé ñâÿçàí [145] ñ ïðåîáðàçîâàíèåì âñåõ íåïðåðûâíî-ïðîñòðàí-
ñòâåííûõ ôóíêöèé â äèñêðåòíóþ ôîðìó ñ ïîìîùüþ âûáîðêè èëè
ðàçëîæåíèÿ ïî ôóíêöèîíàëüíîìó ðÿäó. Òåîðåòè÷åñêè â ýòîì ñëó÷àå
ìîæíî íàéòè îöåíêó ðàñïðåäåëåíèÿ èíòåíñèâíîñòè èçëó÷åíèÿ èñõîä-
íîãî îáúåêòà, âû÷èñëèâ ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ îáðàòíûå
ôóíêöèè, à ïðè íàëè÷èè øóìîâ � èñïîëüçîâàâ ñòàòèñòè÷åñêóþ îöåí-
êó. Îäíàêî ýòè ãðóáûå ìåòîäû òðåáóþò äîñòàòî÷íî áîëüøîãî îáúåìà
âû÷èñëåíèé.

Äðóãîé ïîäõîä ê âîññòàíîâëåíèþ ïðîñòðàíñòâåííî çàâèñèìûõ
èçîáðàæåíèé îñíîâàí íà ðàçáèåíèè èìïóëüñíîé ðåàêöèè íà îáëàñòè,
èìåþùèå ðàçëè÷íûå ïðîñòðàíñòâåííî èíâàðèàíòíûå ÔÐÒ. Ðîááèíñ
è Õóàíã [144] ïîêàçàëè, ÷òî â íåêîòîðûõ ñëó÷àÿõ âîçìîæíî ïîëó÷å-
íèå ðåøåíèÿ â çàìêíóòîé ôîðìå, åñëè èçâåñòíà èìïóëüñíàÿ ðåàêöèÿ
ëèíåéíîé ïðîñòðàíñòâåííî çàâèñèìîé èñêàæàþùåé ñèñòåìû.

Â äàííîì ðàçäåëå ïðåäëàãàþòñÿ èòåðàöèîííûå ìåòîäû âîññòà-
íîâëåíèÿ èçîáðàæåíèÿ, èñêàæåííîãî ëèíåéíîé ïðîñòðàíñòâåííî çà-
âèñèìîé ñèñòåìîé ñ àáåððàöèÿìè òèïà êîìû. Èìïóëüñíóþ ðåàêöèþ
òàêîé ñèñòåìû ìîæíî ïðåäñòàâèòü â âèäå r−2

1 h(r0/r1,Θ0 − Θ1), ãäå
(r0,Θ0), (r1,Θ1) � ïîëÿðíûå êîîðäèíàòû òî÷åê â âûõîäíîé è âõîäíîé
ïëîñêîñòÿõ. Îáîçíà÷èì ñèãíàë íà âõîäå ñèñòåìû ÷åðåç u(r1,Θ1); âû-
õîäíîé ñèãíàë ν(r0,Θ0) ñâÿçàí ñ âõîäíûì â ïîëÿðíûõ êîîðäèíàòàõ
ñîîòíîøåíèåì [144]:

ν(r0,Θ0) =

2π∫
0

∞∫
0

h

(
r0
r1
,Θ0 −Θ1

)
u(r1,Θ1)r

−1
1 dr1dΘ1. (5.9.1)
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Êàê âèäíî èç âûðàæåíèÿ (5.9.1), ïåðåäàþùàÿ ñèñòåìà èíâàðèàíò-
íà ê ñäâèãó ïî Θ è çàâèñèìà ïî r. Ñëåäîâàòåëüíî, ê íåìó ìîæíî
ïðèìåíèòü ïðåîáðàçîâàíèå Ôóðüå ïî Θ0 è Ìåëëèíà ïî r0.

Íèæå áóäåò ïîêàçàíî, ÷òî äëÿ ñõîäèìîñòè ìåòîäà äîñòàòî÷íî,
÷òîáû ôóíêöèÿ Mh(r,Θ), ℑh(r,Θ), ãäå M è ℑ � ñîîòâåòñòâåííî
îïåðàòîðû ïðåîáðàçîâàíèé Ìåëëèíà è Ôóðüå, íå îáðàùàëàñü â íóëü
ïðè êîíå÷íûõ çíà÷åíèÿõ ω, z èëè îáðàùàëàñü â íóëü â êîíå÷íîì
÷èñëå òî÷åê èëè êðèâûõ íà ïëîñêîñòè (ω, z).

Îáîçíà÷èì ÷åðåç Ω1, Ω2, D1, D2 ñîîòâåòñòâåííî ìíîæåñòâà

0≤r<∞, 0≤Θ≤2

π
,
1

2
− i∞ < p <

1

2
+ i∞, −∞ < ω < ∞. Íàïîìíèì

ïðåîáðàçîâàíèÿ Ôóðüå îò ïåðèîäè÷åñêîé ôóíêöèè:
� ïðÿìîå:

ℑf ≡ f̃(ω) =
1√
2π

2π∫
0

f(Θ)e−i2πωΘdΘ;

� îáðàòíîå:

ℑ−1f̃ ≡ f(Θ) =
1√
2π

∞∫
−∞

f̃(ω)ei2πωΘdω;

� íîðìû:

∥f∥L2(Ω1) =

∫
Ω1

|f(x)|2dx

1/2

=

 ∞∫
0

f(x)f̄(x)dx

1/2

,

∥f∥L2(Ω2) =

∫
Ω2

|f(x)|2dx

1/2

=

 2π∫
0

f(x)f̄(x)dx

1/2

,

∥f∥L2(D2) =

∫
D2

|f(x)|2dx

1/2

=

 ∞∫
−∞

f(x)f̄(x)dx

1/2

.

Ëåììà 5.9.1. Åñëè àáñîëþòíî ñõîäèòñÿ äâîéíîé èíòåãðàë

2π∫
0

∞∫
0

|f(Θ)||f̃(ω)|dΘdω,

òî
∥f(Θ)∥L2(Ω2) = ∥f̃(ω)∥L2(D2).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ∥f̃(ω)∥L2(D2):

∥f̃(ω)∥2L2(D2)
=

∞∫
−∞

f̃(ω)f̃(ω)dω=

∞∫
−∞

1√
2π

2π∫
0

f(Θ)e−i2πωΘdθf̃(ω)dω=

=
1√
2π

2π∫
0

f(Θ)


∞∫

−∞

e−i2πωΘf̃(ω)dω

 dΘ =

=
1√
2π

2π∫
0

f(Θ)

∞∫
−∞

ei2πωΘf̃(ω)dωdΘ =

2π∫
0

f(Θ)f(Θ)dΘ = ∥f(Θ)∥2L2(ω2)
.

Èçìåíåíèå ïîðÿäêà èíòåãðèðîâàíèÿ çàêîííî â ñèëó àáñîëþò-

íîé ñõîäèìîñòè èíòåãðàëà
2π∫
0

∞∫
0

|f(Θ)||f̃(ω)|dωdΘ.

Ëåììà 5.9.2. Ïóñòü ôóíêöèÿ F (p) =
∞∫
0

f(t)tp−1dt àíàëèòè÷åñêàÿ

ïðè Rep ≥ 0, 5:

f(t) = (2πi)−1

0,5+i∞∫
0,5−i∞

F (p)t−pdp.

Òîãäà

∥Mf(t)∥L2(D1) = ∥F (p)∥L2(D1) =
√
2π∥f(t)∥L2(Ω1);

∥M−1F (p)∥L2(Ω1)=∥f(t)∥L2(Ω1)=

 ∞∫
0

|f(t)|2dt

1/2

=
1√
2π

∥F (p)∥L2(D1);

∥F (p)∥L2(D1) =

i−1

0,5+i∞∫
0,5−i∞

|F (p)|2dp

1/2

.

Äîêàçàòåëüñòâî. Â ïðåîáðàçîâàíèè Ìåëëèíà F (p) =
∞∫
0

f(t)tp−1dt

ñäåëàåì çàìåíû: t = eν è p = c+ iσ, òîãäà

F (p) = F (c+ iσ) =

∞∫
−∞

f(eν)eν(c+iσ)dν,
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f(t) =
1

2πi

c+i∞∫
c−i∞

F (p)t−pdp =
1

2π

∞∫
−∞

F (c+ iσ)e−ν(c+iσ)dσ = f(eν).

Íàéäåì íîðìó ïðåîáðàçîâàíèÿ Ìåëëèíà â L2(c− i∞, c+ i∞).
Î÷åâèäíî,

c+i∞∫
c−i∞

|F (p)|2dp = i

∞∫
−∞

F (c+ iσ)F (c+ iσ)dσ =

= i

∞∫
−∞


∞∫

−∞

f(eν)eν(c+iσ)dν

F (c+ iσ)dσ =

=

∞∫
−∞

if(eν)


∞∫

−∞

eν(c+iσ)F (c+ iσ)dσ

 dν =

= i

∞∫
−∞

f(eν)


∞∫

−∞

eν(c−iσ)F (c+ iσ)dσ

 dν =

= i

∞∫
−∞

f(eν)e2νc


∞∫

−∞

e−ν(c+iσ)F (c+ iσ)dσ

 dν =

= i

∞∫
−∞

f(eν)2πe2νcf(eν)dν.

Òàêèì îáðàçîì,
∞∫

−∞
|F (c + iσ)|2dσ = 2π

∞∫
−∞

|f(eν)eνc|2dν. Âîç-
âðàùàÿñü ê èñõîäíûì ïåðåìåííûì, ïîëó÷èì

c+i∞∫
c−i∞

|F (p)|2dp = 2πi

∞∫
0

|tcf(t)|2t−1dt. (5.9.2)

Ñëåäîâàòåëüíî, íîðìà ïðåîáðàçîâàíèÿ Ìåëëèíà â ïðîñòðàí-
ñòâå L2(c− i∞, c+ i∞) áóäåò ðàâíà

∥F (p)∥ =

1

i

c+i∞∫
c−i∞

|F (p)|2dp


1/2

, (5.9.3)
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èëè

∥F (p)∥L2(c−i∞,c+i∞) =
√
2π

 ∞∫
0

|tcf(t)|2t−1dt

1/2

. (5.9.4)

Îöåíèì íîðìó ∥F (p)∥ ïðè ðàçëè÷íûõ çíà÷åíèÿõ c.
Ïðè c =

1

2
èìååì ∥F (p)∥L2(D1) =

√
2π∥f(t)∥L2(Ω1).

Ïðè c ̸= 1

2
íà ôóíêöèþ f(t) íåîáõîäèìî íàëàãàòü äîïîëíè-

òåëüíûå îãðàíè÷åíèÿ. Ðàññìîòðèì ñëó÷àé, êîãäà c > 1/2 (ñëó÷àé,
êîãäà c < 1/2, íå ðàññìàòðèâàåòñÿ, òàê êàê åñëè ôóíêöèÿ F (p) àíà-
ëèòè÷åñêàÿ â îáëàñòè Rep > c, c ≤ 0, 5, òî îíà áóäåò àíàëèòè÷åñêîé
è â îáëàñòè Rep > 0, 5).

Ïóñòü èçâåñòíî, ÷òî ôóíêöèÿ f(t) ôèíèòíà ñ íîñèòåëåì [0, T ].
Òîãäà èç ôîðìóëû (5.9.4) ñëåäóåò, ÷òî

∥F (p)∥L2(c−i∞,c+i∞) = (2π)1/2T c−1/2∥f(t)∥L2(Ω1).

Äîêàçàòåëüñòâî ðàâåíñòâà ∥f(t)∥ = (2π)−1/2∥F (p)∥ ïðîâîäèò-
ñÿ àíàëîãè÷íî (p = 1/2 + iσ).

Ïðèìåíÿÿ ê ôóíêöèè ν(r,Θ0), îïðåäåëåííîé óðàâíåíèåì (5.9.1),
ïðåîáðàçîâàíèå Ôóðüå ℑ è ïðåîáðàçîâàíèå Ìåëëèíà M, ïîëó÷èì

V (p, ω) = H(p, ω)U(p, ω),

ãäå
U(p, ω) = Mℑ(u(r,Θ)). (5.9.5)

Íàëîæèì íà ôóíêöèè V, H, U ñîâîêóïíîñòü óñëîâèé, íàçûâà-
åìóþ â äàëüíåéøåì óñëîâèåì A. Ïðåäïîëîæèì, ÷òî

1) c = 1/2 ïðèíàäëåæèò îáëàñòè àíàëèòè÷íîñòè ôóíêöèé V,
H, U ïî ïåðåìåííîé p;

2) ìíîæåñòâî çíà÷åíèé z = H(p, ω) ïðè èçìåíåíèè àðãóìåí-
òîâ p ∈ D1, ω ∈ D2 ðàñïîëîæåíî âíóòðè óãëà, âåëè÷èíà êîòîðîãî
íå ïðåâûøàåò π, ñ âåðøèíîé â òî÷êå (0, 0) ïëîñêîñòè êîìïëåêñíîé
ïåðåìåííîé z è, âîçìîæíî, â åãî âåðøèíå;

3) H(p, ω) ̸= 0 ïðè êîíå÷íûõ çíà÷åíèÿõ p è ω.
Òîãäà ñóùåñòâóåò òàêîå êîìïëåêñíîå ÷èñëî γ, ÷òî âûïîëíåíî

óñëîâèå
sup

p∈D1,ω∈D2

|1− γH(p, ω)| = q ≤ 1. (5.9.6)
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Çàìå÷àíèå 5.9.1. Åñëè äîïîëíèòåëüíî èçâåñòíî, ÷òî ñïåêòð ôóíê-
öèè H(p, ω) ôèíèòíûé ñ íîñèòåëåì â îáëàñòè D1 ×D2, òî

sup
p∈D1,ω∈D2

|1− γH(p, ω)| = q < 1. (5.9.7)

Òåîðåìà 5.9.1. Åñëè âûïîëíåíî óñëîâèå A è ñïåêòð H(p, ω) ôèíè-
òåí, òî èòåðàöèîííûé ïðîöåññ

un+1(r,Θ) = un(r,Θ)−

−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
un(r1,Θ1)r

−1
1 dr1dΘ1 + γν(r,Θ) (5.9.8)

ñõîäèòñÿ ñî ñêîðîñòüþ ∥u∗ − un∥ = Cqn ê ðåøåíèþ u∗(r,Θ) óðàâ-
íåíèÿ (5.9.1).

Äîêàçàòåëüñòâî. Îöåíèì íîðìó ðàçíîñòè ∥un+1(r,Θ) − un(r,Θ)∥.
Ïî ëåììå 5.9.1 íîðìû ôóíêöèé f(Θ) â L2(Ω2) è f̃(ω) â L2(D2) ðàâíû,
ò.å.

∥un+1(r,Θ)−un(r,Θ)∥=

=∥un(r,Θ)−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
[un(r1,Θ1)−

−un−1(r1,Θ1)] r
−1
1 dr1dΘ1 − un−1(r,Θ)∥=

∥ũn(r, ω)−γ
2π∫
0

h̃

(
r

r1
, ω

)
[ũn(r1, ω)− ũn−1(r1, ω)]r

−1
1 dr1− ũn−1(r, ω)∥.

Äàëåå èíòåãðèðîâàíèå â ïîëó÷åííîì âûðàæåíèè áóäåì âåñòè
òîëüêî ïî r1; ω ñ÷èòàåì ïàðàìåòðîì è ïðèìåíÿåì ïðåîáðàçîâàíèå
Ìåëëèíà, íîðìà êîòîðîãî îöåíåíà â ëåììå 5.9.2.

Ïîëàãàÿ p=0, 5+iσ, −∞<σ<∞, ïîëó÷èì

∥un+1 − un∥ =
1√
2π

∥Un(p, ω)− γH(p, ω)[Un(p, ω)− Un−1(p, ω)]−

−Un−1(p, ω)∥ = (2π)−1/2∥(Un(p, ω)− Un−1(p, ω))×
×(1− γH(p, ω))∥ < (2π)−1/2 sup

p∈D1,ω∈D2

|1− γH(p, ω)|×

×∥(Un(p, ω)− Un−1(p, ω))∥ = (2π)−1/2q∥(Un(p, ω)− Un−1(p, ω))∥.
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Âûïîëíÿÿ ïîñëåäîâàòåëüíî ïîäîáíûå ïðåîáðàçîâàíèÿ, ïîëó-
÷èì

∥un+1(r,Θ)−un(r,Θ)∥<q∥un(r,Θ)−un−1(r,Θ))∥ <

<qn∥u1(r,Θ)−u0(r,Θ)∥.
Âîñïîëüçîâàâøèñü òåîðåìîé Áàíàõà î ñæàòûõ îòîáðàæåíèÿõ

(ñì. ðàçäåë 1.3.1), çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû.
Ðàññìîòðèì èòåðàöèîííûé ïðîöåññ

un+1(r,Θ) = αnun(r,Θ) + (1− αn) [un(r,Θ)−

−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
un(r1,Θ1)

dr1
r1
dΘ1+γν(r,Θ)

 , (5.9.9)

ãäå 0 < ε0 ≤ αn ≤ 1−ε1 < 1; γ � êîíñòàíòà, îïðåäåëÿåìàÿ èç óñëîâèÿ
sup
p,ω

|1− γH(0, 5 + iσ, ω)| ≤ 1, p = c+ iσ.

Òåîðåìà 5.9.2. Ïóñòü óðàâíåíèå (5.9.1) èìååò åäèíñòâåííîå ðå-
øåíèå u∗(r,Θ), âûïîëíåíî óñëîâèå A è ñïðàâåäëèâî íåðàâåíñòâî
(5.9.6). Òîãäà ïîñëåäîâàòåëüíîñòü un(r,Θ), îïðåäåëÿåìàÿ èòåðàöè-
îííîé ñõåìîé (5.9.9), ñõîäèòñÿ ê u∗(r,Θ).

Äîêàçàòåëüñòâî. Èç óñëîâèé òåîðåìû è ëåìì 5.9.1, 5.9.2 ñëåäóåò,
÷òî åñëè âîñïîëüçîâàòüñÿ ñâîéñòâàìè ïðåîáðàçîâàíèé Ôóðüå è Ìåë-
ëèíà (p = 1/2 + iσ), òî

∥Ku∥ = ∥u(r,Θ)− γ

2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
u(r,Θ1)

dr1
r1
dΘ1∥ = ∥u∥,

ò.å. ∥K∥ = 1. Ïðè âûïîëíåíèè óñëîâèÿ ∥K∥ = 1 ñõîäèìîñòü èòåðà-
öèîííîãî ïðîöåññà (5.9.8) ñëåäóåò èç óòâåðæäåíèé òåîðåìû 1.3.1.

Ïóñòü èòåðàöèîííûé ïðîöåññ çàäàí âûðàæåíèåì

uTn+1(r,Θ) = uTn (r,Θ)− γ

2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
uTn (r1,Θ1)

dr1
r1
dΘ1+

+γ

2π∫
0

∞∫
0

ψT

(
r

r1
,Θ−Θ1

)
ν(r1,Θ1)

dr1
r1
dΘ1, (5.9.10)
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ãäå ôóíêöèÿ ψT (r,Θ) ïîñëå ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ ïðåîá-
ðàçîâàíèÿ Ôóðüå è ïðåîáðàçîâàíèÿ Ìåëëèíà èìååò âèä

ψT (p, ω) =

{
1 ïðè (|ω| ≤ T )

∩
(|σ| ≤ T ), c = 0, 5,

0 ïðè (|ω| > T )
∪
(|σ| > T ), c = 0, 5.

Òåîðåìà 5.9.3. Ïóñòü âûïîëíåíî óñëîâèå A è óðàâíåíèå (5.9.1)
èìååò åäèíñòâåííîå ðåøåíèå u∗(r,Θ). Òîãäà èòåðàöèîííûé ïðî-
öåññ (5.9.10) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè u0(r,Θ)
ñî ñïåêòðîì, ñîñðåäîòî÷åííûì â îáëàñòè D : (|σ| ≤ T )

∩
(|ω| ≤ T ),

c = 0, 5 è ñïðàâåäëèâà îöåíêà

∥u∗ − uTn∥ ≤ Cqn(T ) + ξ + |γ|
ξ∥h(r,Θ)∥+ 1√

2π
ξ1

1− q(T )
, (5.9.11)

ãäå

ξ1 =

1

i

∫∫
(D1×D2)\D

|V (p, ω)|2dpdω


1/2

,

ξ =

1

i

∫∫
(D1×D2)\D

|U ∗(p, ω)|2dpdω


1/2

.

Äîêàçàòåëüñòâî. Ïîäåéñòâóåì íà ôóíêöèþ u(r,Θ) ïîñëåäîâàòåëü-
íî ïðåîáðàçîâàíèÿìè Ôóðüå è Ìåëëèíà:

MℑF (u(r,Θ)) = M(ũ(r,Θ)) = U(p, ω).

Ââåäåì ìíîæåñòâà: G1 = Ω1 × Ω2, G2 = D1 ×D2; íîðìû:

∥u(r,Θ)∥|L2(G1) =


2π∫
0

∞∫
0

|u(r,Θ)|2drdΘ


1/2

,

∥U(p, ω)∥L2(G2) =

1

i

0,5+i∞∫
0,5−i∞

∞∫
−∞

|U(p, ω)|2dpdω


1/2

.

Äîïóñòèì, ÷òî àáñîëþòíî ñõîäèòñÿ èíòåãðàë

2π∫
0

∞∫
0

0,5+i∞∫
0,5−i∞

∞∫
−∞

|u(r,Θ)||U(p, ω)|dωdpdrdΘ.
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Ïðåäñòàâèì p è r â âèäå p = 0, 5 + iσ, r = eν. Ðàñïèøåì ∥U(p, ω)∥2:

1

i

0,5+i∞∫
0,5−i∞

∞∫
−∞

U(p, ω)Ū(p, ω)dpdω =

=

∞∫
−∞

∞∫
−∞

U

(
1

2
+ iσ, ω

)
U

(
1

2
+ iσ, ω

)
dσdω =

=
1√
2π

∞∫
−∞

∞∫
−∞

 ∞∫
−∞

2π∫
0

u(eν,Θ)e−i2πωΘdΘeν(
1
2+iσ)dν

×

×U
(
1
2 + iσ, ω

)
dσdω =

=

2π∫
0

∞∫
−∞

∞∫
−∞

u(eν,Θ)eν(
1
2+iσ)dΘdνũ

(
1

2
+ iσ,Θ

)
dσ =

= 2π

2π∫
0

∞∫
−∞

|u(eν,Θ)eν/2|2dνdΘ2π

2π∫
0

∞∫
0

|u(r,Θ)r1/2|2dr
r
dΘ =

= 2π

2π∫
0

∞∫
0

|u(r,Θ)|2drdΘ.

Â èòîãå èìååì ∥U(p, ω)∥ =
√
2π∥u(r,Θ)∥.

Äîêàæåì ñõîäèìîñòü èòåðàöèîííîãî ïðîöåññà (5.9.10) â ìåòðè-
êå ïðîñòðàíñòâà L2(G2) :

1

i

0,5+i∞∫
0,5−i∞

∞∫
−∞

|U ∗(p, ω)|2dpdω =

=
1

i

0,5+iT∫
0,5−iT

T∫
−T

|U ∗(p, ω)|2dpdω +
1

i

∫ ∫
G2/D

|U ∗(p, ω)|2dpdω.

Òîãäà
1

i

∫ ∫
G2/D

|U∗(p, ω)|2dpdω ≤ ξ2.
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Åñëè âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ôóíêöèþ
u0(r,Θ) ñ ôèíèòíûì ñïåêòðîì, ñîñðåäîòî÷åííûì â îáëàñòè D, òî
äëÿ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé uTn (r,Θ), ïîâòîðÿÿ âûêëàäêè,
ïðèâåäåííûå äëÿ äîêàçàòåëüñòâà òåîðåìû 5.9.1, áóäåì èìåòü

∥uTn+1(r,Θ)− uTn (r,Θ)∥L2(G1) < qn(T )∥uT1 (r,Θ)− u0(r,Θ)∥L2(G1).

Ïî óñëîâèþ A q(T ) < 1 è, ñëåäîâàòåëüíî, ïî òåîðåìå Áàíà-
õà î ñæàòûõ îòîáðàæåíèÿõ, ïîñëåäîâàòåëüíîñòü uTn (r,Θ) ñõîäèòñÿ ê
ðåøåíèþ u∗T (r,Θ) óðàâíåíèÿ

2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
u(r1,Θ1)

dr1
r1
dΘ1 =

=

2π∫
0

∞∫
0

ψT

(
r

r1
,Θ−Θ1

)
ν(r1,Θ1)

dr1
r1
dΘ1. (5.9.12)

Îöåíèì áëèçîñòü ðåøåíèé u∗(r,Θ) è u∗T (r,Θ) óðàâíåíèé (5.9.1)
è (5.9.12).

Ïðåäñòàâèì ôóíêöèþ U∗(p, ω) â âèäå U ∗
1 (p, ω) + U ∗

2 (p, ω), ãäå

U ∗
1 (p, ω) =

{
U(p, ω), (p, ω) ∈ D,

0, (p, ω) ̸∈ D;

U ∗
2 (p, ω) =

{
0, (p, ω) ∈ D,

U(p, ω), (p, ω) ̸∈ D.

Ïóñòü u∗1(r,Θ) è u∗2(r,Θ) - ðåçóëüòàòû ïîñëåäîâàòåëüíûõ îáðàò-
íûõ ïðåîáðàçîâàíèé Ôóðüå è Ìåëëèíà ôóíêöèé U ∗

1 (p, ω) è U
∗
2 (p, ω).

Âåðíî ðàâåíñòâî

u∗1 − u∗T = u∗1(r,Θ)− u∗T (r,Θ)− γ

2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
(u∗1(r1,Θ1)−

−u∗T (r,Θ))
dr1
r1
dΘ1+γν(r,Θ)−γ

2π∫
0

∞∫
0

ψr

(
r

r1
,Θ−Θ1

)
ν(r1,Θ1)

dr1
r1
dΘ1−

−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
u∗2(r1,Θ1)

dr1
r1
dΘ1.
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Ïåðåõîäÿ ê íîðìàì, áóäåì èìåòü∥∥u∗1(r,Θ)− u∗T (r,Θ)∥L2(G1) = ∥u∗1(r,Θ)− u∗T (r,Θ)−

−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
[(u∗1(r1,Θ1)−u∗T (r1,Θ1)]

dr1
r1
dΘ1+γν(r,Θ)−

−γ
2π∫
0

∞∫
0

ψr

(
r

r1
,Θ−Θ1

)
ν(r1,Θ1)

dr1
r1
dΘ1−

−γ
2π∫
0

∞∫
0

h

(
r

r1
,Θ−Θ1

)
u∗2(r1,Θ1)

dr1
r1
dΘ1

∥∥∥∥∥∥
L2(G1)

=

= (2π)−1/2∥U ∗
1 (p, ω)− U ∗T (p, ω))(1− γH(p, ω)) + γ(V (p, ω)−

−ψ(p, ω)V (p, ω)) + γH(p, ω))U ∗
2 (p, ω)∥L2(G2) = q(T )∥u∗1(r,Θ)−

−u∗T (r,Θ)∥L2(G1) + (2π)−1/2ξ1|γ|+ |γ|ξ∥h(r,Θ)∥L2(G1).

Â èòîãå èìååì

∥u∗1(r,Θ)−u∗T (r,Θ)∥L2(G1)(1−q(T ))≤|γ|
(

1√
2π
ξ1+ξ∥h(r,Θ)∥L2(G1)

)
.

Ó÷èòûâàÿ, ÷òî

∥u∗ − u∗T∥L2(G1) ≤ ∥u∗1 − u∗T∥L2(G1) + ∥u∗2∥L2(G1),

ïîëó÷àåì

∥u∗ − u∗T∥L2(G1) ≤ C

(
|γ|

1√
2π
ξ1 + ξ∥h(r,Θ)∥L2(G1)

1− q(T )
+ ∥u∗2∥L2(G1) + ξ

)
.

Ïóñòü òåïåðü íå âûïîëíåíî óñëîâèå A. Ââåäåì ÷èñëà T ω0 , T
ω
N ,

T σ0 , T
σ
L , äîñòàòî÷íî áîëüøèå ïî àáñîëþòíîé âåëè÷èíå. Ââåäåì ïðÿìî-

óãîëüíèêè ∆kj=[T ωk−1, T
ω
k ;T

σ
j−1, T

σ
j ], k=1, N, j=1, L; −T≤T ω0 <T ω1 <

· · · <T ωN≤T, −T≤T σ0 < T σ1 <· · ·<T σL≤T. Êàæäîìó ïðÿìîóãîëüíèêó
∆kj ïîñòàâèì â ñîîòâåòñòâèå êîìïëåêñíóþ êîíñòàíòó γkj òàêóþ, ÷òî-
áû ìíîæåñòâî çíà÷åíèé ôóíêöèè γkjH(p, ω) óäîâëåòâîðÿëî óñëîâèþ
A. Îáîçíà÷èì ÷åðåç Ekj(p, ω), k = 1, N ; j = 1, L, õàðàêòåðèñòè÷å-
ñêèå ôóíêöèè îáëàñòåé∆kj, à ÷åðåç u∗kj(r,Θ), u0kj(r,Θ), νkj(r,Θ) ïðî-
îáðàçû ôóíêöèéEkj(p, ω)U

∗(p, ω), Ekj(p, ω)U
0(p, ω), Ekj(p, ω)V (p, ω).
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Äëÿ íàõîæäåíèÿ ðåøåíèÿ u∗(r,Θ) áóäåì èñïîëüçîâàòü èòåðà-
öèîííûé ïðîöåññ

un+1(r,Θ) =
N∑
k=1

L∑
j=1

un+1
kj (r,Θ), (5.9.13)

ãäå

un+1
kj (r,Θ) = unkj(r,Θ)−

−γkj
2π∫
0

∞∫
0

h
(
r
r1
,Θ−Θ1

)
unkj(r1,Θ1)

dr1
r1
dΘ1 + γkjνkj(r,Θ),

n = 0, 1, 2...; k = 1, 2, ..., N ; j = 1, 2, ..., L.

(5.9.14)

Òåîðåìà 5.9.4. Ïóñòü óðàâíåíèå (5.9.1) èìååò ðåøåíèå u∗(r,Θ).
Òîãäà ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ un+1(r,Θ) ñõîäÿòñÿ ê u∗(r,Θ)
è âåðíà îöåíêà (5.9.11), ãäå

γ = max
0≤k≤N,0≤j≤L

|γkj|, q = max
1≤k≤N,1≤j≤L

|qkj|.

Äîêàçàòåëüñòâî. Ïðèâåäåì äîêàçàòåëüñòâî ñõîäèìîñòè èòåðàöèîí-
íîãî ïðîöåññà (5.9.13). Ðåøåíèå u∗(r,Θ) óðàâíåíèÿ (5.9.1) ïðèíàä-
ëåæèò ïðîñòðàíñòâó L2(G1), è äëÿ ëþáîãî ε > 0 íàéäåòñÿ òàêàÿ
êîíñòàíòà T, ÷òî â ïðîñòðàíñòâå L2(G2):∥∥∥∥∥∥∥

1

i

∫∫
G2/D

|U ∗(p, ω)|2dpdω

∥∥∥∥∥∥∥ ≤ ε2.

Âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ u0(r,Θ) ñ ôè-
íèòíûì ñïåêòðîì, ñîñðåäîòî÷åííûì â îáëàñòè D. Ïîâòîðÿÿ ðàññóæ-
äåíèÿ, ïðèâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåìû 5.9.1, óáåæäàåì-
ñÿ, ÷òî un+1

kj (r,Θ) → u∗kj(r,Θ). Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü
un+1(r,Θ), îïðåäåëÿåìàÿ ôîðìóëîé (5.9.13), ñõîäèòñÿ ê ôóíêöèè
u∗T (r,Θ). Îöåíêà ïîãðåøíîñòè èòåðàöèîííîé ñõåìû (5.9.13), (5.9.14)
ïîëó÷àåòñÿ ïîâòîðåíèåì âûêëàäîê, ïðèâåäåííûõ ïðè äîêàçàòåëü-
ñòâå òåîðåìû 5.9.2.

Çàìå÷àíèå 5.9.2. Â äàííîì ðàçäåëå ïðåäñòàâëåí èòåðàöèîííûé
ìåòîä âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ â ñèñòåìàõ ñ àáåððàöèÿ-
ìè. Ýòîò ìåòîä äîïóñêàåò ðàñïðîñòðàíåíèå íà ñèñòåìû, ïîäâåð-
ãàþùèåñÿ è äðóãèì èñêàæåíèÿì. Â ÷àñòíîñòè, íà ñèñòåìû, ìî-
äåëè êîòîðûõ îïèñûâàþòñÿ èíòåãðàëüíûìè óðàâíåíèÿìè, ÿäðà êî-
òîðûõ ÿâëÿþòñÿ ñâåðòêàìè äëÿ ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðå-
îáðàçîâàíèé.
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Çàêëþ÷åíèå

Ìîíîãðàôèÿ ïîñâÿùåíà àíàëèòè÷åñêèì è ÷èñëåííûì ìåòîäàì
ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè äèíàìè÷åñêèõ ñèñòåì ñ ñîñðåäî-
òî÷åííûìè è ðàñïðåäåëåííûìè ïàðàìåòðàìè. Ðàññìàòðèâàåìûå â
êíèãå äèíàìè÷åñêèå ñèñòåìû ìîäåëèðóþòñÿ èíòåãðàëüíûìè óðàâ-
íåíèÿìè Âîëüòåððà, îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè è óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ. Ïîäðîáíî ðàññìîò-
ðåíû ëèíåéíûå è íåëèíåéíûå ìàòåìàòè÷åñêèå ìîäåëè (â òîì ÷èñëå
è ìíîãîìåðíûå). Áîëüøîå âíèìàíèå óäåëÿåòñÿ äèôôåðåíöèàëüíûì
óðàâíåíèÿì (îáûêíîâåííûì è â ÷àñòíûõ ïðîèçâîäíûõ) ñ ïðîèçâîä-
íûìè äðîáíîãî ïîðÿäêà. Îñíîâíûì ìàòåìàòè÷åñêèì àïïàðàòîì, èñ-
ïîëüçóåìûì â êíèãå, ÿâëÿþòñÿ ìåòîäû ôóíêöèîíàëüíîãî àíàëèçà è
èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Îòäåëüíàÿ ÷àñòü ïîñâÿùåíà ïðèáëè-
æåííûì ìåòîäàì âîññòàíîâëåíèÿ âõîäíûõ ñèãíàëîâ.

Êíèãà ïðåäíàçíà÷åíà ñïåöèàëèñòàì ïî èíôîðìàöèîííî-èçìå-
ðèòåëüíîé òåõíèêå. Îíà òàêæå ìîæåò áûòü ðåêîìåíäîâàíà ñòóäåí-
òàì è àñïèðàíòàì ïî ïðèêëàäíîé ìàòåìàòèêå è èíôîðìàòèêå.
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